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Abstract

In a previous work, a marginal deformation of 2d coset type model with N =

3 superconformal symmetry was studied, and it was interpreted as a change of

boundary conditions for bulk fields in the dual higher spin theory. The deformation

breaks generic higher spin gauge symmetry, and the generated mass of a spin 2 field

was computed. The deformation is expected to correspond to the introduction of

finite string tension in a superstring theory. In this paper, we extend the analysis

and compute the masses of generic higher spin fields at the leading order of 1/c (c

is the CFT central charge) but at the full order of the deformation parameter. We

find that the masses are not generated for so(3)R singlet higher spin fields at this

order and the spectrum is the Regge-like one for so(3)R triplet higher spin-charged

fields. This suggests that the deformed theories are related to superstring theory

with pure NSNS-flux.

∗E-mail: creutzig@ualberta.ca
†E-mail: hikida@rikkyo.ac.jp



Contents

1 Introduction 1

2 N = 3 holography and a summary of results 3

2.1 Higher spin superalgebra . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3

2.2 Dual CFT . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 4

2.3 Marginal deformation and Higgs masses . . . . . . . . . . . . . . . . . . . 7

3 The examples of low spin currents 8

3.1 Spin 3 current . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 9

3.2 Spin 4 current . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 10

4 Generic spin s currents 12

4.1 Direct computation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 12

4.2 Alternative computation . . . . . . . . . . . . . . . . . . . . . . . . . . . . 14

5 Basics for bulk analysis 16

5.1 Embedding formalism . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 16

5.2 AdS propagators . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 17

6 Dual bulk interpretation 18

6.1 One loop contributions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 19

6.2 Relation to the CFT computation . . . . . . . . . . . . . . . . . . . . . . . 20

7 Conclusion 23

A Higher spin superalgebra and free ghost system 24

B Integral formulas 25

1 Introduction

There exist many higher spin states in superstring theory, and a higher spin symmetry

is expected to appear at the limit where the masses of these states vanish. Moreover, it

was proposed that the broken phase of higher spin gauge theory can describe superstring

theory [1]. Recently it became possible to discuss the direct relation between higher spin

gauge theory and superstring theory but on AdS space. This is due to the developments

on higher spin gauge theory on AdS space such as Vasiliev theory [2] and AdS/CFT

correspondence. For examples, 4d Vasiliev theory is conjectured to be dual to 3d O(N)

vector model [3] (see also [4]), and a lower dimensional version was proposed in [5] where

3d Vasiliev theory in [6] is dual to a 2d large N minimal model.
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The first concrete proposal on the relation between higher spin gauge theory and su-

perstring theory was made in [7] by extending the duality in [3]. There are two other

proposals given by generalizing the lower dimensional version of duality in [5]. Lower

dimensional models are generically more tractable than higher dimensional ones, so we

expect to learn more about the relation. The proposal with large or small N = 4 su-

persymmetry was made in [8, 9, 10], while that with N = 3 supersymmetry was given

in [11, 12, 13]. Compared to the proposal in [8, 9, 10], the relation between higher

spin fields and strings is more transparent in [11, 12, 13] like in the duality in [7]. See

[14, 15, 16, 17, 18] for related works.

Utilizing these features of the proposal in [12], we have examined the Higgs phe-

nomenon due to the braking of higher spin symmetry in [13]1. We deform the CFT such

that generic higher spin symmetry would be broken except for the N = 3 superconformal

symmetry. The deformation is of the double-trace type and it can be interpreted as the

change of boundary conditions for the bulk fields in the dual higher spin theory [20]. The

breaking of higher spin gauge symmetry would make the higher spin fields massive. In

[13], we have computed the mass of a spin 2 field both from the bulk and the boundary

theories by making use of the previous works [21, 22, 23, 24]. Similar phenomenon was

also discussed for higher spin fields in [25] but on AdS4.

The aim of this paper is to extend the analysis in [13] to generic higher spin fields. We

work at the leading order of 1/c with c the CFT central charge, where the classical gravity

computation is reliable. Utilizing the holographic duality, we succeeded to obtain the mass

formula for all higher spin fields and at the full order of the deformation parameter. The

bulk higher spin theory has N = 3 supersymmetry and there are so(3)R singlet fields with

spin s = 2, 3, 4, . . . and so(3)R triplet fields with spin s = 1, 2, 3, . . .. We observe that the

masses are not generated at this order for the so(3)R singlet fields. This result is actually

consistent with that in [26], since their deformation is of the same type as ours. We also

find the mass square of spin s field M2
(s) is proportional to the spin s as M2

(s) ∝ (s − 1)

for so(3)R triplet fields. This result suggests that the higher spin theory is closely related

to a superstring theory with pure NSNS-flux.

This paper is organized as follows; In the next section, we review theN = 3 holography

proposed in [12] and introduce the marginal deformations of [13]. We also give the final

result of the mass formula in (2.24) and (2.25) below. In section 3 we compute the Higgs

masses for low spin so(3)R singlet fields by using a brute force method. In section 4

we generalize the results for generic higher spin fields and also so(3)R triplet fields by

making use of a free ghost system. We adopt two different ways of computation. In

section 5 we summarize the useful properties of embedding formulation for tensor fields

on AdSd+1. Using these known results, we interpret the boundary computation in terms

of bulk theory. From the interpretation we deduce the correction terms at the higher

1The Higgs phenomenon for the proposal in [9] was examined in a quite recent paper [19].
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order of the deformation parameter in section 6. We conclude this paper and discuss

future problems in section 7. In appendix A we construct the free ghost realization of

higher spin superalgebra and N = 3 superconformal subalgebra. In appendix B, we give

integral formulas which are used in subsection 6.2.

2 N = 3 holography and a summary of results

The proposal in [12, 13] includes a duality between a 3d Prokushkin-Vasiliev theory

in [6] and a large N limit of 2d coset type model. The special feature of the duality

lies in the N = 3 supersymmetry. The 3d Prokushkin-Vasiliev theory has extended

supersymmetry only if we choose a specific mass parameter [6, 27]. We associate U(2M)

Chan-Paton factor to the fields but with a U(M) invariant condition, and the higher spin

theory with these conditions has N = 3 supersymmetry. The 2d coset model with N = 3

superconformal symmetry is given by the critical level model

su(N +M)N+M ⊕ so(2NM)1

su(N)N+2M ⊕ su(M)M+2N ⊕ u(1)κ
, (2.1)

where κ = 2NM(N +M)2 and the central charge is

c =
3

2
MN . (2.2)

In order to compare the classical gravity theory, we need to take the large N limit. The

proposal was confirmed by the comparison of one-loop partition function and symmetry

algebra at low spins, see [28, 12, 17].

In [13] we have studied a marginal deformation of the coset model and its interpretation

in dual higher spin theory. In particular, we computed the Higgs mass of a spin 2 field

both from the CFT and the higher spin theory. The aim of this paper is to compute

the Higgs masses of spin s ≥ 2 fields in the higher spin gauge theory. In this section,

we summarize the necessary information on the N = 3 holography and the mass formula

obtained in this paper.

2.1 Higher spin superalgebra

We start from the gauge algebra of the Prokushkin-Vasiliev theory with extended

supersymmetry. The higher spin theory can be defined by modifying the N = 2 higher

spin gauge theory with U(M ′) Chan-Paton (CP) factor in [6]. Here the U(M ′) CP factor

just means that the fields take M ′ ×M ′ matrix values. The holography with the higher

spin gauge theory was proposed in [29, 8, 11]. The theory includes gauge fields with

spin s = 1, 3/2, 2, 5/2, · · · , which can be described by a Chern-Simons gauge theory [30].

Moreover, there are also matter fields with masses parametrized by λ. The higher spin
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gauge theory in [12, 13] is then obtained by a Z2 truncation with λ = 1/2.2 For the N = 3

holography, we assign U(2M) CP factor and the U(M) invariant condition as mentioned

above.

The gauge algebra can be defined by using yα (α = 1, 2) and k̂ satisfying

[yα, yβ] = 2iεαβ(1− (1− 2λ)k̂) , k̂2 = 1 , {k̂, yα} = 0 . (2.3)

We denote the algebra generated by these variables as sB[λ]. The gauge algebra shsM ′ [λ]

for the N = 2 higher spin gauge theory with U(M ′) CP factor is defined as

sBM ′ [λ] ≡ sB[λ]⊗MM ′ = C⊕ shsM ′ [λ] . (2.4)

Here MM ′ denotes the M ′ ×M ′ matrix algebra and C represents the central element.

The bosonic subalgebra with M ′ = 1 and in the k̂ = 1 subsector is known as hs[λ]. At

λ = 1/2, the commutator of yα does not involve k̂ anymore, and the algebra can be

truncated by assigning the invariance under k̂ → −k̂. The truncated algebra may be

called as shsTM ′ [1/2].

The matrix algebra MM ′ with M ′ = 2n can be generated by the Clifford elements

φI (I = 1, 2, · · · , 2n + 1) satisfying {φI , φJ} = 2δIJ . This indicates that the truncated

algebra shsTM ′ [1/2] includes osp(2n+ 1|2) subalgebra [6, 27, 12, 17]

Tαβ = {yα, yβ} , QI
α = yα ⊗ φI , M IJ = [φI , φJ ] . (2.5)

In our case, we associate U(2M) CP factor and require U(M) invariant condition. The

subalgebra shsT2 [1/2] survives the invariant condition, thus the theory can be seen to

have N = 3 supersymmetry. We consider the bosonic subsector of gauge fields based on

shsT2 [1/2]. Decomposing the U(2) of the CP factor as U(1)×SU(2), the trace part gives

so(3)R singlet higher spin fields A0
(s) and the SU(2) part gives so(3)R triplet higher spin

fields Ai(s) with i = 1, 2, 3. We would like to compute the masses of these fields after the

deformation braking the higher spin symmetry. Notice that A0
(2) and Ai(1) should be kept

massless since they are based on the algebra of unbroken N = 3 supersymmetry.

2.2 Dual CFT

We are interested in a large N limit of the symmetry algebra in the dual CFT. Let us

denote the gauge algebra of the higher spin theory as ghs. Near the AdS boundary, the

symmetry algebra is enhanced to be a W-algebra obtained by a Hamiltonian reduction

of affine ghs algebra as explained in [32, 33, 34]. A claim in [35] is that at the large N

limit we can truncate the W-algebra into so called “wedge” subalgebra consistently, and

the subalgebra is identical to the original higher spin algebra ghs. We represent the CFT

2The holography with the truncation and M ′ = 1 was proposed in [28], where the higher spin theory

has N = 1 supersymmetry. A different N = 1 holography was already conjectured in [31].
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currents as J (s,a)(z) with a = 0, 1, 2, 3 (or their mode expansions J
(s,a)
n with n ∈ Z), which

are dual to the higher spin fields A
(a)
s introduced above. From the above argument, the

wedge subalgebra generated by J
(s,a)
n with |n| < s should be given by shsT2 [1/2] at the

large N limit.

It will be useful to realize the higher spin algebra shsT2 [1/2] by free ghost system as

in appendix A. Since we are interested in the bosonic subsector, we only need to include

one type of ghost system, say, (bA, cA) with A = 1, 2. The operator product is

bA(z)cB(w) ∼ δAB
z − w

, (2.6)

and the conformal weights are

(h+, h−) =

(
1 + λ

2
,
1− λ

2

)
. (2.7)

We are interested in only the case with λ = 1/2, but we keep λ generic unless necessary.

The integer spin s currents are then given as [36]

[V
(s)
λ (z)]AB =

s−1∑
i=0

ai(s, λ+ 1)∂s−1−i{(∂ibA)cB} (2.8)

with

ai(s, λ) =

(
s− 1

i

)
(−λ− s+ 2)s−1−i

(s+ i)s−1−i
(0 ≤ i ≤ s− 1) . (2.9)

Here we have used the following notation as

(a)n =
Γ(a+ n)

Γ(a)
= a(a+ 1) · · · (a+ n− 1) . (2.10)

We examine two type of currents J
(s)
+ (z) ≡ J (s,0)(z) and J

(s)
− (z) ≡ J (s,3)(z) since the

properties of the other so(3)R charged currents J (s,a)(z) with a = 1, 2 can be deduced

from those with a = 3. The properties of the wedge subalgebra for J
(s)
± (z) at the large N

limit can be obtained from those of

V
(s)
λ,±(z) = [V

(s)
λ (z)]11 ± [V

(s)
λ (z)]22 . (2.11)

Here the normalization of the currents is3

〈J (s)
± (z1)J

(s)
± (z2)〉 = −(2s− 1)cNs

6

1

z2s
12

, (2.12)

Ns =
3
√
πΓ(s)

4s−1(λ2 − 1)Γ(s+ 1
2
)

Γ(s− λ)Γ(s+ λ)

Γ(1− λ)Γ(1 + λ)
, (2.13)

3This information is obtained from the classical gravity theory as in [37]. This is a property outside

the wedge subalgebra, so the quantity cannot be computed with the currents introduced in (2.11). See,

for instance, (3.4) below.

5



where the central charge is [32, 33]

c =
3

2GN

(2.14)

with Newton’s constant GN .

The higher spin theory includes two complex scalar fields and two Dirac spinor fields

along with higher spin gauge fields. Due to the U(2M) CP factor and the U(M) invariant

condition, the single particle states of the matter fields take 2 × 2 matrix values. These

matter fields are dual to operators denoted as OAB̄± (z, z̄) and FAB̄± (z, z̄) with A, B̄ = 1, 2.4

The definition of these states in [13] leads to the following relation of complex conjugation

as

O11
± (z) = Ō22

± (z) , O12
± (z) = Ō21

± (z) , F11
± (z) = F̄22

± (z) , F12
± (z) = F̄21

± (z) . (2.15)

We choose the boundary condition of the matter fields such that OAB̄± (z, z̄) have the

conformal weights (h±, h±) and FAB̄± (z) have (h±, h∓), where h± are defined in (2.7). For

simplicity we denote the operators as

O1
+(z) ≡ O11

+ (z) , O2
+(z) ≡ O12

+ (z) , O1
−(z) ≡ O22

− (z) , O2
−(z) ≡ O21

− (z) , (2.16)

F1
+(z) ≡ F11

+ (z) , F2
+(z) ≡ F12

+ (z) , F1
−(z) ≡ F22

− (z) , F2
−(z) ≡ F21

− (z) .

The three point functions are computed from the bulk higher spin gauge theory as [38,

37, 39, 40]

〈Oa±(z1)Ōa±(z2)J (s)
η (z3)〉 = A±(s, λ)

(
z12

z13z23

)s
〈Oa±(z1)Ōa±(z2)〉 , (2.17)

〈Fa±(z1)F̄a±(z2)J (s)
η (z3)〉 = A±(s, λ)

(
z12

z13z23

)s
〈Fa±(z1)F̄a±(z2)〉

with5

A+(s, λ) =
Γ(s)2

Γ(2s− 1)

Γ(s+ λ)

Γ(1 + λ)
, A−(s, λ) = η(−1)s

Γ(s)2

Γ(2s− 1)

Γ(s− λ)

Γ(1− λ)
. (2.18)

These correlation functions can be reproduced by using a free ghost system as shown in

[40]. In principal, it is possible to compute them directly using the coset model (2.1) with

finite N and then taking the large N limit. However, the computation would be quite

complicated, and it is convenient to use the classical gravity theory and the free ghost

system at the limit.

4We suppress the argument of z̄ in the following.
5The holography requires that either of A+ or A− has the factor (−1)s, and here we choose to put

the factor in A−, see, e.g., [37]. Moreover, the so(3)R charges can be read from the action of the Pauli

matrix σa. In our choice, Oa
+ and Ōa

− has +1 eigenvalue of σ3 and Ōa
+ and Oa

− has −1 eigenvalue of σ3.

The so(3)R charge assignment is similar for the fermionic operators.
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2.3 Marginal deformation and Higgs masses

In order to compare to superstring theory with finite string tension, we need to break

the higher spin symmetry. As in [13] we deform the bulk higher spin theory by changing

boundary conditions of the matter fields with keeping N = 3 supersymmetry. We choose

this deformation since a similar deformation was used in [7]. The change of boundary

conditions is dual to the following double-trace type deformation of the dual CFT as [13]

∆S = −f
∫
d2wT (w, w̄) , (2.19)

T =
2∑

a=1

(−1)a−1

2

[
Oa+Oa− + Ōa−Ōa+ + Fa+Fa− + F̄a−F̄a+

]
. (2.20)

The deformation is expected to break higher spin symmetry generically, and the corre-

sponding currents are not conserved any more as

∂̄J
(s)
± (z) = K(s−1)

± (z) (2.21)

with K(s−1)
± (z) as spin (s− 1) operators.

The aim of this paper is to compute the masses of spin s fields, which are generated

due to the symmetry breaking. A direct method is to compute the one-loop corrections of

spin s propagators as was done in [21, 22, 24] for spin 2 fields. However the computation

would be quite complicated. Instead of the direct way, we compute the masses from the

viewpoint of dual CFT. In other words, we compute the masses by making use of the AdS

isometry, which is the same as the conformal symmetry of the boundary CFT. The map

is known between the mass of bulk spin s field and the conformal dimension ∆
(s)
± of dual

spin s current J
(s)
± (z) as

M2
(s,±) = ∆

(s)
± (∆

(s)
± − 2)− s(s− 2) . (2.22)

This formula reduces to

M2
(s,±) = 2(s− 1)(∆

(s)
± − s) (2.23)

at the first order of the anomalous dimension ∆
(s)
± − s. Using the map we can compute

the mass of spin s field from the dual CFT.

In the rest of sections, we compute the anomalous dimensions using various methods.

Before going into the details of the computation, we summarize our results on the mass

formula here. Our results are at the first order of 1/c since we heavily use the classical

bulk gravity theory and the free ghost system (2.6). However, we can obtain the Higgs

masses at the full order of the deformation parameter f in (2.19). As we saw above, there

are so(3)R singlet and triplet higher spin fields. The so(3)R singlet fields do not receive

any corrections as

M2
(s,+) = 0 (s = 2, 3, 4, . . .) . (2.24)
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The result may be expected because the deformation operator (2.20) is of the same type

as the one in [26], where the authors considered the deformation preserving the higher

spin symmetry at the leading order of 1/c and the deformation parameter f . For the

so(3)R triplet fields, the mass formula is obtained as

M2
(s,−) =

f 2

(1 + f 2)2

12(s− 1)

c
(s = 1, 2, 3, 4, . . .) , (2.25)

where the central charge is related to the Newton constant GN as (2.14). It reproduces

the result in [13] for s = 2. The results indicate that the deformed theory is related to a

superstring theory with pure NSNS-flux. More detailed examination of these results will

be given in the concluding section.

3 The examples of low spin currents

We start from the simple examples with s = 2, 3, . . . and of the so(3)R singlet, which

are given by J
(s)
+ (z). These higher spin currents generate the hs[λ] bosonic subalgebra.

We would like to deform the theory as in (2.20), but here we consider a simpler version

as

Tλ =
1

2

[
O+O− + Ō−Ō+

]
. (3.1)

Denoting the corresponding state as |Tλ〉, the eigenvalues of current zero modes are written

as

J
(s)
+,0|Tλ〉 = (A+(s, λ) + A−(s, λ))|Tλ〉 . (3.2)

Here A+(s, λ) is defined in (2.18). For λ = 1/2, we can identify O± as Oa± (a = 1, 2) in

(2.16). We can use the same results for the fermionic operators Fa± (a = 1, 2) in (2.16).

After the deformation, the divergence of currents can be written as (see, e.g., [26, 13])

∂̄J
(s)
+ (z) = 2πf

s−1∑
l=0

(−1)l

l!
(L−1)lJ

(s)
+,−s+l+1Tλ(z) (3.3)

with Ln = J
(2)
+,n. The right hand side vanishes for s = 2 since the eigenvalue of J

(2)
+,0 is one

in our case. This implies that the mass is not generated for the usual graviton field as in

(2.24). The square root of the left hand side of (3.3) can be computed as

|∂̄J (s)
+ |2 = 〈0|J (s)

+,sL̄1L̄−1J
(s)
+,−s|0〉 = −(∆

(s)
+ − s)

(2s− 1)Nsc

6
, (3.4)

where (2.12) is used. Therefore, if we can compute the square root of the right hand side

of (3.3), then we can read off the anomalous dimension for J
(s)
+ (z) from this expression.

In this section, we compute the square root of the right hand side explicitly for low spin

examples with s = 3, 4.
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3.1 Spin 3 current

For the spin 3 current W (z) ≡ J
(3)
+ (z), the divergence of current in (3.3) becomes

∂̄W = 2πf

(
W−2 − L−1W−1 +

1

2
L2
−1W0

)
Tλ . (3.5)

The problem is now to compute the square root of the right hand side explicitly. For the

purpose we need the commutation relations among the mode expansions of higher spin

currents, which are given as6

[Lm, Ln] = (m− n)Ln+m +
c

12
m(m2 − 1)δm+n , [Lm,Wn] = (2m− n)Wm+n ,

[Wm,Wn] = 2(m− n)Um+n −
N3

12
(m− n)(2m2 + 2n2 −mn− 8)Lm+n (3.6)

− 8N3

(c+ 22
5

)
(m− n)Λ

(4)
m+n −

N3c

144
m(m2 − 1)(m2 − 4)δm+n

with U as the spin 4 field J
(4)
+ and Λ

(4)
m as a composite operator made with Ln. The terms

proportional to Λ
(4)
m are subleading for large c and hence are neglected, and the expression

of N3 is given in (2.13).

We compute the anomalous dimension by comparing the norm of the both side of

(3.5) as

|∂̄W |2 = (2πf)2〈Tλ|
(
W2 −W1L1 +

1

2
W0(L1)2

)
(3.7)

·
(
W−2 − L−1W−1 +

1

2
(L−1)W0

)
|Tλ〉 .

The following eigenvalues are introduced as

L0|Tλ〉 = h|Tλ〉 , W0|Tλ〉 = w|Tλ〉 , U0|Tλ〉 = u|Tλ〉 . (3.8)

Then we have

1

4
〈Tλ|W0(L1)2(L−1)2W0|Tλ〉 = (1 + 2h)hw2〈Tλ|Tλ〉 ,

−1

2
〈Tλ|W0(L1)2L−1W−1|Tλ〉 = −1

2
〈Tλ|W1L1(L−1)2W0|Tλ〉 = −3w2(1 + 2h)〈Tλ|Tλ〉 ,

1

2
〈Tλ|W2(L−1)2W0|Tλ〉 =

1

2
〈Tλ|W0(L1)2W−2|Tλ〉 = 6w2〈Tλ|Tλ〉 , (3.9)

6We replaced N3 in the commutation relations of the paper [41] by −N3, effectively this amounts to

a rescaling of the spin four field compared to [41]. After this replacement, the current-current two point

function becomes (2.12) with positive coefficient for 0 < λ < 1.
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〈Tλ|W1L1L−1W−1|Tλ〉 =

(
2(h+ 1)

(
4u+

N3

2
h

)
+ 9w2

)
〈Tλ|Tλ〉 ,

〈Tλ|W2W−2|Tλ〉 = 4(2u−N3h)〈Tλ|Tλ〉 ,

−〈Tλ|W2L−1W−1|Tλ〉 = −〈Tλ|W1L1W−2|Tλ〉 = −4

(
4u+

N3

2
h

)
〈Tλ|Tλ〉 .

Thus the right hand side of (3.7) leads to

|∂̄W |2 = [u(8h− 16) +N3h(h− 7) + w2(2h2 − 11h+ 15)](2πf)2〈Tλ|Tλ〉 = 0 . (3.10)

Here we have used

h = 1 , w = λ , u =
3

5
(1 + λ2) , N3 =

1

5
(λ2 − 4) , (3.11)

which come from (3.2). Therefore at the leading order of 1/c and f 2 we find as in (2.24)

M2
(3) = 4(∆− 3) = 0 , (3.12)

where we have used (2.23) and (3.4).

3.2 Spin 4 current

If we want to compute the deformation for the spin 4 current we need to know its

commutation relations again. The operator product of the field U(z) with itself has

only poles of even order and the coefficients can only be normally ordered polynomials

in T (z), ∂T (z), ∂2T (z), ∂3T (z), ∂4T (z),W (z), U(z), ∂U(z), ∂2U(z), Y (z) where Y (z) is the

spin 6 current J
(6)
+ . As explained in [42] there are various relations between structure

constants. Especially the one of a normally ordered polynomials of type : ∂jT (z)X(z) :

for some primary field X(z) is related to the structure constant for X(z). In [42] an

explicit formula for this relation is given, it is very lengthy, but one can easily extract

that they behave as 1/c for large c and are thus negligible for our considerations. In [43]

terms of the commutator of the spin four field modes with themselves were computed, the

term corresponding to : W (z)W (z) : is also subleading for large c and hence their results

imply that

[Um, Un] = 3(m− n)Ym+n − fU(m,n)Um+n + fL(m,n)Lm+n+

− cN4

4320
m(m2 − 1)(m2 − 4)(m2 − 9)δm+n,0+

+ P (m,n, T, T ′, T ′′, T ′′′, T ′′′′,W, U, U ′, U ′′) , (3.13)

fU(m,n) = n44(m− n)(m2 −mn+ n2 − 7) ,
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fL(m,n) = − N4

360
(m− n)

(
108− 39m2 + 3m4 + 20mn− 2m3n− 39n2+

+4m2n2 − 2mn3 + 3n4
)
,

where P denotes modes of a normally ordered polynomial in the indicated fields. It

is subleading and can be neglected for our computations. For general λ, the involved

constants can be read off by comparing to [43]. They are

n44 =
(λ2 − 19)

30
, N4 = − 3

70
(λ2 − 4)(λ2 − 9) (3.14)

and the charges of the zero modes Y0 and U0 on |Tλ〉 are obtained from (3.2). They are

y =
5

42
(8 + 15λ2 + λ4) , u =

3

5
(1 + λ2) . (3.15)

We need to compute to leading order in 1/c of

rhs := 〈Tλ|
(
U3 − U2L1 +

1

2
U1 (L1)2 − 1

6
U0 (L1)3

)

·
(
U−3 − L−1U−2 +

1

2
(L−1)2 U−1 −

1

6
(L−1)3 U0

)
|Tλ〉 .

(3.16)

This computation is straightforward and lengthy. First define

Zn := 〈Tλ|UnU−n|Tλ〉 =

(6ny − fU(n,−n)u+ fL(n,−n)h) 〈Tλ|Tλ〉 (n 6= 0) ,

u2〈Tλ|Tλ〉 (n = 0) .
(3.17)

We get

〈Tλ|U3U−3|Tλ〉 = Z3 ,

〈Tλ|U3L−1U−2|Tλ〉 = 6Z2 ,

〈Tλ|U3 (L−1)2 U−1|Tλ〉 = 30Z1 ,

〈Tλ|U3 (L−1)3 U0|Tλ〉 = 120Z0 ,

〈Tλ|U2L1L−1U−2|Tλ〉 = 25Z1 + 2(h+ 2)Z2 , (3.18)

〈Tλ|U2L1 (L−1)2 U−1|Tλ〉 = 10(2h+ 3)Z1 + 80Z0 ,

〈Tλ|U2L1 (L−1)3 U0|Tλ〉 = 120(h+ 1)Z0 ,

〈Tλ|U1 (L1)2 (L−1)2 U−1|Tλ〉 = 4(2h+ 3)(h+ 1)Z1 + 128(h+ 1)Z0 ,
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〈Tλ|U1 (L1)2 (L−1)3 U0|Tλ〉 = 48(2h2 + 3h+ 1)Z0 ,

〈Tλ|U0 (L1)3 (L−1)3 U0|Tλ〉 = 24h(2h2 + 3h+ 1)Z0 .

So that with h = 1

rhs = Z3 − 6Z2 + 15Z1 − 20Z0 . (3.19)

Plugging n44 and N4 into the expresions for fL(n,m) and fU(n,m), we get

rhs = 36y + 4(λ2 − 19)u+
18

35
(λ2 − 4)(λ2 − 19)− 20u2 (3.20)

and it turns out that independent of λ this expression vanishes identically

rhs = 0 . (3.21)

Therefore at the leading order of 1/c and f 2 we again find as in (2.24)

M2
(4) = 6(∆

(4)
+ − 4) = 0 (3.22)

with the use of (2.23) and (3.4).

4 Generic spin s currents

As above, we can compute the anomalous dimension of J
(s)
+ by comparing the two

ways to express |∂̄J (s)
+ |2. One way can be found in (3.4). The other way is to compute

|K(s−1)|2 using (2.21). The computation with the expression in (3.3) becomes complicated

rapidly when we increase s as seen in the examples with s = 3, 4. Fortunately, the right

hand side in (3.3) involves only the wedge subalgebra with J
(s)
+,n (|n| < s), so we can utilize

the free ghost system (2.6). There are at least two merits to use the free ghost system.

One is that the other expression of |∂̄J (s)
+ |2 can be dealt with more easily even for generic

s. Another is that the analysis can be generalized to the so(3)R triplet currents simply

by inserting a phase factor −1 as in (2.11). In this section, we obtain the mass formula

(2.24) and (2.25) at the first order of 1/c and f 2 in two ways. The analysis on the higher

order of f 2 is postponed to later sections.

4.1 Direct computation

As explained above, we can utilize the generators V
(s)
λ,±(z) defined in (2.11). The

generators have the following operator products like

V
(s)
λ,±(z)b1(w) ∼

s−1∑
i=0

ai(s, λ+ 1)∂s−1−i
z

(
1

z − w

)
∂ib1(w) , (4.1)

V
(s)
λ,±(z)c2(w) ∼ ±(−1)s

s−1∑
i=0

ai(s, 1− λ)∂s−1−i
z

(
1

z − w

)
∂ic2(w) . (4.2)
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We can reproduce (2.17) and (2.18) if we identify V
(s)
λ,± as J

(s)
± and b1, c2 as O+,O−, see

[40]. Therefore, up to total derivative, we have

∂̄V
(s)
λ,±(z)(b1c2)(w) (4.3)

= 2πδ(2)(z − w)
s−1∑
i=0

[ai(s, λ+ 1)∂s−1−i(∂ib1c2)(w)± (−1)sai(s, 1− λ)∂s−1−i(b1∂
ic2)(w)]

= 2πδ(2)(z − w)
s−1∑
i=0

(1∓ 1)ãi(s, λ+ 1)(∂ib1∂
s−1−ic2)(w) .

Here ãi(s, λ) is given as

ãi(s, λ) =

(
s− 1

i

)
(−1)i

(s)s−1

(λ− s)i(2− λ− s)s−1−i , (4.4)

and the identities (see [36])

s−1∑
i=0

ai(s, λ)∂s−1−i((∂iA)B) =
s−1∑
i=0

ã(s, λ)(∂iA)(∂s−1−iB) , (4.5)

ãi(s, λ) = (−1)s−1ãs−1−i(s, 2− λ) (4.6)

are used.

With these preparations, we can compute the divergence of current as

∂̄J
(s)
± (z) = πf

s−1∑
i=0

[(1∓ 1)ãi(s, λ+ 1)](∂s−1−iO+∂
iO−)(z) (4.7)

after the deformation with 1
2
O+O−(w). Let us define |O±〉 as the eigenstate of L0 with

L0|O±〉 = h±|O±〉 (4.8)

and 〈Ō±| as its conjugate state. Then we can show that

〈Ō±|(L1)s(L−1)s|O±〉 = F (s, h±)〈Ō±|O±〉 , F (s, h±) = Γ(s+ 1)
Γ(2h± + s)

Γ(2h±)
(4.9)

by repeatedly using the commutation relations among Ln (n = 0,±1). With the formula,

we have

〈∂s−1−iŌ+∂
iŌ−|∂s−1−iO+∂

iO−〉 = F (s− 1− i, h+)F (i, h−)C+C−

with C± = 〈Ō±|O±〉. Adding the conjugate deformation operator 1
2
Ō−Ō+(w), we find

|∂̄J (s)
± |2 = (2πf)2

s−1∑
i=0

{
[(1∓ 1)ãi(s, λ+ 1)]2F (s− 1− i, h+)F (i, h−)

}
〈Tλ|Tλ〉

= (2πf)2

[
−1∓ 1

2

24−2sπ3/2Csc (λπ)Γ(s)

λΓ(1− λ− s)Γ(1 + λ− s)Γ(−1/2 + s)

]
〈Tλ|Tλ〉 . (4.10)
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With (2.23) and (3.4) we obtain

M2
(s,±) =

12(s− 1)

(2s− 1)Nsc
(2πf)2

[
1∓ 1

2

24−2sπ3/2Csc (λπ)Γ(s)

λΓ(1− λ− s)Γ(1 + λ− s)Γ(−1/2 + s)

]
〈Tλ|Tλ〉

=
1∓ 1

2

8(1− λ2)

c
(s− 1)(2πf)2〈Tλ|Tλ〉 . (4.11)

This reproduces our findings for the so(3)R singlet fields with s = 3, 4.

For the original problem we have to set λ = 1/2 and multiply the factor 4. Fur-

thermore, the standard kinetic term for the dual matter fields fixes the normalization as

C+ = C− = 1/(2π) [13]. Thus the mass for the spin s field dual to J
(s)
± can be computed

as

M2
(s,±) =

1∓ 1

2

12(s− 1)

c
(2πf)2 (4.12)

at the leading order of 1/c and f 2. This is the term at the order of f 2 in the mass formula

of (2.24) and (2.25).

4.2 Alternative computation

In this subsection, we reproduce (4.10) in a different way of computation for the

following two purposes. One is to check the computation obtained above. Another is for

a preparation of later analysis. We will see that this way of computation has the dual

gravity interpretation in terms of Witten diagram. Relying on the interpretation, we will

include the corrections at the higher order of f 2 to the mass formula as in (2.24) and

(2.25).

Here we utilize the standard method of conformal perturbation theory as

〈∂̄J (s)
± (z)∂̄J

(s)
± (w)ef

∫
d2xTλ〉 = 〈∂̄J (s)

± (z)∂̄J
(s)
± (w)〉+ f

∫
d2x〈∂̄J (s)

± (z)∂̄J
(s)
± (w)Tλ(x)〉

+
f 2

2

∫
d2x

∫
d2y〈∂̄J (s)

± (z)∂̄J
(s)
± (w)Tλ(x)Tλ(y)〉+ · · · . (4.13)

The correlation functions in the above expression are evaluated by using the non-perturbed

theory. We can see that the first two terms in the right hand side vanishes. In the third

term, there are two types of contribution as

I1(x,w) =

∫
d2x

∫
d2y〈∂̄J (s)

± (z)O+(x)Ō+(y)〉〈∂̄J (s)
± (w)O−(x)Ō−(y)〉 , (4.14)

and

I2(x,w) =

∫
d2x

∫
d2y〈∂̄J (s)

± (z)∂̄J
(s)
± (w)O+(x)Ō+(y)〉〈O−(x)Ō−(y)〉 . (4.15)
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We first consider the contribution of the type in (4.14). Taking derivative of (2.17)

with respect to z̄3, we have

∂

∂z̄3

(
1

z13z23

)s
= − 2π

(s− 1)!

[
(∂s−1
z3

δ(2)(z13))
1

(z23)s
+ (∂s−1

z3
δ(2)(z23))

1

(z13)s

]
. (4.16)

Since there is no contribution from the terms proportional to δ(2)(z − x)δ(2)(w − x) for

z 6= w, we obtain

I1(z, w) = ±2A+(s, λ)A−(s, λ)C+C−
(2π)2

[(s− 1)!]2
(4.17)

×
∫
d2x

∫
d2yδ(2)(x− z)δ(2)(y − w)∂s−1

x ∂s−1
y

[
1

(y − z)s
1

(x− w)s
1

(x− y)2−2s

]
1

(x̄− ȳ)2
,

where we have used the invariance under the exchange of x and y. Evaluating the action

of derivatives, we find7

I1(z, w) = ±2A+(s, λ)A−(s, λ)C+C−
(2π)2

[(s− 1)!]2
1

(z − w)2s(z̄ − w̄)2
(4.18)

×
s−1∑
k,`=0

(
s− 1

k

)(
s− 1

`

)
(s)s−1−k(2− 2s)k(2− 2s+ k)`(s)s−1−`

= ±(2π)2 23−2sπ3/2Csc (λπ)Γ(s)

λΓ(1− λ− s)Γ(1 + λ− s)Γ(−1/2 + s)
C+C−

1

(z − w)2s(z̄ − w̄)2
.

For the total contribution, we need to multiply a pre-factor. First we have f 2/2 in (4.13).

Moreover, the exchange of x, y yields a factor 2. From T (x)T (y), we have two terms as

T (x)T (y) =
1

4
O+(x)O−(x)Ō−(y)Ō+(y) +

1

4
Ō−(x)Ō+(x)O+(y)O−(y) + · · · . (4.19)

Totally, we have

f 2

2
· 2 · 1

4
· 2 =

f 2

2
. (4.20)

For the contribution of the type in (4.15), we need

∂̄J
(s)
± (z)O+(x) = 2π

s−1∑
i=0

ai(s, λ+ 1)∂s−1−i
z δ(2)(z − x)∂iO+(x) ,

which comes from the free ghost computation in (4.1). With this expression, we have

2(2π)2

s−1∑
i=0

ãi(s, λ+ 1)2〈∂iO+(z)∂iŌ+(w)〉〈∂s−1−iO−(z)∂s−1−iŌ−(w)〉 (4.21)

= −(2π)2 23−2sπ3/2Csc (λπ)Γ(s)

λΓ(1− λ− s)Γ(1 + λ− s)Γ(−1/2 + s)
C+C−

1

(z − w)2s(z̄ − w̄)2
,

7 The second equality is checked for s = 2, 3, . . . , 300.
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where we have used (4.9). The result does not change even by exchanging ± of O± and

Ō± in (4.15). As in (4.20) the total contribution is with the pre-factor f 2/2. The sum of

the two types of contribution reproduces (4.10) if we use 〈Tλ|Tλ〉 = 1
2
C+C−.

5 Basics for bulk analysis

In the next section we study the Higgs phenomenon in the viewpoint of the bulk

theory. Using the gravity interpretation, we deduce how to include the corrections at

higher order of f 2. As a preparation for it, we introduce basic tools in this section. In

this and the next sections, we mainly work on arbitrary dimensional AdSd+1 space. First

we review the embedding formalism for tensor fields on AdSd+1 or conformal fields on

d-dimensional flat space-time, see, for examples, [44, 45, 46, 47, 48]. Then we give several

important properties of AdS propagators, in particular, the split representation of them

in [49], see also [50, 51].

5.1 Embedding formalism

Euclidean AdSd+1 space can be described by a hypersurface in d+ 2 Minkowski space

defined as

X2 = −1 , X0 > 0 . (5.1)

The isometry group is SO(d+1, 1). In the light-cone coordinates XA (A = +,−, 1, . . . , d),

the metric is given by

X2 = ηABX
AXB = −X+X− + δabX

aXb (5.2)

with a = 1, . . . d. The Poincaré coordinates are parametrized as

X =
1

z
(1, z2 + y2, ya) . (5.3)

Near the AdS boundary, the hypersurface approaches the light-cone X2 = 0. Thus the

boundary can be represented by the light rays, which may be described by PA satisfying

P 2 = 0 , P ∼ λP (5.4)

with λ ∈ R. In the Poincaré patch, the boundary is parametrized as

P = (1, y2, ya) . (5.5)

A totally symmetric traceless tensor hµ1...µs(x) on AdSd+1 can be described by a SO(d+

1, 1) tensor HA1...As(X) on the embedding space. These tensors are related as

hµ1...µs(x) =
∂XA1

∂xµ1
· · · ∂X

As

∂xµs
HA1...As(X) , (5.6)
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which implies that

XA1HA1...As(X) = 0 (5.7)

due to X2 = −1. Introducing auxiliary variables WA, we define

H(X,W ) = WA1 · · ·WAsHA1...As(X) . (5.8)

We assign W 2 = 0 from the traceless condition and W · X = 0 from the transverse one

(5.7). On the boundary given by the light-cone P 2 = 0, we define a totally symmetric

traceless tensor FA1...As(P ). We require F (λP ) = λ−∆F (P ) for λ > 0, where we denote

the scaling dimension as ∆. Moreover, the condition to be tangent to the light-cone P = 0

requires PA1FA1...As(X) = 0. Introducing ZA we define

F (P,Z) = ZA1 · · ·ZAsPA1...As(X) , (5.9)

where we assign Z2 = 0 and Z · P = 0. The transverse condition can be encoded by

requiring F (P,Z + αP ) = F (P,Z) for all α.

5.2 AdS propagators

We consider a spin s field with dual scaling dimension ∆, which propagates from X1

and X2 and with polarization vectors W1 and W2, respectively. We represent the bulk-to-

bulk propagator as Π∆,s(X1, X2;W1,W2). The bulk-to-boundary propagator may be then

represented as Π∆,s(X,P ;W,Z). The structure of the bulk-to-boundary propagator can

be fixed by conformal symmetry. In [49], it was claimed that the bulk-to-bulk propagator

can be written in terms of the following AdS harmonic function as8

Ων,s(X1, X2;W1,W2) (5.10)

=
1

16πs!(d
2
− 1)sν2

∫
∂

dPΠ d
2

+iν,s(X1, P ;W1.DZ)Π d
2
−iν,s(X2, P ;W2, Z) ,

Here (a)n is defined in (2.10) and the operator DZ is given by

DA
Z =

(
d

2
− 1 + Z · ∂

∂Z

)
∂

∂ZA
− 1

2
ZA ∂2

∂Z · ∂Z
. (5.11)

The harmonic function is found to satisfy [50, 49]

Ων,s(X1, X2;W1,W2) (5.12)

=
1

8iπν

(
Π d

2
+iν,s(X1, X2;W1,W2)− Π d

2
−iν,s(X1, X2;W1,W2)

)
.

This relation will be important for later analysis.

In the CFT computation we have used the three point functions in (2.17). With the

above propagators we can express them as Witten diagrams in terms of bulk theory as in

figure 1. We introduce a spin s field hµ1...µs and a complex scalar φ, φ̄. As argued in [49]

8We changed the normalization of boundary-to-bulk operator by −4ν2.
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Figure 1: Witten diagram for a three point function

the generic three point coupling may be set in the form of

g

∫
AdS

dx
√
g(φ̄∇µ1 · · · ∇µsφ)hµ1...µs . (5.13)

Here we have assumed the transverse condition ∇µ1hµ1...µs = 0. Let us denote ∆0,∆s as

the dual scaling dimensions for the complex scalar and the spin s field. Then the Witten

diagram can be evaluated as

〈O∆0(P1)Ō∆0(P2)J (s)(P3, Z)〉 (5.14)

= g

∫
AdS

dXΠ∆0,0(P1, X)
Π∆s,s(X,P3, K, Z)(W · ∇)JΠ∆0,0(X,P2)

s!((d− 1)/2)s
.

Here K is a projector operator, whose expression may be found in [49] as

KA =
d− 1

2

[
∂

∂WA
+XA

(
X · ∂

∂W

)]
+

(
W · ∂

∂W

)
∂

∂WA
(5.15)

+XA

(
W · ∂

∂W

)(
X · ∂

∂W

)
− 1

2
WA

[
∂2

∂W · ∂W
+

(
X · ∂

∂W

)2
]
.

However, we will not use the details of the expression later on.

6 Dual bulk interpretation

In section 4 we have computed the Higgs masses of spin s fields using the CFT tech-

nique. In principle the mass can be computed directly from the bulk higher spin theory.

In fact, it was pointed out in [25] that the mass term would arise from the one-loop cor-

rections of spin s propagator when we assign non-standard boundary conditions to bulk

fields. However, it is technically difficult to extract the information of the mass from

the one-loop computations. For the simple example with s = 2, the explicit value has

been computed in [13] by following the previous works [21, 22, 24]. In principle, we can

generalize their method to the case with s > 2, but it seems to be quite complicated.
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Figure 2: One-loop diagram for a current-current two point function 〈J (s)
± (P )J

(s)
± (Q)〉

We take a different route to extract the information of mass from the one-loop ef-

fects on spin s propagator. Instead of bulk-to-bulk propagator, we consider boundary-to-

boundary one, which is equivalent to the two point function of boundary spin s current

〈J (s)
± (z)J

(s)
± (w)〉. Acting ∂z̄∂w̄, we can compute |∂̄J (s)

± |2 from the bulk higher spin theory.

With (3.4) we can read off the anomalous dimension of dual spin s current and the Higgs

mass of the spin s field can be obtained from (2.22). As mentioned above, the mass term

arises from the one-loop correction on spin s propagator. Therefore, in case of boundary-

to-boundary propagator, the one-loop diagram we need to compute is the one in figure

2. As was pointed out, e.g., in [24], we can easily see how the corrections at the higher

order of f 2 enter from the bulk gravity viewpoints. Comparing the CFT computations,

we obtain the higher order corrections in the mass formula of (2.24) and (2.25).

6.1 One loop contributions

In the d-dimensional CFT, we introduce two complex single-trace operators O± with

scaling dimensions ∆± satisfying ∆+ +∆− = d. These operators are dual to bulk complex

scalars φ± with the same mass but different boundary conditions. As in (3.1), we consider

the deformation by the double-trace operator as9

∆S = −f
∫
ddxTd(x) , Td = O+O− + Ō−Ō+ . (6.1)

It was shown in [20] that the deformation corresponds to the change of boundary condition

for φ±. After the deformation the boundary conditions for the two bulk fields φ± are

mixed, and the effects can removed by the rotation of the fields. Utilizing the rotation,

the propagators 〈φα(X)φβ(Y )〉 = Παβ(X, Y ) (α, β = ±) can be obtained as [52, 13]

Παβ(X, Y ) =
1

1 + f̃ 2

(
Π∆+,0 + f̃ 2Π∆−,0 f̃Π∆−,0 − f̃Π∆+,0

f̃Π∆−,0 − f̃Π∆+,0 Π∆−,0 + f̃ 2Π∆+,0

)
(6.2)

9Here we do not include a factor 1/2 in (2.20). The factor 1/2 is introduced there to cancel the

Jacobian arising from the change of worldsheet coordinates as z = σ1 + iσ0, z̄ = σ1 − iσ0.
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with f̃ = 2(∆+ − d/2). We are interested in the case with ∆± = (d± 1)/2, which lead to

f̃ = f for ∆± = (d ± 1)/2. If we take f → ∞, then the boundary conditions of φ± are

exchanged as we can see in (6.2).

We would like to examine the loop effects of the Witten diagram in the figure 2. The

effects can be read off from the two point function of the bulk currents 〈Ĵ (s)
± (x)Ĵ

(s)
± (y)〉.

Here the bulk currents can be obtained from the interaction term in (5.13) as Ĵ
(s)
± =

Ĵ
(s)
1 ± Ĵ

(s)
2 , where

Ĵ
(s)
1 = φ̄+∇µ1 · · · ∇µsφ

+ , Ĵ
(s)
2 = φ̄−∇µ1 · · · ∇µsφ

− . (6.3)

Since the bulk currents are written in terms of bilinears of scalar fields, the two point

functions can be evaluated by the product of two bulk-to-bulk propagators for the scalar

fields in (6.2). The two point function is given by the sum over the four contributions as

(see [13] for spin 2 case)

〈Ĵ (s)
± (x)Ĵ

(s)
± (y)〉 (6.4)

= 〈Ĵ (s)
1 (x)Ĵ

(s)
1 (y)〉 ± 〈Ĵ (s)

1 (x)Ĵ
(s)
2 (y)〉 ± 〈Ĵ (s)

2 (x)Ĵ
(s)
1 (y)〉+ 〈Ĵ (s)

2 (x)Ĵ
(s)
2 (y)〉 .

Since we know that there is no contribution to the scaling dimension from f independent

term, the non-trivial contribution from each term satisfies

〈Ĵ (s)
1 (x)Ĵ

(s)
1 (y)〉f = 〈Ĵ (s)

2 (x)Ĵ
(s)
2 (y)〉f = −〈Ĵ (s)

1 (x)Ĵ
(s)
2 (y)〉f = −〈Ĵ (s)

2 (x)Ĵ
(s)
1 (y)〉f , (6.5)

which can be seen from the explicit form of the scalar propagators in (6.2). This expression

implies that the conformal dimension for so(3)R singlet current does not receive any

correction at the leading order of 1/c. Therefore, the result in (2.24) can be easily obtained

from the viewpoint of bulk theory. Moreover, the propagators in (6.2) implies the following

important fact. Once we have expression in the first order of f 2, the final result is obtained

simply replacing f 2 by f 2/(1 + f 2)2. From the results in [13], the same conclusion can

be obtained for the deformations of fermionic operators. The full order expression of f 2

in (2.25) can be obtained in this way. If we take f → ∞, then these masses vanish.

This is consistent with the fact that the effect of the deformation at the f → ∞ limit is

just exchanging the boundary conditions of φ± and we know that the higher spin gauge

symmetry is not broken there.

6.2 Relation to the CFT computation

As argued above, the Higgs masses should be read off from the one-loop Witten di-

agram for the current-current two point functions 〈J (s)
± (P )J

(s)
± (Q)〉 as in figure 2. These

quantities have been computed by the CFT method at the leading order of f 2, therefore

we could relate the two ways of computation. With the relation, we can see how the

higher order corrections of f 2 would be computed in the CFT language.
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Figure 3: Contributions to anomalous dimension with the extra insertion of boundary

operators

In the one-loop diagram of figure 2, there are one scalar propagator along the upper

solid line and the other along the lower solid line. The contributions to the anomalous

dimension come from the shift in propagators as in (6.2). Let us first examine the following

term at the first order of f as

Π±∓(X, Y ) = f̃(Π∆−,0(X, Y )− Π∆+,0(X, Y )) . (6.6)

This effect must be due to the insertion of a boundary deformation operator in (6.1). In

fact, the relation (5.12) implies that

f

∫
∂

dRΠ∆,0(X1, R)Πd−∆,0(X2, R) = f(d− 2∆)(Π∆,0(X1, X2)− Πd−∆,0(X1, X2)) . (6.7)

Thus with ∆ = ∆± the deformed propagator Π±∓(X1, X2) in (6.2) can be written in

terms of two boundary-to-bulk propagators at the first order of f as expected. With this

expression, this type of contribution can be written in terms of Witten diagram as in

the left one of figure 3, which correspond to the product of CFT three point functions in

(4.14).

In a similar way, we can see that the right diagram of figure 3 can be regarded as

the contribution to the propagator Π±±(X1, X2) in (6.2) at the order of f 2. The diagram

corresponds to the product of four and two point functions in (4.15). After the two

insertions of boundary operators, a propagator between X1 and X2 becomes

f 2

∫
dRdSΠ∆,0(X1, R)Πd−∆,0(R, S)Π∆,0(S,X2) (6.8)

= f 2(d− 2∆)

∫
dSΠd−∆,0(X1, S)Π∆,0(S,X2)

= −f̃ 2(Π∆,0(X1, X2)− Πd−∆,0(X1, X2)) ,

where we have used (B.6) and (6.7). They are the contribution to Π±±(X1, X2) in (6.2)

for ∆ = ∆± at the order of f 2 as expected.
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!!

!!

Figure 4: A contribution at the order of fn+m from the insertion of (n + m) boundary

operators

From the experience with a few boundary insertions, we can guess that the contribu-

tions at the order of fn+m come from the diagrams with the insertion of n+m boundary

operators as in figure 4. They are the Witten diagrams corresponding to the (n + m)-th

order contributions in the conformal perturbation theory. Let us examine how the bulk

scalar propagators change due to the insertions of many boundary operators. Since the

insertion of the boundary interaction changes the boundary scaling dimension from ∆ to

d−∆, the propagator Π±∓(X1, X2) can include odd number of insertions and the prop-

agator Π±±(X1, X2) can include even number of insertions. Using (B.6) we can see that

the 2n number of extra boundary insertions only give factor (−f̃ 2)n after the integration

over the insertion points. From the expansion of the boundary insertions as

exp

(
f

∫
∂

dQTd(Q)

)
= 1 + f

∫
∂

dQTd(Q) +
f 2

2

∫
∂

dQ1dQ2Td(Q1)Td(Q2) + · · · , (6.9)

we obtain the factor 1/(n!) for the term of the order fn. However, we need to consider all

possible permutations of the boundary points Qi, which yields the factor n!. Thus totally,

we have 1/(n!) · n! = 1 for the term of the order fn. After summing over the all order

contributions, the propagators with even number insertions become

Π∆,0(X1, X2)− f̃ 2

1 + f̃ 2
(Π∆,0(X1, X2)− Πd−∆,0(X1, X2)) , (6.10)

which reproduces Π±±(X1, X2) in (6.2). Similarly, the propagators with odd number

insertions become

1

1 + f̃ 2
(f̃Π∆−,0(X1, X2)− f̃Π∆+,0(X1, X2)) , (6.11)

which reproduces Π±∓(X1, X2) in (6.2). In this way, we have confirmed that the full order

results in (2.24) and (2.25) can be obtained also by summing over all order corrections in

the conformal perturbation theory from the boundary viewpoints.
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7 Conclusion

In [12] it was proposed a holographic duality between N = 3 coset model (2.1) and

a 3d Prokushkin-Vasiliev theory with extended supersymmetry [6]. In [13] the generic

higher spin symmetry is broken by adding the deformation term (2.19) to the CFT in

order to see the relation to superstring theory. The symmetry breaking induces the mass

to the higher spin fields, and the explicit value of the mass was computed for a spin 2

field in [13]. The aim of this paper is to extend the analysis to the case with generic

spin s > 2. We have computed the anomalous dimensions of higher spin currents in the

boundary theory in various ways. Using the results, we have obtained the mass formula

for higher spin fields in the bulk theory as in (2.24) and (2.25). The results are at the first

order of 1/c. At this order, we can utilize the free ghost system (2.6) and the classical

dual bulk theory. Combining these techniques, we can obtain the expressions at the full

order of the perturbation parameter f in (2.19).

There are two types of higher spin fields. The first type are the so(3)R singlets and

the other one are so(3)R triplets. We found that the so(3)R singlet fields do not receive

any corrections as in (2.24). The result is actually expected since our deformation is of

the same type as the one in [26]. They considered the deformation which does not break

the higher spin symmetry at the leading order of 1/c and f . The deformation operator

is characterized by the eigenvalue of J
(3)
0 and our deformation operator in (2.20) has

the required eigenvalue. It was also argued that the higher spin currents are no longer

conserved if we consider the higher order of 1/c and f . Therefore we expect that the

masses would be generated for s = 3, 4, . . . once we include the higher order effects of 1/c.

It is an important task to study these 1/c corrections, but for the purpose we may need

to deal directly with the N = 3 coset model (2.1) with finite N .

Interesting results may be found for the so(3)R triplet fields. The mass formula for

these fields is obtained in (2.25). The formula resembles the Regge spectrum on flat space-

time, and this may indicate that the deformed theory is related to a superstring theory

with pure NSNS-flux. In the pure NSNS-backgrounds, generic arguments in [53] say that

only three types of target space of superstring theory are consistent with the boundary

N = 3 superconformal symmetry. Comparing the BPS spectrum of superstring theory

in [54], it was conjectured in [13] that the target space of the related superstring theory

should be AdS3×M7 with M7 =SU(3)/U(1) or SO(5)/SO(3). Since both cases lead to the

same BPS spectrum, we can argue that they are related by a marginal deformation. As

a future problem, we would like to compute the string spectrum with these target spaces

and compare them with the results obtained here. It was found in [13] that there are

other types of marginal deformations preserving N = 3 superconformal symmetry. These

deformations may be useful to compare to the string spectra.

In order to obtain the contributions at the higher order of f 2, we have used the classical
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bulk theory results both for bosonic and fermionic deformation operators in subsection

6.1. We have tried to interpret the corrections from the boundary viewpoints only for the

bosonic ones in subsection 6.2. It would be nice if we could extend the analysis for the

fermionic ones, but for the purpose we need to generalize the embedding formalism also

for the spinor tensor fields on AdSd+1.
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A Higher spin superalgebra and free ghost system

The higher spin superalgebra shsM ′ [λ] introduced in (2.4) can be realized by the sym-

metry of the free ghost system [36] (see also [40, 11])

S =
1

π

∫
d2z

M ′∑
A=1

{
βA∂̄γA + bA∂̄cA

}
, (A.1)

which lead to the operator products as

γA(z)βB(w) ∼ δAB
z − w

, cA(z)bB(w) ∼ δAB
z − w

. (A.2)

Here A,B = 1, 2, . . . ,M ′ and the conformal weights for bA, cA, βA and γA are (1+λ)/2, (1−
λ)/2, λ/2 and 1− λ/2.

The truncated algebra shsT2 [1/2] can be generated by the free ghosts bA, cA, βA and

γA (A = 1, 2) with the conformal weights 3/4, 1/4, 1/4 and 3/4, respectively. In [36], the

explicit expression by free ghost system is given for higher spin currents with shs[λ] as the

wedge subalgebra, and the truncation from shs[1/2] to shsT1 [1/2] was also argued. Using

the results we can realize shsT2 [1/2] as the wedge subalgebra of the one generated by

[V (s)(z)]AB =
s−1∑
i=0

ãi(s, 1/2)(∂iβA)(∂s−1−iγB) +
s−1∑
i=0

ãi(s, 3/2)(∂ibA)(∂s−1−icB) , (A.3)

[Q(s)(z)]AB =
s−1∑
i=1

α̃i(s, 1/2)(∂iβA)(∂s−1−icB) +
s−2∑
i=0

β̃i(s, 1/2)(∂ibA)(∂s−2−iγB) ,
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where ãi(s, λ) is defined in (4.4) and

α̃i(s, λ) = 2

(
s− 1

i

)
(−1)i

(s)s−1

(λ− s+ 1)i(2− λ− s)s−1−i , (A.4)

β̃i(s, λ) =

(
s− 2

i

)
(−1)i

(s)s−2

(λ− s+ 1)i(2− λ− s)s−2−i .

The N = 3 superconformal algebra can be obtained as a subalgebra generated by the

low spin currents defined in (A.3). The explicit expressions for the low spin generators in

(A.3) can be written as

T =
1

4

2∑
A=1

[3(∂βA)γA − βA∂γA + (∂bA)cA − 3bA∂cA] ,

J+ = β1γ2 + b1c2 , J− = β2γ1 + b2c1 , J3 =
1

2

2∑
A=1

(−1)A−1 [βAγA + bAcA] , (A.5)

G+ = (∂β1)c2 − β1∂c2 + 2b1γ2 , G− = (∂β2)c1 − β2∂c1 + 2b2γ1 ,

G3 =
1

2

2∑
A=1

(−1)A−1 [(∂βA)cA − βA∂cA + 2bAγA] , Ψ =
1

2

2∑
A=1

βAcA .

We can check that these generators satisfy the operator product expansions for the N = 3

superconformal algebra with c = k = 0. See [55] for some details of the N = 3 algebra.

B Integral formulas

The expression for the boundary-to-bulk propagators in the embedding formulation

may be found in [49]. For a spin 0 field, it is given by

Π∆,0(X,P ) = C∆
1

(−2P ·X)∆
, C∆ =

(2∆− d)Γ(∆)

πd/2Γ(∆− d/2)
. (B.1)

The boundary-to-boundary propagator is then obtained by replacing X by Q with Q2 = 0.

In the main context, we need to evaluate the following integral as

I∆(X,Q) =

∫
∂

dPΠd−∆,0(X,P )Π∆,0(Q,P ) (B.2)

= Cd−∆C∆

∫
∂

dP
1

(−2P ·X)d−∆

1

(−2P ·Q)∆
.
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Using the Feynman parametrization

1∏
iA

ai
i

=
Γ(
∑

i ai)∏
i Γ(ai)

∫ ∞
0

n∏
i=2

dqiq
ai−1
i

1

(A1 +
∑n

i=2 qiAi)
∑
i ai

, (B.3)

the integral can be written as

I∆(X,Q) = Cd−∆C∆
Γ(d)

Γ(d−∆)Γ(∆)

∫
∂

dP

∫ ∞
0

dq
q∆−1

(−2P · Y )d
(B.4)

with Y = X + qQ. In [48] a useful integral formula was derived as∫
∂

dP
1

(−2P · Y )d
=
πd/2Γ(d/2)

Γ(d)

1

(−Y 2)d/2
(B.5)

with Y 2 < 0. Applying the formula we have

I∆(X,Q) = Cd−∆C∆
πd/2Γ(d/2)

Γ(d−∆)Γ(∆)

∫ ∞
0

dq
q∆−1

(1− 2qQ ·X)d/2

= (d− 2∆)Π∆,0(X,Q) . (B.6)

In the last equality we have used∫ ∞
0

dqq∆−1(1 + q)−d/2 =
Γ(d/2−∆)Γ(∆)

Γ(d/2)
. (B.7)
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