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Abstract. — In this paper, we associate a family of infinite-rank pro-Hermitian Euclidean lattices to elements of a
formal loop group and a highest weight representation of the underlying affine Kac–Moody algebra. In the case that
the element has a polynomial representative, we can prove our lattices are theta-finite in the sense of Bost, allowing
us to attach to each of our lattices a well-defined theta-like function.
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1. Introduction

The aim of this paper is to study a connection between two worlds of infinite-dimensional objects. On
the one hand, we have the theory of loop groups and the representations of infinite-dimensional (affine)
Kac–Moody algebras, and, on the other, certain infinite rank metrized lattices. Whereas the theory of loop
groups (in the arithmetic form which we need here) was started by H. Garland in the late 1970s [10], the
theory of infinite-rank lattices is of more recent vintage, having been formally introduced only a few years
ago by J.-B. Bost (cf. [1]). An interesting feature of Bost’s theory is the existence of (several) so-called theta-
invariants attached to such lattices. Among their applications, a study of these invariants (see [1, §10.8])
underlies some recent advances in diophantine algebraization results. Our contribution here is to construct
certain families of infinite rank Hermitian lattices with finite theta-invariants starting from elements in a
loop group, or rather certain arithmetic quotients of it by parabolic subgroups. We believe this may be the
first step in a fruitful interaction between the theory of loop groups, automorphic forms on them, and the
infinite theta-invariants studied by Bost. In particular, as we shall try to explain in more detail in the next
section, our desire to extend certain aspects of the Langlands-Shahidi program to loop groups over number
fields was the starting point of this work.



1.1. Function Fields. — Although this work is concerned with the number field Q, we begin with the case
of a function field F of a smooth projective curve C over a finite field Fq. Write AF for the ring of adeles of F
and IF for the group of ideles with | · | the idelic norm. Recall that AF is the restricted product ∏

′
v∈|F |Fv over

the set of places |F | of F , where almost all the components of this product lie in integral subrings Ov ⊂ Fv.

Writing GLn(F) for the general linear group on an n-dimensional F-vector space, it is an old observation,
often attributed to A. Weil, that the double coset space

XGLn := K\GLn(AF)/GLn(F), (1.1)

with K := ∏v GLn(Ov), parametrizes isomorphism classes of principal GLn- bundles on C. For an adelic
element g∈GLn(AF), let Pg be a representative in this isomorphism class and Ad(Pg) :=Pg×GLn gln be the
corresponding vector bundle attached to the adjoint representation of GLn on its Lie algebra gln. In addition
to its rank and degree, this vector bundle has two cohomological invariants, namely

h0(Ad(Pg)) := logq

∣∣H0(C,Ad(Pg))
∣∣ and h1(Ad(Pg)) := logq

∣∣H1(C,Ad(Pg))
∣∣ . (1.2)

Remark. — A vector bundle on C may be seen as a coherent system of lattices (cf. [29, p.97]) L := (Lv)v∈|F |
where coherence signifies that for almost all v, these lattices are equal to a fixed ‘trivial’ or ‘reference’ lattice.
Thus the numbers (1.2) can equally be regarded as invariants of some coherent family of lattices Lg.

We might ask how to compute these invariants directly from g ∈ GLn(AF). As for h0, one has

h0(Ad(Pg)) = logq

∣∣StGLn(F)(g)
∣∣ , where StGLn(F)(g) := g−1Kg∩GLn(F) (1.3)

is the stabilizer of g inside the symmetric space K\GLn(AF) under the right action of GLn(F). The size of
this group plays an important role in constructing the natural (Tamagawa) measure on XGLn .

Returning to h1, first recall that by Serre duality [18, Chap III, §7], if E is a vector bundle on C,

H1(C,E) ∼= H0(C,E∨⊗ωC) (1.4)

where E∨ is the dual vector bundle and ωC is the canonical line bundle on the curve. The Riemann–Roch
theorem (cf. [18, Ch. 4, Thm 1.3] for line bundles or [29, pp. 96-101] for the higher rank situation in
language of lattices) further asserts that we have

h0(C,E)−h0(C,E∨⊗ωC) = deg(E)+ rank(E)(1−g), (1.5)

where g is the genus of the curve, deg(E) = c1(∧n E) for n the rank of E, is the first Chern number of E,
and rank(E) denotes the rank of E. For example, we have

h0(C,E) = h0(C,E∨)+deg(E) when g = 1. (1.6)

In the case E = Ad(Pg), we saw in (1.3) how to compute h0 from g, and we thus obtain

logq

∣∣StGLn(F)(g)
∣∣ = h0(Ad(Pg)

∨)+deg(Ad(Pg)) when g = 1. (1.7)

This formula, expressing the size of stabilizers in the function field analogue of a locally symmetric space
in essentially geometric terms, played an important role in our thinking. Note that there is also a version of
this formula for genera g ̸= 1.

An important variant used in this paper of the construction above replaced the right action of GLn(F)

in (1.1) with the action by the group of upper triangular matrices Bn(F). The Iwasawa decomposition yields

XBn := K\GLn(AF)/GLn(F) ∼= K∩Bn(AF)\Bn(AF)/Bn(F). (1.8)

Using the first description above, we may consider the natural map XBn −→XGLn , the fibers of which are
called reductions of a given principal GLn-bundle to a Bn-bundle. If we pick an element x ∈XBn , the
second description in (1.8) allows us to construct a principal Bn-bundle out of which we can associate a
vector bundle Adbn(Px) by taking the adjoint action of Bn on the Lie algebra bn. This bundle is related to
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stabilizers in XBn(F) and a formula for these groups can again be computed– the answer now involves 2ρ ,
the sum of the positive roots of the Lie algebra gln.

Let us now move to case of loop groups while remaining within the realm of function fields. Let G now
be some simple, finite dimensional algebraic group, e.g. G = SLn. From G, we construct an infinite rank
group over a base field k as follows. First consider LG(k) := G(k((t))), the group with points in the field
of Laurent series over k. There are two important modifications one needs to make to LG(k) to obtain the
actual object of interest to us: first one considers a non-trivial (both in the mathematical and colloquial sense)
central extension of this group by k∗; and second, one forms a semi-direct product with the automorphism
of ‘loop rotations’ g(t) 7→ g(τt) with g(t) ∈ G(k((t))) and τ ∈ k∗. In practice one fixes some value of τ and
considers the corresponding object, written as Ĝτ(k). It is not a group (just a subset of one), though for the
purposes of this introduction, we often regard it as such. We refer to (3.90) for the precise definition, and
remark here that the affine analogues of ’discrete’ and ‘maximal compact’ subgroups still act of this set. We
also note here that there is an adelic analogue of Ĝτ(k) in which k is replaced by AF and τ by an idele if F .
Once again the analogue of the maximal compact subgroup, to be denoted by K̂, and discrete subgroup, to
be denoted as whG(F), subgroups act on this set Ĝτ(adF).

There is a important distinction we need to draw involving loop rotations: from the point of view of
arithmetic quotients, what is important is the relation between τ and the direction in which the completion
of the loop group is taken, i.e. in either the positive t or negative t−1 direction. For example, Garland
[10, Thm. 19.3], who works with groups completed in positive powers of t, requires |τ|< 1. In fact

Xτ

Ĝ
= K̂\ Ĝτ(AF)/Ĝ(F) (1.9)

is essentially compact (modulo the central extension) but this same reduction theory does not apply when we
have |τ| > 1 and the corresponding space behaves ‘very’ infinite-dimensionally. Nonetheless, applications
from automorphic forms on loop groups suggests that one needs to confront this complexity.

Geometrically, there are two ways to think of (1.9)– either one can regard its elements as parametrizing
certain infinite-rank bundles on C with symmetry ‘group’ Ĝτ or, following M. Kapranov [22] (see also [25]
for a more group-theoretic approach), as parametrizing finite rank G-bundles (with additional data(1)) on
a certain ruled (affine) surface Sτ → C attached to C (the curve corresponding to F) and τ . We mostly
adopt the former point of view, but let us mention a few motivating features from the surface picture. First,
the condition |τ| < 1 was given a beautiful interpretation by Kapranov: it states that normal bundle to the
natural embedding C ↪→ Sτ given by the zero section has negative degree. Second, the bundle obtained from
x ∈ Ĝτ(AF) does not naturally live on Sτ but rather on the punctured surface So

τ := Sτ \C. It can however
be extended to a bundle on Sτ and the Iwasawa decomposition (and the choices required to make one) give
us one preferred way to do this. Denote this assignment of x to a bundle on Sτ as x 7→ P̂x. In terms of the
infinite-rank picture, we should think of P̂x as corresponding to a reduction of the Ĝτ -bundle to a P̂τ -bundle
on the curve C, where P̂τ ⊂ Ĝτ is some loop analogue of a parabolic subgroup. Such (τ-twisted) P̂-bundles
on the curve naturally arise from elements in

X τ

P̂
= K̂\ Ĝτ(AF)/P̂(F). (1.10)

Note that P̂τ is the semi-direct product of a (finite-dimensional) torus and a pro-unipotent group, so the
elements from (1.10) can be naturally thought to parametrize some ‘pro’-bundle whereas elements from the
original set (1.9) would correspond to an ‘ind-pro’-bundle. There is also a non-compact variant: replace P̂
with the corresponding negative parabolic subgroup P̂− (it is no-longer a pro-group, but naturally only an

(1)In fact, formulating the ‘other data’ is a bit complicated as it involves the (relative) second Chern classes and their relations to
the central extensions of loop groups– it is actually the main difficulty in interpreting this space
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ind-group) while keeping |τ|< 1, i.e. we consider

X τ

P̂−
= K̂\ Ĝτ(AF)/P̂−(F). (1.11)

Suppose as above we consider the adjoint representations p̂± of P̂± and then form the corresponding vector
bundles (of infinite-rank) Adp̂±(P̂x). As a set, we can again identify the the cohomology of the infinite-rank
bundle with the stabilizers in X τ

P̂±
, i.e. we have H0(C,Adp̂±(P̂x)) = x−1K̂x∩ P̂±(F), where the cohomology

group is defined from a certain Cech resolution.
In the case |τ|< 1, H. Garland constructed (in the number field setting, but the same argument works for

function fields) a natural measure on X τ

P̂
(and actually, X τ

Ĝ
when |τ| ≪ 1, cf. [14, Appendix A]). However,

the groups which one might expect to arise in the function field analogue of Garland’s construction, namely
the groups x−1K̂x∩ P̂(F), are actually infinite ! Resolving this paradox, some years ago, A. Braverman
and D. Kazhdan [5], observed that Garland’s measure could be naturally interpreted in the function field
setting as a regularization of the cardinality of |x−1K̂x∩ P̂(F)|, effected by taking the left hand side of (1.7)
and replacing it by the right hand side of Riemann-Roch applied to Adp̂(P̂x). Ignoring the infinite constant
involving the genus and the rank of this bundle, the analogue of the right hand side of (1.7) is given in terms
of H0(C,Adp̂(P̂x)

∨) and deg(Adp̂(P̂x)). Now the former space is finite-dimensional and the latter can be
regularized using a well-known normal-ordering process in affine Kac–Moody theory (i.e. the procedure
of defining 2ρ for loop algebras as the ‘sum of all positive roots’ in an affine Lie algebra). All of this
crucially relies on the fact that we have |τ| < 1 since moving to the dual bundle gives a context where we
have |τ| > 1, i.e. an amplesness condition, ensuring enough vanishing that the group H0(C,Adp̂(P̂x)

∨) is
finite. On the other hand, if we work with P̂− instead (still keeping the condition |τ| < 1), then in fact the
group x−1Kx∩ P̂−(F) is finite, i.e. H0(C,Adp̂−(P̂x)) is finite. This is roughly(2) an analogue of the main
theta-finiteness result of the present work.

Finally, we mention that a version of this type of Riemann–Roch regularization turns out to be crucial to
the recent study of Eisenstein series on loop groups over function fields [15]. There, we are in a context in
which we need to cut down a certain non-convergent sum (the ‘naive’ Eisenstein series attached to P̂−) by an
infinite set of the same flavour as H0(C,Adp̂(P̂x)) as well as compensate for this by adding in a factor related
to the finite quantity H0(C,Adp̂−(P̂x)). These observations underlie the extension of the Langlands–Shahidi
method to loop groups over function fields and it was in trying to generalize this method to number fields
that we were led to the ideas described in this work.

1.2. Number Fields. — Let us now turn to the setting of the number field F = Q. By a well-known
analogy, a vector bundle over C is now replaced by either of the following equivalent notions: a Hermitian
vector bundle on the arithmetic curve Spec(Z) or a Euclidean lattice, i.e. a free Z-module EZ in a finite-
dimensional vector space E equipped with a Euclidean norm ∥·∥. Such objects are parametrized by the
double coset space (cf. [16, p.216])

X GLn = K\GLn(AQ)/GLn(Q) ∼= O(n)\GLn(R)/GLn(Z) (1.12)

where O(n) is the orthogonal group and K⊂GLn(AQ) is the direct product ∏p GLn(Zp)×O(n). The second
equality above is a consequence of the strong approximation theorem for Q. Given g ∈ GLn(R) we denote
the corresponding Euclidean lattice as Eg := (Eg,∥·∥g) where Eg is a free Z-module and ∥·∥g a Euclidean
norm on Eg,R := Eg⊗Z R. To tighten the analogy with what we described earlier, one can also develop a
theory of metrized principal bundles for a general group and form associated Hermitian bundles (see [6]),
but we do not pursue this point here.

(2)We are glossing over an issue of completion, as P̂− is an ind-group but our main theta-finitness is for pro-objects
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As remarked by Bost [1, §3.1], there are (at least) two natural analogues of h0(C,E). The first,

h0
Ar(E) := log |{v ∈ L | ∥v∥⩽ 1}| , (1.13)

is more traditional in the context of Arakelov geometry, whereas the second, namely the theta-invariant

h0
ϑ
(E) = log ∑

v∈L
e−π∥v∥2

, (1.14)

is the one which we shall be concerned with here. An immediate consequence of the Poisson summation
formula (over Q) is that this latter invariant is a perfect analogue to (1.7), as we have

h0
ϑ
(E)−h0

ϑ
(E∨) = d̂egE, (1.15)

whereas the corresponding result for h0
Ar leads only to an asymptotic statement. Another nice feature of the

theta-invariants which do not hold for their Arakelov counterparts is a certain subaddivity phenomenon in
exact sequences. Nonetheless, there are now precise comparisons in finite-dimensions between these two
invariants (see [1, Chap. 3] and references therein for more details). As far as we know, it is only the
theta-invariants which have been extended to infinite-rank lattices and, for this reason, we focus on them.

Formalizing the notion of an infinite rank lattice can be done in several different ways leading to the
notion of Ind-hermitian lattices and Pro-hermitian lattices. (3) We refer to the main body of this paper (see in
particular §2.3-2.4) for precise definitions and just offer a few comments on these notions here. The notion
of ind-Hermitian lattices, or roughly, an increasing union of finite-rank lattices, is well-behaved with respect
to taking limits of the corresponding finite-rank theta-invariants. On the other hand, the theta-invariants
for pro-Hermitian lattices require more care to define as a number of pathological phenomena arise with
the ‘naive’ definition as a limit of the finite-rank quotients of the pro-Hermitian lattice. However, if the
pro-Hermitian lattice satisfies a condition known as theta-finiteness (see §2.6) one can in fact show that the
naive definition of a theta-invariant is in fact well-behaved and essentially the only one possible.

Finally, let us turn to actual results of this paper. We focus on the parabolic arithmetic quotients

X
τ

B̂ = K̂ \ Ĝτ
R/Γ̂∩ B̂ and X

τ

B̂− = K̂ \ Ĝτ
R/Γ̂∩ B̂− (1.16)

where B̂ is the Kac–Moody analogue of a Borel subgroup (and B̂− is its opposite). When we have |τ| < 1,
using Garland’s reduction theory, one can show that the former space is the product of a finite-dimensional
piece and a compact pro-unipotent piece. On the other hand, the latter space is really quite infinite-
dimensional and our main theta-finiteness result only applies to a certain ‘polynomial’ portion of this space.
Our main result is roughly the following (see Proposition 4.1.4 and Theorem 4.2.5 for the precise version).

Theorem. — To every x∈X
τ

B̂− we may construct a pro-Hermitian bundle on Spec(Z). If we have 0< τ < 1
and x has a polynomial representative, then the corresponding pro-Hermitian bundle is also theta-finite.

In fact, to obtain a pro-Hermitian bundle one also needs to also pick a representation of B̂− together
with integral and Hermitian structures on this representation. In the main body of our paper, we work with
irreducible highest-weight representations for which Garland ([11]) has constructed a natural integral form
as well as a positive-definite Hermitian inner product. One can also consider the easier case of the adjoint
representation using the same techniques as in this paper, the simplifications stemming from the fact that the
dimensions of the finite rank quotients in the projective system corresponding to the adjoint representation
grow linearly, and also that the lattice is quite explicitly given. In contrast, in the case of highest weight
representations, the corresponding dimensions grow like the partition function and the lattices involved are
quite subtle, containing contributions from the imaginary roots of the Kac–Moody root system and that

(3)there should also be a notion of IndPro-Hermitian lattices which should be the ‘right’ objects associated to the loop group
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are essentially described in terms of the Frenkel–Kac vertex operators or, equivalently, the ‘homogeneous’
symmetric functions (see §3.4.2).

To prove theta-finiteness, the polynomiality condition we impose requires x to be chosen in G(k[t, t−1])

rather than in G(k((t))). Equivalently we require that it has an Iwasawa factorization with respect to B̂−. Our
proofs rely on a few different ingredients: first, we need precise knowledge of how the finite-rank quotients
in our projective system grow, which follows from certain estimates derived from the Weyl–Kac character
formula and the theta-like behaviour of characters of highest weight-modules. Next, we need to understand
how the shortest length vectors in each of these pieces grows. To do this we rely on ideas essentially going
back to H. Garland that appeared in his study of the convergence of (positive) Eisenstein series on loop
groups (see [13]). In particular, we need a linear-quadratic relation between the growth of the ‘central’ and
of the ‘classical’ directions and a method of estimating norms of the action of unipotent elements in the
highest-weight representation. Finally, we also use in a crucial way an estimate from the finite-dimensional
world, namely a bound by Groenewegen (see [17, Thm. 4.4] or [1, Prop. 2.6.2]) on the theta invariant
of a Euclidean lattice in terms of the shortest length of the vector and its rank. Our arguments in a sense
circumvent much of the fine structure of the actual lattice.

A variant of our construction which will be described more fully in a future work is as follows. Attached
to each element x ∈X

τ

B̂ and some representation of B̂ we show how to construct a natural ind-Hermitian
bundle. In the case when the representation chosen is the adjoint representation of the Lie algebra of B̂
and assuming we have 0 < τ < 1, one can then show the corresponding ind-Hermitian bundle has finite h0

ϑ
.

Similarly, if we choose τ > 1, one may argue that the dual of the corresponding system, which is now a
pro-Hermitian bundle, is theta-finite. We do not at the moment know whether similar results also hold for a
highest-weight representation. The issue is that when taking the dual lattice to Garland’s integral form, we
need better bounds than we currently know on the shortest vectors. Our difficulties stem exactly from trying
to confront the intricate combinatorics of the imaginary root contributions head on.

1.3. Organization of the paper. — In Section §2, we discuss the main features we need from Bost’s
theory of theta-invariants for infinite-rank Hermitian lattices. While the main results of this paper concern
pro-Hermitian bundles, we also included in §2.3 a brief discussion of the simpler notion of ind-Hermitian
bundles(4). After reviewing these notions about theta-invariants, in §3 we give a fairly detailed description
of the loop groups and loop algebras which we will be concerned with in this paper. In our discussion,
we follow the work of Garland which emphasizes integral structures. Since this paper deals with aspects
of Arakelov geometry and Kac–Moody theory, we give a presentation which tries to accommodate readers
from both fields. For example, as our constructions of a pro-Hermitian bundle uses an integral structure on
highest weight representations discovered by Garland in the late 70s, in §3.4.2 we give a bit more detail
than we absolutely need about it. We thought the connection with symmetric functions sketched there might
provide a concrete, if complicated (at least for us), way to approach the subject. Finally our main results are
presented in §4.

1.4. Acknowledgements. — It is an honour to be able to dedicate this paper to the M. V. Subbarao on the
occasion of the centennial of his birth. Not only was he instrumental in planting the seeds of the number
theory community at the University of Alberta of which both authors are now a part, but the generosity of
his family and their gift to the University of Alberta is the primary reason the authors were able to carry
out their work together. Although it may seem far removed from his oeuvre, the partition function, one of
Subbarao’s favourite objects, plays a crucial role in this work.

(4)Although it is not used in this paper, the duality between Ind and Pro-Hermitian bundles, discussed in §2, provides a construction,
distinct from the one considered in §4, which we believe to be of interest.
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1.5. Notations. — Let us make precise some of the notations used throughout this paper:

– N := {0,1,2, . . .} denotes the set of natural integers n ⩾ 0, and Z the set of all integers;
– for any integers a,b ∈ Z with a < b, we denote by Ja,bK the set of integers k satisfying a ⩽ k ⩽ b;
– we denote by A× the group of units of a ring A, but if k is a field, we allow ourselves to write either k∗

or k× for the group of non-zero elements;
– we denote by R∗+ := {x ∈ R | x > 0} the group of positive real numbers;
– the notation ⟨·⟩ means “the subgroup generated by” the elements in the brackets;
– the notation ⟨·, ·⟩ with two parameters will be used for bilinear forms and/or duality pairings.

2. Euclidean lattices in finite and infinite rank

One of the central notions in Arakelov geometry is that of (finite rank) Hermitian vector bundles over
arithmetic curves, in particular over SpecOK , where K is a number field, and their connection to Hermitian
lattices. In this section, we will review some aspects of this theory when K = Q, as this is the only case
we consider in this paper. A treatment for general number fields will be considered in a future work. After
presenting the finite-dimensional picture, we explain, following [1], parts of Bost’s extension of this theory
to the infinite dimensional setting. We refer to op. cit. for more details.

2.1. Finite rank Hermitian vector bundles over SpecZ. — We begin this section by recalling some
definitions and properties of Hermitian vector bundles over S = SpecZ.

2.1.1. — A Hermitian vector bundle E over SpecZ is the data

E = (E, ∥·∥) (2.1)

of a finitely generated, projective Z-module E, with a Hermitian norm invariant by complex conjugation on
the complex vector space EC = E⊗Z C. This definition coincides with that of a locally free sheaf over S

with a Hermitian metric on the induced complex vector space, by taking the global sections. A survey of
these objects is done in [1, Ch. 1], and in [7].

2.1.2. — Equivalently, the only infinite place of Q being real, a Hermitian vector bundle over SpecZ can
be seen as a Euclidean lattice, meaning a free Z-module of finite rank, together with a Euclidean norm on
the real vector space ER = E⊗Z R.

2.1.3. — The rank of a Hermitian vector bundle E is defined as the rank of E as a Z-module. Since E is
finitely generated, this is the same as the complex dimension of EC or the real dimension of ER. We further
say that E is a Hermitian line bundle over SpecZ if its rank equals 1.

2.1.4. Morphisms. — Consider two Hermitian vector bundles E and F over SpecZ. A morphism between
between E and F is the datum of a Z-linear map ψ : E −→ F . Note that the compatibility with the metrics
comes from the fact that any C-linear map in finite dimension is continuous. We denote the set of such
morphisms by HomZ (E, F). For any real number λ > 0, we further set

Hom⩽λ

Z

(
E, F

)
= {ψ ∈ HomZ (E, F) , ∥ψC (x)∥ ⩽ λ ∥x∥ for any x ∈ EC} , (2.2)

7



where ψC : EC −→ FC is the linear map induced by f between the respective complexifications of E and F .
Such a morphism is said to be an isometry if it satisfies ∥ψC (x)∥ = ∥x∥ for any x ∈ EC, in which case it is
automatically bijective, as we are working with finite rank vector bundles. We denote by VectZ the category
of Hermitian vector bundles over SpecZ.

2.1.5. Injective admissible morphisms. — A morphism ψ ∈ Hom⩽1
Z

(
E, F

)
is said to be injective admissi-

ble if the underlying map ψ : E −→ F is injective, with a torsion-free cokernel, and if it induces an isometry
onto its image.

2.1.6. Surjective admissible morphisms. — A morphism ψ ∈Hom⩽1
Z

(
E, F

)
is said to be surjective admis-

sible it is surjective, and induces an isometry

ψ̃ : E/kerψ −→ F , (2.3)

where the quotient space EC/(kerψ)C is endowed with the quotient metric, defined by

∥x+(kerψ)C∥ = inf{∥x+ y∥ , y ∈ (kerψ)C} . (2.4)

For more information on quotient metrics, the reader is referred to [7, Sec. 1.1.3]. Note that if ψ : E −→ F
is injective and admissible, then the transpose map ψ∨ : F∨ −→ E∨ is surjective and admissible.

2.1.7. Covolume. — Let E be a Hermitian vector bundle over SpecZ of rank r, and e1, . . . , er be a Z-basis
of E. Denote by ⟨·, ·⟩ the Euclidean inner product on ER. We define the covolume of E by

covol E =

√
det
((〈

ei, e j
〉)

i, j=1,...,r

)
. (2.5)

In other words, it is the square root of the determinant of the Gram matrix associated to the chosen basis.
Note that this definition does not depend on the choice of Z-basis of E, as two such bases are related by a
integral matrix of determinant 1.

2.1.8. Arithmetic degree. — There also exists a notion of degree of a line bundle, which takes into account
the metric datum in a Hermitian vector bundle E over SpecZ. Let us first deal with the case of a Hermitian
line bundle L. Consider a non-zero element s∈ L. Every element of L can be uniquely written as xs, where x
is a rational, thereby giving an embedding L ↪→ Q, whose image is fractional ideal of Q, and thus generated
as a Z-module by a rational number y. Denote by np the p-adic valuation of y, which coincides with the
opposite of the order of vanishing of s at p. We then define the arithmetic degree of L by

d̂eg L = ∑
p prime

np log p − log∥s∥ (2.6)

where ∥·∥ is the Euclidean norm on LR. For a more general Hermitian vector bundle E of rank r, we set

d̂eg E = d̂eg Λr E , (2.7)

where Λr E denotes the top exterior power of E, and is endowed with the determinant metric. This invariant
is closely related to the covolume, as we have

d̂eg E = − logcovol E . (2.8)

More on this and related notions can be found in [1, Sec. 1.3], and in [8, Sec. 1]. As a first example, one
can take [1, Sec. 1.1.3], where, for any real number δ > 0, the Hermitian line bundle O (δ ) is defined by

O (δ ) = (Z, ∥·∥
δ
) , (2.9)

the norm being characterized by ∥1∥
δ
= e−δ . From (2.6), we have d̂eg O (δ ) = δ .
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2.1.9. Dual lattice. — For any Hermitian vector bundle E, one can define the dual bundle E∨ by

E∨ = Hom(E, Z) , (2.10)

whose complexification is endowed with the operator norm. It is a Hermitian vector bundle of the same rank
as E, and we can relate its arithmetic degree to that of E, by

d̂eg E∨ = − d̂eg E . (2.11)

2.2. Theta invariants in finite rank. — The invariants we will be concerned with in this paper are called
theta invariants. Unlike the covolume and the arithmetic degree, we will see later that those can be general-
ized in an infinite-dimensional setting. Let us review them for finite dimensional Hermitian vector bundles.

2.2.1. The invariants h0
ϑ

and h1
ϑ

. — Let E be a Hermitian vector bundle over SpecZ. We set

h0
ϑ

(
E
)

= log ∑
v∈E

e−π∥v∥2

, (2.12)

the convergence of the sum above being guaranteed by the Poisson summation formula. Furthermore, note
that this invariant also has an analytic interpretation, as the logarithm of the heat trace of an explicit multiple
of the Laplacian on the quotient space ER/E. Using duality, we can now define the invariant h1

ϑ
as

h1
ϑ

(
E
)

= h0
ϑ
(E∨) . (2.13)

2.2.2. The Riemann–Roch formula. — As a further consequence of the Poisson summation formula, we
can compare the invariants h0

ϑ
and h1

ϑ
to the covolume, as

h0
ϑ

(
E
)
− h1

ϑ

(
E
)

= d̂eg E . (2.14)

2.2.3. Upper-bound on h0
ϑ

. — Let E = (E, || · ||) be a Hermitian vector bundle over SpecZ. We denote by

λ1 or more precisely λ1(E) = λ1(E, || · ||) (2.15)

the first minimum of E, meaning the shortest norm of a non-zero vector. To emphasize the norm chosen, we
abuse notation slightly and write λ1(E, || · ||) for this quantity as well.

Theorem 2.2.3. — [1, Prop. 2.6.2], [17, Prop. 4.4] Denote by r the rank of E. We have

h0
ϑ

(
E
)

⩽ C (r, λ1) = 3r (
πλ

2
1
)−r/2

∫ +∞

πλ 2
1

ur/2 e−u du . (2.16)

Assuming we have λ1 > (r/2π)1/2, we further have

C (r, λ1) ⩽ 3r
(

1− r
2πλ 2

1

)−1

e−πλ 2
1 . (2.17)

2.3. Ind-Hermitian vector bundles over SpecZ. — The first generalization of the notion of Hermitian
vector bundles to an infinite dimensional setting is that of an Ind-Hermitian vector bundle. The reader will
find a deeper study of these in [1, Sec. 5].

2.3.1. — An Ind-Hermitian vector bundle E over SpecZ is the data

E = (E, ∥·∥) , (2.18)

of a countably generated, projective Z-module E, and of a pre-Hilbertian norm ∥·∥ invariant by complex
conjugation on EC = E⊗Z C.
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2.3.2. Morphisms of Ind-Hermitian vector bundles. — A morphism of Ind-Hermitian vector bundles is the
datum of a Z-linear map ψ : E −→ F which induces a continuous complex linear map ψC : EC −→ FC on
the complexifications. Note that, unlike the finite rank case, continuity is no longer automatic here. We
denote the set of such morphisms by Hom

(
E,F

)
and we further set, for any λ > 0,

Hom⩽λ

Z

(
E, F

)
= {ψ ∈ HomZ (E, F) , ∥ψC (x)∥ ⩽ λ ∥x∥ for any x ∈ EC} . (2.19)

An element ψ ∈Hom
(
E,F

)
is called an isometry of Ind-Hermitian vector bundles if it is bijective and if we

have ∥ψC (x)∥= ∥x∥ for any x ∈ EC. We denote by indVectZ the category of Ind-Hermitian vector bundles
over SpecZ.

2.3.3. Admissible inductive systems. — An admissible inductive system of Hermitian vector bundles is a
complex of (finite rank) Hermitian vector bundles

E• : E0
j0

↪−→ E1
j1

↪−→ . . .
jn−1
↪−→ En

jn
↪−→ En+1 . . . (2.20)

over SpecZ, where each morphism jn is injective admissible.

2.3.4. — To an inductive system as (2.20), we can attach an Ind-Hermitian vector bundle, by setting

E = lim
−→

n

En =
⊔
n

En / ∼ , (2.21)

where the equivalence relation ∼ on the disjoint union is defined by x j ∼ xn for any x j ∈ E j and xn ∈ En

if both elements are equal in some larger Fm after composition by the maps j. The complexification EC is
endowed with the unique norm ∥·∥ such that the maps En,C ↪→ EC are injective admissible. Conversely, any
Ind-Hermitian vector bundle comes from an (and possibly many different) inductive systems.

2.3.5. — A morphism ϕ : E• −→ F• of inductive systems is the datum of a collection (ϕn)n of morphisms
making the following diagram commutative

E• : E0
j0

↪−→ E1
j1

↪−→ . . .
jn−1
↪−→ En

jn
↪−→ En+1 ↪−→ . . .

↓ ϕ ↓ ϕ0 ↓ ϕ1 ↓ ϕn ↓ ϕn+1

F• : F0
j′0

↪−→ F1
j′1

↪−→ . . .
j′n−1
↪−→ Fn

j′n
↪−→ Fn+1 ↪−→ . . .

(2.22)

Such a morphism induces a morphism of the associated Ind-Hermitian vector bundles as in (2.21).

2.4. Pro-Hermitian vector bundles over SpecZ. — The more complicated notion of Hermitian vector
bundles is that of Pro-Hermitian vector bundle. As the name suggests, there is a close link to projective
systems. However, Bost offers in [1, Sec. 5.1.2, 5.1.4] definitions which do not mention projective systems
explicitly. In [1, Sec. 5.4.2], morphisms between Pro-Hermitian vector bundles are defined, using the afore-
mentioned definitions. The category of Pro-Hermitian vector bundles over SpecZ is denoted by proVectZ.
To lighten the presentation, we will only consider the incarnation of Pro-Hermitian vector bundles from
admissible projective systems.

2.4.1. Admissible projective systems. — An admissible projective system of Hermitian vector bundles is a
complex of (finite rank) Hermitian vector bundles

E• : E0
q0
↞− E1

q1
↞− . . .

qn−1
↞− En

qn
↞− En+1 . . . (2.23)

over SpecZ, where each morphism qn is surjective admissible.
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2.4.2. — To a projective system as (2.23), we can attach a Pro-Hermitian vector bundle, by setting

E = lim
←−

n

En =

{
(xn)n ∈ ∏

n⩾0
En, qk (xk+1) = xk for every k ∈ N

}
, (2.24)

whose complexification is endowed with a norm described in [1, Sec. 5.3.2], which we omit here to shorten
this survey. A difference between Ind- and Pro-Hermitian vector bundles is that (2.24) does not in general
lead to a countably generated Z-module.

2.4.3. Morphisms of projective systems. — A collection (ψn)n of morphisms such that the diagram

E• : E0
q0
↞− E1

q1
↞− . . .

qn−1
↞− En

qn
↞− En+1 ↞− . . .

↓ ψ0 ↓ ψ1 ↓ ψn ↓ ψn+1

F• : F0
q′0
↞− F1

q′1
↞− . . .

q′n−1
↞− Fn

q′n
↞− Fn+1 ↞− . . .

(2.25)

is commutative induces a morphism ψ : E −→ F of the associated Pro-Hermitian vector bundles (2.24), in
the sense of [1, Sec. 5.4.2]. Such a morphism is an isometry in the sense of [1, Sec. 5.1.2] if every ψn is an
isometry, as in 2.1.4. Note that we routinely include bijectivity in the term “isometry”.

2.5. Duality. — As explained in [1, Sec. 5.5], there is a correspondence between Ind- and Pro-Hermitian
vector bundles over SpecZ, using duality.

2.5.1. — Consider an admissible inductive system E• as in (2.20). One can then consider the system

E∨• : E∨0
q0
↞− E∨1

q1
↞− . . .

qn−1
↞− E∨n

qn
↞− E∨n+1 . . . , (2.26)

of finite rank Hermitian vector bundles given by the dual of each En, where the map qn : E∨n+1 −→ E∨n is
the transpose of jn : En −→ En+1. It is then explained in [1, Sec. 5.5.1] that the system (2.26) is projective
admissible. Furthermore, taking the transpose of a morphism (resp. an isometry) of inductive systems yields
a morphism (resp. an isometry) of projective systems.

2.5.2. — Consider an admissible projective system F• as in (2.23). One can then consider the system

F∨• : F∨0
j0

↪−→ F∨1
j1

↪−→ . . .
jn−1
↪−→ F∨n

jn
↪−→ F∨n+1 . . . , (2.27)

of finite rank Hermitian vector bundles given by the dual of each Fn, where the map jn : F∨n −→ F∨n+1 is the
transpose of qn : Fn+1 −→ Fn. Using [1, Sec. 5.5.1], the system (2.27) is inductive admissible. Furthermore,
taking the transpose of a morphism (resp. an isometry) of projective systems yields a morphism (resp. an
isometry) of inductive systems.

2.6. Theta-finiteness and theta invariants in infinite rank. — We will now see how to extend the defi-
nition of the theta invariants h0

ϑ
and h1

ϑ
from 2.2.1 to Ind- and Pro-Hermitian vector bundles.

2.6.1. Invariant h0
ϑ

of an Ind-Hermitian vector bundle. — The first and most direct generalization of theta
invariants to the infinite-dimensional setting has to do with Ind-Hermitian vector bundles. Consider an
Ind-Hermitian vector bundle E obtained from an admissible inductive system

E• : E0
j0

↪−→ E1
j1

↪−→ . . .
jn−1
↪−→ En

jn
↪−→ En+1 . . . (2.28)

of finite rank Hermitian vector bundles over SpecZ. We get an increasing sequence

0 ⩽ h0
ϑ

(
E0
)

⩽ h0
ϑ

(
E1
)

⩽ . . . ⩽ h0
ϑ

(
En
)

⩽ . . . , (2.29)

which either converges, or diverges to +∞. We then set

h0
ϑ

(
E
)

= lim
n→+∞

h0
ϑ

(
En
)
∈ [0,+∞] . (2.30)
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This limit can be expressed as the following sum

h0
ϑ

(
E
)

= log ∑
v∈E

e−π∥v∥2

. (2.31)

By duality, one may define the h1
ϑ

invariant of a Pro-Hermitian vector bundle as the h0
ϑ

of its dual. For more
general number fields, a twist by a line bundle is needed here, this being explained in [1, Prop. 6.1.1].

2.6.2. Theta invariants of a Pro-Hermitian vector bundle. — Defining the invariant h0
ϑ

of a Pro-Hermitian
vector bundle requires more care. Let us briefly see why. Considering such a bundle F , coming from an
admissible projective system

F• : F0
q0
↞− F1

q1
↞− . . .

qn−1
↞− Fn

qn
↞− Fn+1 . . . , (2.32)

the sequence
(
h0

ϑ
(Fn)

)
n does not necessarily converge. Furthermore, the convergence and possible of this

sequence could depend on the projective system, even if they yield isometric Pro-Hermitian vector bundles,
in the sense of [1, Sec. 5.1.2]. Furthermore, the tentative definition

“ h0
ϑ

(
F
)

= ∑
v∈F

e−π∥v∥2
” (2.33)

cannot actually be made, as F is in general uncountable. In [1, Sec. 6.2.2], Bost defines instead two
invariants: a lower theta invariant h0

ϑ

(
F
)
, and an upper one h

0
ϑ

(
F
)
, which satisfy

h0
ϑ

(
F
)

⩽ h
0
ϑ

(
F
)
. (2.34)

Note that these are defined using the characterization of Pro-Hermitian vector bundles without explicit pro-
jective systems, as in [1, Sec. 5.1.2]. A particular case of interest will be when the two upper and lower
invariants coincide.

2.6.3. Strong summability condition. — Consider a projective system as in (2.32). For any integer n ⩾ 0,
we consider the finite rank Hermitian vector bundle

kerqn ⊂ Fn+1 (2.35)

whose complexification is endowed with the restriction of the metric of Fn+1. The resulting Hermitian
vector bundle is denoted by kerqn. The projective system (2.32) is summable if we have

Sum
(
F•
)

: ∑
n⩾0

h0
ϑ

(
kerqn

)
< +∞. (2.36)

As explained in [1, Thm. 7.3.4], this condition is enough to guarantee that we have

h
0
ϑ

(
F
)

= lim
n→+∞

h0
ϑ

(
Fn
)

(2.37)

but it does not imply equality with the lower theta invariant. To get that property, a more demanding condi-
tion is required. The projective system (2.32) is said to be strongly summable if we have

Sum
(
F•⊗O (ε)

)
: ∑

n⩾0
h0

ϑ

(
kerqn⊗O (ε)

)
< +∞. (2.38)

for some real number ε > 0. In that case, inequality (2.34) becomes an equality, and the common value of
the lower and upper theta invariants is also given by (2.37). We then set

h0
ϑ

(
F
)

= h0
ϑ

(
F
)

= h
0
ϑ

(
F
)

= lim
n→+∞

h0
ϑ

(
Fn
)
. (2.39)

Note that the lower and upper theta invariants only depend on the isometry class of the Pro-Hermitian vector
bundle, not on the projective system yielding it. Therefore, strong summability related to any projective
system allows the definition of the h0

ϑ
invariant by the common value in (2.34). The fact that this invariant
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can be computed as a limit of finite rank theta invariants, seen as the last part of (2.39), is only verified for
strongly summable projective systems.

2.6.4. Theta-finite Pro-Hermitian vector bundles. — A Pro-Hermitian vector bundle F over SpecZ is said
to be theta-finite if the condition

Sum
(
F•⊗O

(
−1

2 log t
))

: ∑
n⩾0

h0
ϑ

(
kerqn⊗O

(
−1

2 log t
))

< +∞. (2.40)

is satisfied for every real number t > 0. In that case, we can define the theta function of F by

ϑF (t) = h0
ϑ

(
F⊗O

(
−1

2 log t
))

= lim
n→+∞

∑
v∈Fn

e−πt∥v∥2
Fn (2.41)

for every t > 0, where the projective system F• has F as projective limit.

3. Loop Algebras and Loop Groups (alias affine Kac–Moody algebras and groups)

In this section, after first fixing our notation for finite-dimensional Lie algebras in §3.1, we recall two
constructions for the main infinite dimensional Lie algebra of interest to us, the loop algebra, or more
precisely a Kac–Moody algebra of untwisted affine type. After introducing the basic features of these
algebras in §3.2, we focus on their highest weight representations in §3.3, and describe their integral and
Hermitian structures in §3.4. After these preliminaries, we introduce the loop groups relevant to our work,
following Garland’s construction (cf. [10]). To orient the expert, let us note our groups are the ‘maximal’
or ‘complete’ loop groups, where the completion is in the direction of the positive Borel, i.e. in t not t−1,
where t is the loop parameter, and that our groups are further twisted by the loop rotation (whose action is
by ‘contracting’ high, positive powers of the loop).

3.1. Finite-dimensional Lie Algebras. — Let us begin with a quick review of the theory of finite-
dimensional Lie algebras, as they constitute the first step towards defining loop algebras.

3.1.1. Root Systems. — Let g be a complex, simple Lie algebra with a Cartan subalgebra h of rank ℓ.
Decomposing g with respect to the adjoint action of h, we obtain g= h⊕

⊕
α gα , with α ∈ h∗ and

gα = {X ∈ g | [H,X ] = α(H)X for all H ∈ h}. (3.1)

An element α as above is said to be a root of g if we have gα ̸= 0. In this case, the space gα is one-
dimensional. We denote by R⊂ h∗ the set of roots, and the pair (h∗,R) satisfy the axioms of an irreducible
root system (cf. [3, Ch. VI, §1]). Recall that such a root system has a basis Π := {α1, . . . ,αℓ} of simple
roots and that every α ∈ R is an integral linear combination α = ∑

ℓ
i=1 miαi, where we either have mi ⩾ 0

for every i, or mi ⩽ 0 for every i. In the former case, we say the root is positive and in the latter that it is
negative. We also write R± for the set of positive/negative roots; the height of any positive root α ∈ R+ is
defined as the positive integer ht(α) = ∑

ℓ
i=1 mi. There exists a unique root (cf. [3, Ch. VI, §8]) of maximal

height α0 ∈ R+, called the highest root, which we write as

α0 =
ℓ

∑
i=1

di αi. (3.2)

We have di > 0 for every integer i = 1, . . . , ℓ. Let us denote by Q the Z-lattice spanned by Π and by Q+ the
set of Z≥0-linear combinations of Π.
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3.1.2. Normalized Killing form and Coroots. — Denote by (·, ·)kil : g×g→ C the Killing form. Restricted
to h, it is a non-degenerate, symmetric, bilinear form. Hence, with respect to it, we may define the dual
element H ′α ∈ h of any root α ∈ R. For any α,β ∈ h∗ we set (α,β )kil := (H ′α ,H

′
β
)kil. When considering

affine Lie algebras, we will also need the renormalization of the Killing form on h (and also h∗) as

(·, ·) :=
2

(α0,α0)kil
(·, ·)kil. (3.3)

For any α ∈ R, we define the corresponding coroot as

α∨ :=
2

(α,α)kil
H ′α ∈ h, (3.4)

and let R∨ := {α∨ | α ∈ R} be the set of coroots. We pick a basis Π∨ := {α∨1 , . . . ,α∨ℓ } of R∨, with respect
to which we define the sets of positive and negative coroots R∨+ and R∨−, respectively. The pair (R∨,h) also
forms a root system.

3.1.3. Cartan Matrix. — Let ⟨·, ·⟩ denote the natural pairing h×h∗→ C. Define the Cartan matrix of g as

A := (Ai j) where Ai j = ⟨α∨i ,α j⟩ = 2 (α j,αi)kil
(αi,αi)kil

= 2 (α j,αi)
(αi,αi)

. (3.5)

3.1.4. Weyl Group. — We write W for the Weyl group of the root system R (or R∨). It is a finite group
generated by the simple reflections si which act on h∗ as si(λ ) = λ −⟨λ ,α∨i ⟩αi. In fact, (W,S) is a Coxeter
system in the sense of [3, Ch. IV]. Denote the length function on this Coxeter group as ℓ : W → N∪{0}.

3.1.5. Chevalley Form. — In what follows, we need to pick a specific basis of g with respect to which the
structure coefficients are integral. As explained in [27, Ch. 1, Thm. 1], for every α ∈ R, we may pick an
element Eα ∈ gα such that we have

1. [Eα ,E−α ] = α∨ 2.
[
Eα ,Eβ

]
= ±(r+1)Eα+β if α +β ∈ ∆ and r is the largest

integer k with a− kβ ∈ R(A)

3.
[
α∨,Eβ

]
= 2 (α,β )

(α,α)Eβ 4.
[
Eα ,Eβ

]
= 0 if 2 is not satisfied

The set

BCh(g) = {Eα ,α ∈ R(A)}∪
{

α
∨
1 , . . . ,α

∨
ℓ

}
(3.6)

is called the Chevalley basis of g and enjoys a number of nice properties, including the integrality mentioned
above. We refer to [27, Thm. 1, p.7] for more details. Using this basis BCh(g), one can define a Z-form
of the enveloping algebra of g and consruct a Z-basis of it explicitly ([27, Ch. 2]. As we need these
constructions for the loop algebra, we review them in that context later (see §3.4).

3.2. Loop algebras and (untwisted) affine Kac–Moody algebras. — In this section, we give two con-
structions of the main infinite-dimensional Lie algebra under study here. The first is often called the loop
presentation and the second the Kac–Moody presentation. Our approach follows [10, 11] and [19].

3.2.1. Loop Presentation. — The loop algebra g̃ of g is defined as a k-vector space by g̃= g⊗C[t, t−1]. Its
bracket is induced by the relations [x⊗u,y⊗ v] = [x,y]⊗uv for every elements x,y ∈ g and u,v ∈ C[t, t−1].
Many natural infinite-dimensional representations of this algebra are projective representations (cf. [20]),
signalling the relevance of a central extension of this Lie algebra. Recall that a central extension of g̃ by a
Lie algebra a is a Lie algebra q containing a in its center, i.e. such that a has bracket 0 with every element
of q. We then have an exact sequence

0−→ a−→ q−→ g̃−→ 0 (3.7)
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of Lie algebras. Using the notion of morphisms of central extensions (cf. [10, Eq. 1.3]), we can define the
category of central extensions of g. An initial object in this category is called a universal central extension(5).
If g̃ is perfect, i.e. if we have [g̃, g̃] = g̃, or in other words if g is generated by the brackets of its elements,
such an initial object always exists up to unique isomorphism, using [10, Prop. 1.7, Lem. 1.10]. It will be
referred to as the universal central extension of g̃.

Proposition 3.2.1. — [10, Thm. 2.36] The loop algebra g̃ is perfect and its universal central extension ĝ is
given by a one dimensional algebra a= Cc, with c a central element. As a vector space,

ĝ = g̃ ⊕ Cc, (3.8)

where c is a central element, and the Lie bracket is specified by linearly extending the following rule:

[X⊗ tn +αc, Y ⊗ tm +βc] = [X ,Y ]⊗ tn+m + mδm,n(X ,Y )c, (3.9)

for X ,Y ∈ g, α,β ∈ C and (·, ·) is the normalized Killing form introduced in (3.3). Note that the inclusion
of g̃ into ĝ is not a morphism of Lie algebras, since it is not compatible with the brackets.

3.2.2. Extensions by derivation d. — One does not obtain a satisfactory notion of roots for the Lie algebra ĝ
if one chooses to use

ĥ := h⊕Cc (3.10)

as the analogue of a Cartan subalgebra. Another manifestation of this phenomenon is the fact that many
of the interesting representations of ĝ actually possess a natural grading(6). For these reasons, it becomes
natural to consider a further extension of ĝ. Let d : ĝ→ ĝ be derivation of ĝ which sends h⊕Cc to 0 and
verifies

d|h⊕Cc = 0 and d(X⊗ tn) = nX⊗ tn where X ∈ g, n ∈ Z. (3.11)

One can then consider the semi-direct sum (of Lie algebras, [2, Ch. 1 §8]) of ĝ with the one dimensional
Lie algebra Cd, and we denote this object as ĝe. As a vector space, we have

ĝe = ĝ⊕Cd , (3.12)

and the Lie bracket is defined as

[x+λd,y+µd] = [x,y]+λd(x)−µd(y) . (3.13)

Now the correct analogue of a Cartan subalgebra inside of ĝe is the ℓ+2-dimensional vector space

ĥe := ĥ⊕Cd = Cc⊕h⊕Cd . (3.14)

3.2.3. Completions for the t-adic topology. — In the definition of ĝ, we could have replaced the Laurent
polynomials C[t, t−1] with Laurent series C((t)). All of the constructions above go through without any
change, and the resulting t-adically complete algebra will be denoted as ĝcomp and ĝe

comp. Note that changing
the scalars to C((t)) commutes with taking the semi-direct product with d, so the meaning of ĝe

comp is
unambiguous.

(5)If q denotes such an initial object, for any central extension q′ of g, there exists a unique morphism q−→ q′ of central extensions.
(6)The grading is usually an indication of another infinite dimensional Lie algebra called the Virasoro algebra, which also acts on
the representation (cf. [26])
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3.2.4. Affine Cartan matrices. — Another useful point of view on the Lie algebra ĝe is its realization as an
untwisted affine Kac–Moody algebra. To the ℓ× ℓ Cartan matrix A introduced in (3.5), one can attach the
untwisted affine Cartan matrix

Âi j = 2
(αi,α j)

(αi,αi)
for i, j = 1, . . . , ℓ+1 , (3.15)

where we define αℓ+1 = −α0 as the opposite of the highest root of g (cf. (3.2)). Note that we recover the
Cartan matrix A as the first ℓ rows and columns of Â. The matrix Â is also an example of a generalized
Cartan matrix (cf. [19, Sec. 1.1]), and such matrices are classified into three main types: finite, affine, and
indefinite, as explained in [19, Thm. 4.3]. The affine ones have a further division into untwisted and twisted
types, presented in [19, Sec. 7.2, 8.3], and Â is actually an example of an untwisted affine type matrix. It
is also an example of a symmetrizable generalized Cartan matrix (see [19, Sec. 2.1]), in that there exists a
diagonal matrix D and a symmetric matrix B such that we have Â = DB. The entries of D are ε1, . . . ,εℓ+1,
and given by εi = 2/(αi,αi) here.

3.2.5. Kac–Moody Presentation. — To the symmetrizable generalized Cartan matrix Â, we can attach (7)

the corresponding Kac–Moody algebra g(Â) as the quotient of the free Lie algebra generated by 3ℓ+ 3
symbols e1, . . . ,eℓ+1, f1, . . . , fℓ+1, and h1, . . . ,hℓ+1, together with the following relations:

1. [hi,h j] = 0 2. [ei, f j] = δi jhi 3. [hi,e j] = Âi je j 4. [hi, f j] = −Âi j f j

for any integers 1 ⩽ i, j ⩽ ℓ+1, and

5. (adei)
−Âi j+1 (e j) = 0 6. (ad fi)

−Âi j+1 ( f j) = 0

for any integers 1 ⩽ i, j ⩽ ℓ+1 with i ̸= j. Here, we have denoted by ad the adjoint representation, defined
by (adx)(y) = [x,y] for x,y ∈ g(Â). The Kac–Moody algebra g(Â) has a graded structure, which we will
now describe. For nonnegative integers n1, . . . ,nℓ+1 not all of which are zero, we set

g(n1, . . . ,nℓ+1) = spanC

{[
ei1 ,
[
ei2 , . . . ,

[
eir−1 ,eir

]
. . .
]]}

, (3.16)

where each ei appears exactly ni times, and we set

g(−n1, . . . ,−nℓ+1) = spanC

{[
fi1 ,
[

fi2 , . . . ,
[

fir−1 , fir
]
. . .
]]}

(3.17)

where each fi appears −ni times. We further set

h(Â) = g1 (0, . . . ,0) = Ch1⊕·· ·⊕Chℓ+1 (3.18)

To simplify the notation, we finally set g(n1, . . . ,nℓ+1) = 0 for any other collection of integers n1, . . . ,nℓ+1.
Then from [10, Sec. 3] the Lie algebra g(Â) has a Zℓ+1-gradation, given by

g(Â) =
⊕

(n1,...,nℓ+1)∈Zℓ+1
g1 (n1, . . . ,nℓ+1) . (3.19)

Using the Chevalley basis of g reviewed in §3.1.5, we can now state the precise connection between g(Â)
and the Lie algebra ĝ introduced in §3.2.1.

Theorem 3.2.5. — [10, Thm. 3.14] There is an isomorphism of Lie algebras Ψ : ĝ
∼=−→ g(Â), defined by

Ψ
(
Ei⊗ t0

)
= ei

Ψ
(
Fi⊗ t0

)
= fi

Ψ(a∨i ) = hi

for i = 1, . . . , ℓ, and


Ψ
(
E−α0⊗ t1

)
= eℓ+1

Ψ
(
Eα0⊗ t−1

)
= fℓ+1

Ψ(−α∨0 + c) = hℓ+1

. (3.20)

(7)Our presentation, in the symmetrizable case, is simplified by using the work of Gabber and Kac [9], as explained in [19, Thm.
9.11 and after].
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3.2.6. Derivation in the Kac–Moody presentation. — Recall that we introduced earlier the semi-direct sum
of g with the operator d, which we denoted by ĝe. We have a Z-gradation of g(Â)

g(Â) j =
⊕

(n1,...,nℓ)∈Zℓ

g1 (n1, . . . ,nℓ, j) , (3.21)

and define a linear map

D : g(Â) j −→ g(Â) j

x 7−→ jx
. (3.22)

One may check that under the isomorphism Ψ of Theorem 3.2.5, the action of the map d is sent to that by D
and it is also a derivation of g(Â). Let us now define the semi-direct product

ge(Â) := g(Â)⋊CD = g(Â)⊕CD. (3.23)

Our comments above indicate that the isomorphism of Theorem 3.2.5 extends to the extensions by d and D
respectively. We continue to denote this isomorphism by the same name

Ψ : ge(Â)
∼=−→ ĝe. (3.24)

We write he(Â) := h(Â)⊕kD and note that it is isomorphic to the Cartan subalgebra ĥe introduced in (3.14)
above. One gets the analogue for ge(Â) of the Z-gradation induced by (3.21) by setting

g(Â)0 = he(Â) = h(Â)⊕ kd (3.25)

without changing the other spaces in the gradation.

3.2.7. Completion of the Kac–Moody algebra. — In §3.2.3, we completed the Lie algebra ĝ to ĝcomp. To
reproduce this procedure in the Kac–Moody context, recall the Z-gradation introduced in (3.21) introduced
above. With respect to it, we define the norm of x ∈ g(Â) to be∥∥∥∑

j∈Z

x j

∥∥∥ = e− j0 (3.26)

where only finitely many components x j of x are non zero, and we have j0 = min
{

j ∈ Z, x j ̸= 0
}

. The
completion of g(Â) is denoted by g(Â)comp. From [10, Rmk. 2.8], the isomorphism from Theorem 3.2.5
extends to an isomorphism of Lie algebras

g(Â)comp ≃ g⊗ k((t))⊕ kc =: ĝcomp . (3.27)

If one considers in (3.27) the gradation introduced in (3.25), the natural extension of the norm from (3.26)
to ge(Â) allows us to define a completion denoted as (ge(Â))comp. One can then verify that we have

(ge(Â))comp = (g(Â))comp ⋊ Cd (3.28)

where the action of D on (g(Â))comp considered in (3.22) extends to a derivation of the completion. Note
that the above is also isomorphic to ĝe

comp introduced in §3.2.3.

3.2.8. Notational convention. — From now on, we refer to ĝe as either the loop or affine Kac–Moody
algebra, and shall no longer write ge(Â). Similarly, we write ĝe

comp even when we might mean ge(Â)comp. In
light of the explicit isomorphisms given above, we hope this will not lead to any confusion.
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3.2.9. Roots of the loop algebra ĝe. — Let us now describe the root system(8) of ĝe. Recall that we have
described the root system R⊂ h∗ and its basis Π= {α1, . . . ,αℓ} of simple roots in §3.1.1. For each λ ∈ (ĥe)∗

we define the space

(ĝe)λ = {X ∈ ĝe | [H,X ] = λ (H)X for all H ∈ ĥe}, (3.29)

and refer to those elements λ ∈ (ĥe)∗ such that we have (ĝe)λ ̸= 0 as the roots of ĝe. Denote the set of roots
as R̂, and, as before, for any root a ∈ R̂, we refer to (ĝe)a as the corresponding root space. Much of the
theory of the finite root system R carries over to R̂, but a new feature appears, namely one has ‘imaginary’
roots such that the dimension of the corresponding root space is no longer 1.(9)

Let us now explicitly describe the roots R̂. First, define the (minimal, positive) imaginary root ι ∈ (ĥe)∗

using the decomposition (3.14) as follows:

ι (x+λd) = λ for x ∈ Cc⊕h. (3.30)

For any integer 1 ⩽ i ⩽ ℓ+1, we extend αi ∈Π to an element ai ∈ (ĥe)∗ defined as

ai|h = αi, ai(c) = 0, and ai(d) = 0 for i = 1, . . . , ℓ. (3.31)

As every element in R is a linear combination of α1, . . . , αℓ, we use the construction above to extend any
root α ∈ R to an element of (ĥe)∗. Unless explicitly mentioned (e.g. in the case of ai for i = 1, . . . , ℓ), we
shall denote this extension by zero of an element of R into an element of (ĥe)∗ by the same name. Finally,
let us introduce the element aℓ+1 ∈ (ĥe)∗ such that we have aℓ+1(d) = 0 and

aℓ+1|ĥ = −α0 + ι . (3.32)

Note that the elements a1, . . . ,aℓ+1 ∈ (ĥe)∗ are now linearly independent, a fact which would not be true if
we regarded these elements as functionals on ĥ.

With these preliminaries, we can now describe the set R̂. It has a decomposition into positive and
negative roots R̂= R̂+⊔ R̂− where we have R̂− =−R̂+ and

R̂+ = {α +nι | α ∈ R+,n ∈ Z≥0} ⊔ {−α +nι | α ∈ R+,n ∈ Z≥1} ⊔ {nι | n ∈ Z≥1}. (3.33)

The set of imaginary roots R̂im and Weyl (or real) roots are then defined as

R̂im := {nι | n ∈ Z̸=0} and R̂re := R̂\ R̂im (3.34)

respectively. We also define the positive/negative real roots as (R̂re)± := R̂re∩ R̂± and similarly define the
positive and negative imaginary roots (R̂im)±. The set Π̂ := {a1, . . . ,aℓ+1} plays the role of a basis for R̂ in
that every a ∈ R̂ can be written as a Z-linear combination of elements from Π̂ with either all non-negative
or all non-positive coefficients. For future reference, we also define the root lattice Q̂ as

Q̂ := Za1 +Za2 + · · ·+Zaℓ+1. (3.35)

We make the natural definition for Q̂+, as N-linear combinations.

(8)We use the term ‘root system’ informally, since the standard axioms for root systems and their references, e.g. [3, Ch. VI],
pre-date Kac–Moody theory by a few years and so do not actually admit the root systems of affine Lie algebras as examples.
Nonetheless, many of the properties discussed in op. cit. do carry over.
(9)In the case of affine Kac–Moody algebras, the multiplicites of these imaginary roots is always ℓ, but computing such multiplicities
in a general Kac–Moody algebra remains quite mysterious.
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3.2.10. Invariant Bilinear form. — Recall from §3.2.4 that we have defined the entries (ε1, . . . ,εℓ+1) of the
diagonal matrix D which symmetrizes Â, i.e. such that we have Â = DB with B symmetric. Using the entries
of this matrix, we can now define a symmetric bilinear form (·, ·) on ĥe by the conditions

(hi,h) = ai(h)εi for i ∈ J1, ℓ+1K and h ∈ ĥe, and by (d,d) = 0. (3.36)

Note that the first condition implies that we have

(hi,d) = 0 for i ∈ J1, ℓK, and (hℓ+1,d) = 1. (3.37)

This form is non-degenerate ([19, Lemma 2.1b]) and hence induces an isomorphism ν : ĥe→ (ĥe)∗. Under
this isomorphism, we have ν(hi) = εiai and the corresponding form on (ĥe)∗, again denoted by (·, ·), satisfies

(ai,a j) = Âi j/εi = bi j for i, j ∈ J1, ℓ+1K. (3.38)

One can also check that we have

(ι , ι) = 0 and (ι ,ai) = 0 for i = 1, . . . , ℓ. (3.39)

This form agrees with the normalized Killing form on h∗ constructed in §3.1.2.

3.2.11. Coroots and integral weights. — Let us now work with the Kac–Moody presentation to define the
coroots. Recall that we have introduced, within this presentation, elements h1, . . . ,hℓ+1 of h(Â). We define

a∨i = hi for i = 1, . . . , ℓ+1. (3.40)

Some care has to be taken to introduce the coroots attached to a general element ϕ ∈ R̂. We proceed first by
setting h′ai

:= ε
−1
i hi, and then by extending this into h′ϕ := ∑

ℓ+1
i=1 cih′ai

for any ϕ ∈ R̂ written as ϕ = ∑
ℓ+1
i=1 ciai.

Finally, we can define the coroot ϕ∨ attached to ϕ as

ϕ∨ =
2

(ϕ,ϕ)
h′ϕ . (3.41)

We call R̂∨ := {ϕ∨ | ϕ ∈ R̂} the set of affine coroots (it is the set of roots of the affine, possibly twisted,
Kac–Moody algebra with Cartan matrix T A.) The set Π̂∨ := {a∨1 , . . . ,a∨ℓ+1} is then a ‘basis’ of R̂∨, in the
same sense that Π was a basis of R̂. Using the coroots, we can define the lattice of integral weights as

Λ := {λ ∈ (ĥe)∗ | ⟨λ ,a∨i ⟩ ∈ Z for i ∈ J1, ℓ+1K and ⟨λ ,d⟩ ∈ Z}. (3.42)

Note that we have Q̂ ⊂ Λ, and we introduce the dominance order ≼ on Λ as follows: for any λ ,µ ∈ Λ, we
write λ ≼ µ if we have µ−λ ∈ Q̂+. We also say that an element λ ∈ Λ is dominant if we have ⟨λ ,a∨i ⟩ ≥ 0
for all i ∈ J1, ℓ+1K, and the set of such elements is written as Λ+. Of particular importance to us will be the
fundamental weight Λℓ+1 ∈ Λ, defined by the conditions

⟨Λℓ+1,a∨i ⟩ = ιi,ℓ+1 for i ∈ J1, ℓ+1K and ⟨Λℓ+1,d⟩ = 0. (3.43)

One then notes that

(ĥe)∗ has basis a1,a2, . . . ,aℓ+1,Λℓ+1. (3.44)

As we can write aℓ+1 in terms of the classical roots a1, . . . ,aℓ and ι we also have

(ĥe)∗ = Cι⊕h∗⊕CΛℓ+1. (3.45)

With respect to the inner product introduced in §3.2.10, one may check that we have

(Λℓ+1,Λℓ+1) = 0, (ai,Λℓ+1) = 0 for i ∈ J1, ℓK, (aℓ+1,Λℓ+1) = 1. (3.46)

For µ ∈ (ĥe)∗, we often write µ for its projection onto h∗ and record a useful formula (cf. [19, (6.2.6)])

λ = ⟨λ ,c⟩Λℓ+1 +λ +(λ ,Λℓ+1)ι . (3.47)
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3.2.12. The Weyl group. — For i ∈ J1, ℓ+1K, define the reflection

ri : (ĥe)∗ −→ (ĥe)∗

λ 7−→ λ −λ (a∨i )ai
. (3.48)

The group generated by these reflexions is denoted by Ŵ and is called the affine Weyl group. It also has a
presentation as Ŵ = W ⋊Q∨ where Q∨ is the coroot lattice (cf. [19, §6.5]), though we will not need this
explicitly here. The group Ŵ is also a Coxeter group, with Coxeter generators Ŝ := {ri | i ∈ J1, ℓ+1K}. Let
us note that the form (·, ·) on (ĥe)∗ introduced in the previous section is Ŵ -invariant (cf. [19, Prop. 3.9]) and
that every element of Ŵ fixes ι , whereas every element in R̂re is of the form wai for some elements w ∈ Ŵ
and ai ∈ Π̂. For this reason, the elements in R̂re are sometimes referred to as the Weyl roots.

3.2.13. The Tits cone. — Although not explicitly needed, let us mention a crucial difference between the
actions of Ŵ on (ĥe)∗ and of W on h∗: whereas every element λ ∈ h∗ is W -equivalent to an element in the
dominant cone

C := {λ ∈ h∗ | ⟨λ ,α∨i ⟩ ≥ 0 for i ∈ J1, ℓK}, (3.49)

this is no longer true in (ĥe)∗. Instead, we need to introduce the Tits cone

X :=
⋃

w∈Ŵ w(Ĉ ), where Ĉ := ⟨λ ∈ (ĥe)∗ | ⟨λ ,a∨i ⟩ ≥ 0 for i ∈ J1, ℓ+1K}. (3.50)

Note that the projection of Ĉ onto h∗, following the decomposition 3.45, is compact. As it turns out, the
Tits cone can be described explicitly as

X = {λ ∈ (ĥe)∗ | ⟨λ ,c⟩> 0}. (3.51)

We also remark here that at the group level, which will be presented later, working with the condition |τ|< 1
or |τ|> 1 is tantamount to working inside or outside the Tits cone.

3.3. Highest weight representations. — Let us review some basic features of the theory of highest weight
representations of ĝe over C here. Unless otherwise mentioned, our base field will be C throughout this
section, and later, after introducing integral forms, we extend this construction to an arbitrary field.

3.3.1. Weight modules. — A representation V of ĝe is called is called a weight module if

1. we have V =
⊕

µ∈(ĥe)∗
Vµ , where we set

Vµ = {v ∈V | H.v = λ (H)v for all H ∈ ĥe}; (3.52)

2. each Vµ is finite-dimensional.

The set of all elements 0 ̸= µ ∈ (ĥe)∗ such that we have Vµ ̸= 0 is denoted by P(V ) and its elements are
called the weights of V . We define the multiplicty of the weight µ ∈ P(V ) as

mult(µ) := dimCVµ . (3.53)

For a weight module V we define its formal character as the sum

χV := ∑
µ∈P(V )

mult(µ)eµ

(3.54)

where eµ is a formal symbol which lives in some algebra (cf. [19, §9.7] for the precise details), satisfying
the condition eµeν = eµ+ν . Let us recall that a representation V is called integrable if the elements ei, fi ∈ ĝe

act locally nilpotently for each i ∈ J1, ℓ+1K, i.e. if

for any v ∈V there exists an integer n such that we have en
i v = f n

i v = 0. (3.55)

To exponentiate certain operators and define a group, we need this condition.
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3.3.2. Enveloping Algebra. — For any complex Lie algebra q, its universal enveloping algebra U (g) is
defined as the quotient of the tensor algebra

T (q) :=
⊕
n≥0

(q⊗·· ·⊗q)︸ ︷︷ ︸
n−times

(3.56)

by the smallest ideal containing the quadratic relation x⊗ y− y⊗ x = [x,y] for x,y ∈ q. Note that if q1 ⊂ q

is a subalgebra, one has a morphism of algebras U (q1)→ U (q). The importance of these algebras stems
from the fact that a representation of q is the same as an U (q)-module.

3.3.3. Unipotent and Borel Subalgebras. — Define the following important subalgebras of ĝe,

û± =
⊕

α∈R̂±
(ĝe)α , b̂± = ĥ⊕ û+, and b̂e

± := b̂⊕Cd. (3.57)

Usually we omit the subscript ‘+’ if context makes it clear we are speaking of the positive case. Note that
we have a triangular decomposition

ĝe = û−⊕ ĥe⊕ û+, (3.58)

which corresponds by the Poincare–Birkhoff–Witt theorem to a decomposition

U (ĝe) = U (û−) ⊗C U (ĥe) ⊗C U (û+). (3.59)

3.3.4. Irreducible highest weight modules V λ . — To each element λ ∈ (ĥe)∗ we define the Verma module

M (λ ) = U (ĝe)⊗U (b̂e)
Cλ , (3.60)

where Cλ is the one-dimensional b̂e-module on which ĥe acts by λ , i.e. such that we have H.v = λ (H)v for
every H ∈ ĥe and v ∈ Cλ , and on which û+ acts trivially. Note that, by (3.59), we have

M(λ ) ∼= U (û−)⊗C Cλ , (3.61)

and from this one verifies that M(λ ) is a weight module. Any non-zero quotient of M(λ ) is called a highest
weight module with highest weight λ since every weight µ ∈ P(M(λ )) satisfies µ ≼ λ , where we recall
that ≼ refers to the dominance order introduced in §3.2.11. One knows (cf. [24, Lem. 2.1.2]) that M(λ )

has a unique proper maximal submodule Rλ such that the quotient V λ := M(λ )/Rλ is irreducible as a
representation. The weight space of weight λ has dimension 1, in both M(λ ) and any of its quotients. We
pick a non-zero vector vλ in this weight space and call it a highest weight vector. We restrict our attention to
the modules V λ and one actually knows ([24, Cor. 2.1.8]) that the map λ 7→V λ is a bijective correspondence
between the set of dominant, integral weights Λ+ (cf. right after (3.42)) and the isomorphism classes of
integrable (cf. §3.3.1), irreducible, highest weight modules of ĝe. For such a representation, we denotes its
set of weights as Pλ for short.

3.3.5. Depth and Level. — Fix λ ∈Λ+ such that we have ⟨λ ,c⟩> 0. Such weights are said to be of positive
level, and we write V := V λ for the corresponding irreducible, highest weight representation with weight
lattice Pλ . In the remainder of this subsection, we collect a number of facts about this set Pλ which we need
for our future work. To state these, we introduce the depth dp(µ) and level lev(µ) of a weight µ ∈ Pλ , by:
since µ ≼ λ , we have µ = λ −m1a1−·· ·mℓ+1aℓ+1 for some non-negative integers mi. We then set

dp(µ) =
ℓ+1
∑

i=1
mi and lev(µ) = mℓ+1. (3.62)
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3.3.6. Linear-Quadratic Inequality. — We now state an important inequality relating the classical (i.e.
projection onto h∗) and imaginary parts (i.e. projection onto Cι) of a weight from a highest weight repre-
sentation. Fix λ ∈ Λ+ of positive level p = ⟨λ ,c⟩. For any µ ∈ Pλ , which we may write as in (3.47)

µ = pΛℓ+1 +µ +nι , (3.63)

we have from [21, Proposition 2.12d] that there exists some a0 ∈ {1,2} such that we have

|µ|2−2a−1
0 pn ≤ |λ |2, (3.64)

where the norm on h∗ is the restriction of (·, ·). Hence, there exists C :=C(R,λ )> 0 such that we have

|µ| ⩽ C
√

n. (3.65)

We may expand µ in terms of the basis Π as µ = q1a1 + · · ·+ qℓaℓ where q j ∈ Z (they are not always
positive). The inequality above then tells us, if we compare the norm (·, ·) with the sup-norm on the finite-
dimensional space h∗, that we also have qi ≤C

√
n for a (possibly different) constant C :=C(R̂,λ ).

3.3.7. Maximal weights and multiplicities of weight spaces. — A maximal weight µ ∈ Pλ is defined as a
weight such that we have λ + ι /∈ Pλ , and we denote by max(λ ) the set of all maximal weights. For every
weight µ ∈Pλ , there exists a unique maximal weight η ∈max(λ ) and a unique non-negative integer n′ such
that we have µ = η−n′ι , with n′ ≤ levµ , using [19, Prop. 12.5e]. From this and [21, Thm. B, (4.24)], we
conclude.

Theorem 3.3.7. — There exist constants A := A(λ , R̂)> 0 and C′ :=C′(λ , R̂)> 0 such that

mult(µ) ⩽ C′eA
√

n , (3.66)

for any µ ∈ Pλ of level n.

In fact a stronger asymptotic property in n holds, though we shall not need this here. This estimate is proven
by relating the Weyl–Kac character formula to the theory of theta functions and we refer to op. cit. for the
interesting details which go into its proof. Note the similarlity with the asymptotics of partition functions.

3.3.8. Representation of the completed algebra. — The previous paragraphs dealt with the representation
of the extended affine Lie algebra ĝe ∼= ge(Â). Using [10, Prop 6.6], for any Cauchy sequence (xn)n of
elements of ge(Â), the sequence xn.v is ultimately constant. The representations studied above can thus be
extended into representations of ĝe

comp
∼= ge(Â)comp.

3.4. Integral and Hermitian Structures. — In order to discuss the groups attached to the Kac–Moody
algebras introduced in §3.2, and in order to eventually describe the pro-Hermitian lattices which are the
main subject of this work, we need to discuss certain integral structures on the Lie algebra ĝe, its enveloping
algebra U (ĝe), and on its highest weight representations V λ . These were introduced by Garland in [11]. In
the finite-rank case, the results are essentially due to Chevalley and Kostant (see [23] or [28, Chap. 1-2] for
an exposition). The situation is markedly more complicated in the loop setting owing in large part to the
imaginary root spaces and their connection to the theory of symmetric functions.

3.4.1. Chevalley basis for ĝ. — We begin by extending the basis BCh(g) given at the end of §3.1.5 to one
for ĝe, following [10, Sec. 4] and [11, Sec. 4]. Recall that we introduced the simple coroots a∨i = hi for
every integer i ∈ J1, ℓ+ 1K in §3.2.11. For every Weyl root a ∈ R̂re written as a = α + nι , with α ∈ R(A)
and n ∈ Z, we first define the element in the root space ĝa

ξa = Eα ⊗ tn . (3.67)

Then, for every imaginary root nι , and every integer i ∈ J1, ℓK we set

ξi (n) = Hi⊗ tn . (3.68)
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A Chevalley basis of g is then defined as the set

BCh(g(Â)) =
{

a∨1 , . . . ,a
∨
ℓ+1

}
∪
{

ξa, a ∈ R̂re(Â)
}
∪ {ξi (n) , n ∈ Z∗, i ∈ J1, ℓK} . (3.69)

From [11, Thm. 4.12] we find that the structure constants of ĝ with respect to this basis are integers, and we
refer to loc. cit. for more precise and other favourable properties of this basis.

3.4.2. Integral forms of U (ĝ). — The integral form UZ(ĝ) is defined as the Z-algebra generated by

ξ
(p)
a :=

ξ
p
a

p!
where p ∈ Z≥0, a ∈ R̂re, ξa as in (3.67). (3.70)

Although we shall not need the rest of the results of this section in this work, we include them to give some
further insight into the lattices we use to construct our pro-Hermitian systems in the next section. What we
shall do, following [11], is to now describe an explicit Z-basis (as a module, not algebra) for this algebra.
Towards this end, we first introduce elements corresponding to UZ(ĥ), namely for any integers k ∈ J1, ℓ+1K
and r ∈ N, we set (

hk

r

)
=

1
r!

hk (hk−1) . . . (hk− r+1) , (3.71)

Next, for each a ∈ R̂re, we have already introduced the elements which correspond to the one-dimensional
real root spaces ge(Â)a, namely the ξ

(p)
a from (3.70). Finally, we need to define elements corresponding to

the imaginary root space ge(Â)nι . We cannot take the elements ξ j(n)p/p! since these elements are actually
not even contained in UZ(ĝ), nor do they preserve (via the adjoint action) the Z-span of the Chevalley basis
introduced above. Instead, as Garland discovered, one needs to introduce the following elements. In the
polynomial algebra C [X1,X2, . . . ,Xn, . . . ], define the polynomials Λp(X) = Λp(X1, . . . ,Xn, . . .) in infinitely
many variables by the formal identity

∑
p≥0

Λp(X)zp = exp

(
∑
j≥1

X j
j z j

)
. (3.72)

Using these polynomials we can define the elements

Λp(r, j) := Λp(ξ j(r),ξ j(2r), . . .) for p≥ 0, r ∈ Z̸=0, j ∈ J1, ℓK. (3.73)

Note that we have Λ0 = 1 in our convention, meaning there is a shift of index with respect to the convention
of [11, p.500]. One checks also that we have Λp( j) ∈UZ(ĝ).

Fix a total order on BCh(ĝ). Consider a sequence of non-negative integers

(pa)a∈R̂re
, q(r, j)r∈Z ̸=0 for j ∈ J1, ℓK, and (λk)k=1,...,ℓ+1 (3.74)

such that almost all of the pa and q(r, j) are zero. With respect to such a family, we define a monomial by
taking the products with respect to our fixed order on BCh(ĝ) of the elements

ξ
pa
a

pa!
, Λq(r,a j)(r, j),

(
hk

λk

)
. (3.75)

Proposition 3.4.2. — [11, Thm 5.8] The monomials as above form a Z-basis of UZ(ĝ).

3.4.3. Integral forms for representations. — Let λ ∈Λ+ be a dominant weight and V λ be the corresponding
highest weight representation of ĝe introduced in §3.3.4. Let vλ be a highest weight vector of V λ , and define

V λ
Z = UZ(ĝ) · vλ . (3.76)
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3.4.4. Admissible bases. — A basis B of V λ is said to be admissible if we have

B =
⊔

µ∈Pλ

B ∩ V λ
µ . (3.77)

Not only do such bases exist, but in fact from [11, Theorem 11.3], we may choose one whose Z-span is
stable under UZ(ĝ), where the vectors corresponding to a weight space are placed consecutively, and the
weight spaces are ordered by increasing depth (see §3.3.5). Fix such a basis (called an integral admissible
coherently ordered basis). From [11, Prop 11.7], it follows that for such a basis, we have

V λ
Z =

⊕
µ∈Pλ

V λ
Z,µ , where V λ

Z,µ := V λ
Z ∩V λ

µ = Z[Bλ ∩V λ
µ ]. (3.78)

3.4.5. Representations V λ
k . — For any field k, we can now define the representation V λ

k :=V λ
Z ⊗Z k which

is a representation of ĝk := ĝZ⊗Z k with ĝZ denoting the Z-span of a Chevalley basis BCh(ĝ). Let us also
note that the element d ∈ ĝe acts on v ∈V λ

Z,µ as scalar multiplication by ⟨µ,d⟩ ∈ Z. Hence defining

ĝe
Z = ĝZ ⊕ Zd, (3.79)

this Lie algebra also acts on V λ
Z .

3.4.6. Hermitian structure on V λ . — Fix a Z-form V λ
Z as in (3.76). Then we recall (see [11, Thm. 12.1])

that V λ
C =V λ

Z ⊗Z C admits a positive-definite Hermitian inner product {·, ·} such that we have

1. {v,w}= 0 for any v ∈V λ
µ,C :=V λ

µ,Z⊗Z C and w ∈V λ

µ ′,C, for µ,µ ′ ∈ Pλ with µ ̸= µ ′;
2. {v,w} ∈ Z for any v,w ∈V λ

Z ;
3. {vλ ,vλ}= 1 where vλ is the highest weight vector chosen in (3.76);
4. {ξav,w}= {v,ξ−aw} for v,w ∈V λ

C and a ∈ R̂re.

For a uniqueness statement, we refer to [19, Lemma 11.5].

3.5. Loop groups. — We now have all the ingredients necessary to introduce the precise notion of loop
groups used in this paper. Our construction follows the work of Garland [10], which itself is a substantial
generalization of Chevalley’s construction in the finite-dimensional case (cf. [27] for an exposition of some
of Chevalley’s results) and uses in a crucial way the integral form UZ(ĝ) constructed in §3.4. One of the nice
features of Garland’s construction is that from the Chevalley form, one can directly construct both arithmetic
subgroup as well as a ‘maximal compact’ subgroup as we explain below.

In this section, let k be any field of characteristic 0. We will construct groups Ĝk which, roughly speak-
ing, are central extensions of the groups G(k((t)) if G is the group corresponding to the Lie algebra g. It will
be important for us to actually construct a further extension of Ĝk that we denote at Ĝe

k by ‘exponentiating’
the degree operator d. Said differently, the Lie algebra of Ĝk corresponds to ĝ and that of Ĝe

k to ĝe. It is
possible to make precise this analogy with the Lie algebras in some contexts but we do not need this here.

3.5.1. Exponentials and the polynomial Loop Group. — Fix λ ∈ Λ+. Recall that we constructed a repre-
sentation V := V λ of the Lie algebra ĝe in §3.3.4 and introduced its integral form V λ

Z in §3.4.3. In §3.4.5,
for any field k, we wrote Vk :=VZ⊗Z k, which is a representation for the Lie algebra ĝe

k. As noted above, the
representation V is integrable (cf. [10, Lem. 7.12]), i.e. for every vector v ∈V λ , there exists an integer r > 0
such that we have ξ r

ai
·v = 0 for any simple root ai ∈Π, where we recall that ξai is an element from our fixed

Chevalley basis introduced in §3.4.1, which lies in the root space gai
Z . A similar statement also holds for ai

replaced with any real root a = α +nι ∈ R̂re with α ∈ R and n ∈ Z, which we can see by conjugating a to
some ai using the Weyl group. This result allows us to define

χai (s) := exp(ξais) = ∑
n⩾0

ξ n
ai

n! sn
(3.80)
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as an automorphism of Vk, and, if we have s ∈ Z, the corresponding element actually preserves VZ as well.
Using these operators we define an analogue (of the central extension) of G(k[t, t−1]) by considering

Ĝk,pol := ⟨χai(s) | i ∈ J1, ℓ+1K, s ∈ k ⟩, (3.81)

where ⟨·⟩ stands for ‘the group generated by.’ We will deal with a completion of this group in which the ring
of Laurent polynomials k[t, t−1] is replaced by the field of (formal) Laurent series k((t)).

3.5.2. Exponentiation and Laurent series. — To define the completed loop groups, we need the following
extension of the fact that V is integrable.

Proposition 3.5.2. — [10, Lem. 7.16] Let α ∈ R be a classical root. for every vector v ∈ VZ, there exists
an integer n0 such that for every integer n ⩾ n0, we have ξα+nι · v = 0.

As a consequence, for any Laurent series σ(t) ∈ k((t)), which we write as

σ (t) = ∑
j⩾ j0

q jt j
, (3.82)

where j0 is an integer and q j0 is non-zero, possibly negative, and any classical root α ∈ R, we may define

χα (σ (t)) = ∏
j⩾ j0

χα+ jι (q j) , (3.83)

as an element of Aut(Vk).

3.5.3. The completed loop groups. — Having defined the automorphisms χα (s(t)), we can construct the
completed loop groups, following an approach similar to (3.81). We fix a dominant weight λ ∈ Λ+.

Definition 3.5.3. — For any field k, we define the completed loop group as

Ĝk = ⟨χα (s(t)) | α ∈ R, σ (t) ∈ k((t))⟩ , (3.84)

where once again the notation ⟨·⟩ means ‘the group generated by’.

If an affine real root a ∈ R̂re is written as α +nι , then note that we have

χa(s) = χα(tn). (3.85)

The group Ĝk thus contains one-parameter subgroups {χa(s) | s ∈ k} for each real root. We do not however
have any corresponding one-parameter subgroup for the imaginary roots. Note also that the group Ĝk above
depends on the choice of representation, i.e. on λ , but in a known (and rather mild) way (see [10, Sec. 15]).
Here, we fix some λ such that ⟨λ ,c⟩> 0, and drop it from our notation.

3.5.4. Remark on central extensions. — In this formulation, the central extension is built in from the start,
i.e. we do not construct Ĝk as central extension of some other group. However, one can see from [10, §12]
that these groups are actually central extensions of groups of the form G(k((t))). In fact, if G is simple, the
groups introduced above are essentially the pushforward of a K2 (or Steinberg–Matsumoto–Moore) universal
extension of G(k((t))) under the tame symbol

k((t))∗ × k((t))∗ −→ k∗ . (3.86)

This fact does not play any role in our work here at the moment, but may be important in extending our
results to an ind-pro context, if one follows the analogy with the function field case.
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3.5.5. Extended groups. — The full group analogue of ĝe
k is obtained from Ĝk (or Ĝk,pol) using a twist by a

certain automorphism. For any τ ∈ k∗, define η (τ) ∈ Aut(Vk) through its action on weight spaces:

η (τ) · v = η (τ)µ v = τµ(d)v for every vector v ∈Vk,µ . (3.87)

These automorphisms normalize Ĝk ⊂ Aut(Vk) since one can check that we have

η (τ)χα (σ (t))η (τ)−1 = χα (σ (τt)) for σ(t) ∈ k((t)) . (3.88)

Definition 3.5.5. — The extended loop group is defined by the semi-direct product

Ĝe
k = Ĝk ⋊η k∗ , (3.89)

the group k∗ acting on Ĝ by η (τ). The elements of Ĝe
k are written as gη(τ) with g ∈ Ĝk and τ ∈ k∗.

A polynomial version Ĝe
k,pol of (3.89) is obtained by replacing σ(t) ∈ k((t)) with σ(t) ∈ k[t, t−1]. Fur-

thermore, we often fix τ and consider the following subset

Ĝτ
k := Ĝkη (τ) :=

{
gη (τ) , g ∈ Ĝk

}
⊂ Ĝe

k , (3.90)

with a similar definition for Ĝk,polη (τ).

3.5.6. Toral subgroup Ĥe
k . — In this paragraph, let us present some important subgroups of Ĝe

k which can
be defined over any field. To do so, we first need to introduce certain elements in the group. For each affine
root a ∈ R̂re and s ∈ k∗ we introduce the elements

wa (s) = χa (s)χ−a(−s−1)χa (s) , and ha (s) = wa (s)wa (1)
−1 . (3.91)

From [10, Lemma 11.2.ii], the elements ha(s) act as multiplication by s⟨µ,a
∨⟩ on the weight space Vk,µ . In

particular, we have ha(s)−1 = ha(s−1). Thus, with respect to an admissible basis of Vk, these are diagonal
elements, and we define the abelian subgroup

Ĥk := ⟨ha(s) | a ∈ R̂re, s ∈ k∗ ⟩ ⊂ Ĝk. (3.92)

Using [11, Lem. 4.4], one can argue that every element h ∈ Ĥk can be written as

h =
ℓ+1

∏
i=1

hai(si)
ni for some scalars si ∈ k∗ and integers n1, . . . ,nℓ+1 ⩾ 0. (3.93)

This expression may not be unique and depends on which representation V := V λ we pick to define the
group. In favourable cases, e.g. when λ is picked so that the weight lattice spanned by Pλ is equal to Λ,
then then the expression is unique (the simply-connected case). We also define the extended torus

Ĥe
k := Ĥk ⋊η k∗. (3.94)

For any elements µ ∈ Pλ and x = hη(τ) ∈ Ĥe
k , with h ∈ Ĥk and τ ∈ k∗, we define

xµ = (hη(τ))µ :=
ℓ+1

∏
i=1

s⟨µ,a
∨
i ⟩

i τ⟨µ,d⟩ (3.95)

with respect to any decomposition (3.93). This expression is well-defined as one verifies from the fact that
we have x.v = xµ v for any vector v ∈Vµ . The definition of xµ is extended to the integral span of Pλ .
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3.5.7. Torus in the real group. — Suppose we have k = R. The subgroup Ĥ+ of ĤR is defined as

Ĥ+ = ⟨hai (s) | i ∈ J1, ℓ+1K, s > 0⟩ . (3.96)

The logarithm map is induced by the equalities

loghai (s) = (logs)a∨i for i ∈ J1, ℓ+1K (3.97)

which we extend as a group morphism to a map also denoted log : Ĥ+ −→ hR. We now set

Ĥe
+ = Ĥ+ ⋊ R∗+ , (3.98)

where R∗+ acts on Ĥ+ by η (τ). Setting logη (τ) = (logτ)d for any τ > 0, we extend the logarithm map into
a group morphism log : Ĥe

+ −→ he
R.

3.5.8. B̂k and the (pro) Unipotent subgroup Ûk. — The respective analogues of the upper and lower trian-
gular subgroups (with respect to some fixed coherent basis of V ) in Ĝk,pol are the groups generated by χa(s)
for a ∈ R̂re,± and s ∈ k. We explain how to complete the former (the upper triangular group). To do so,
introduce the following elements of Ĝk : for any α ∈ R and σ (t) ∈ k((t))∗, i.e. a non-zero element, we set

wα (σ (t)) = χα (σ (t))χ−α(−σ (t)−1)χα (σ (t)) , and hα (σ (t)) = wα (σ (t))wα (1)−1 . (3.99)

Note that the latter elements (when σ(t) is not a scalar) do not act diagonally. In fact, for any σ(t) ∈ k[[t]]∗

with σ(0) = 1, we may use [13, Lemma 8.1 and discussion(10) after] to write

hα(σ(t)) =
∞

∏
n=1

hα(1−bntn) (3.100)

for uniquely determined scalars bn ∈ k∗. The elements hα(1− bntn) now act on V λ as (parts of) certain
vertex operators(11).

Definition 3.5.8. — The subgroup Ûk ⊂ Ĝk is defined as the subgroup generated by the following elements:

• χα (σ (t)) with α ∈ R+ and σ(t) ∈ k[[t]];
• χα (σ (t)) with α ∈ R− and σ(t) ∈ t k[[t]];

The group Ĥk normalizes Ûk, so we may define B̂k := Ûk ⋊ Ĥk and B̂e
k := Ûk ⋊ Ĥe

k , which play the role of
a Borel subgroup for Ĝk. In fact, as explained in [10, Sec. 12.1], with respect to an integral admissible
coherently ordered basis (see §3.4.4), the elements of Û can be seen as (infinite) upper-triangular matrices
with only ones on the diagonal and the elements of B̂k or B̂e

k can be seen as upper-triangular matrices.

3.5.9. Iwahori–Matsumoto type factorization. — We will also need the factorization [10, Sec. 18.11] for
elements from Ûk reminiscent of the Iwahori–Matsumoto factorization for the pro-unipotent radical of a
Iwahori subgroup in the realm of p-adic groups. This allows us to put “coordinates” on Ûk.

Proposition 3.5.9. — Every element x ∈ Ûk has a factorization

x =

(
∏

α∈R+

χα (σα (t))

)(
ℓ

∏
j=1

hαi(σi(t))

)(
∏

α∈R+

χ−α (σ ′α (t))

)
, (3.101)

where, for any α ∈ R+, we have σα(t) ∈ k[[t]] and σ ′α(t) ∈ tk[[t]], as well as σi(t) ∈ k[[t]]∗ with σi(0) = 1
for any i ∈ J1, ℓK. Moreover, the elements σα ,σ

′
α ,σi are uniquely determined once we fix an order on R+.

(10)The result is written for k = R but works for a general field.
(11)We owe this observation to H. Garland and it is recorded in some form in [4, §4.7].
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3.5.10. B̂−k and its unipotent subgroup Û−k . — We can also define the analogue of lower triangular sub-
groups. Note that the definition is simpler here as no completions are involved; the structure of these groups
is however much more mysterious.

Definition 3.5.10. — The subgroup Û−k ⊂ Ĝk is defined as being generated by χa(s) for a∈ R̂re,− and s∈ k.
We also set B̂k := Û−k ⋊ Ĥk and B̂e

k := Û−k ⋊ Ĥe
k .

In §4.1.2 we explain how to complete the groups Û−k in some sense. Though these no longer lie in Ĝk or
even act on Vk, one can still use the completions for certain purposes.

3.5.11. Maximal compact subgroup. — Assuming we have k = R, there is another subgroup of ĜR we
must define, which plays the role of a maximal compact subgroup. We set

K̂ := {k ∈ ĜR | {v,kw}= {k−1v,w} for all v,w ∈VR}. (3.102)

One can check, as in [10, Lemma 11.2(i)], that we have wa(±1) ∈ K̂ and also

K̂ ∩ ÛR = 1. (3.103)

3.5.12. Arithmetic subgroup Γ̂. — Finally, let us introduce the last subgroup of ĜR we need. We set

Γ̂ := {γ ∈ ĜR | γ VZ =VZ }. (3.104)

Note that this group also plays a role in defining the Siegel sets. For more information, the reader is referred
to [10, Sec. 19]. We will not need this notion here.

3.5.13. Iwasawa Decomposition. — In what follows, we will need a way to conveniently write the elements
of ĜR, known as the Iwasawa decomposition. It is an infinite-dimensional generalization of the Graham-
Schmidt procedure from linear algebra.

Theorem 3.5.13 (Iwasawa decomposition). — [10, Lem. 16.14] We have ĜR = K̂B̂R, and moreover every
element g ∈ ĜR can be uniquely factored as

g = k uh for some elements k ∈ K̂, u ∈ ÛR, h ∈ Ĥ+ . (3.105)

It should be noted, with respect to [10, Lem. 16.14], that the order of ÛR and Ĥ+ can be reversed, since Ĥ+

normalzies ÛR. We can also state a version of this decomposition for the extended groups of §3.5.5. For a
fixed τ ∈ R∗, every x = gη(τ) ∈ Ĝτ

R can be written uniquely as

gη(τ) = k u h η(τ) (3.106)

with k ∈ K̂ h ∈ Ĥ+, and u ∈ ÛR. We could also exchange the order of the component in Hη(τ) with the
component in Ûk since the extended torus Ĥe

R also normalizes ÛR. Let us also remark here that, using the
Iwasawa decomposition, one can show (in analogy with (1.8))

K̂ \ Ĝτ
R/Γ∩ B̂R = (K̂∩ B̂R)\ B̂τ

R/Γ∩ B̂R, (3.107)

where we have adopted the convention that

B̂τ
R := B̂Rη(τ). (3.108)
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3.5.14. Remark on the Iwasawa Decompositions with respect to B̂−R . — It is not true however that every
element in x ∈ ĜR (or Ĝτ

R) can be factored as x = kb− with k ∈ K̂ and b− ∈ B̂−R . Indeed, this stems from
the following issue: the Iwasawa decomposition is essentially a consequence of a rank 1 computation and
a certain Bruhat decomposition (see [10, §16] or [27, Ch. 8]). In order to have an Iwasawa decomposition
with respect to B̂−R one needs a Bruhat decomposition of ĜR into (B̂−R , B̂

−
R )-double cosets, which fails in

the completed group. However, if one replaces ĜR with the more ‘symmetric’ object Ĝpol,R (which is more
problematic from the point of view of reduction theory), then Bruhat decompositions hold with respect to
both B̂−R and B̂R, and we have Iwasawa decompositions with respect to both B̂R and B̂−R . If we write, as
above, B̂−,τR := B̂−R η(τ), our main finiteness result (see Theorem 4.2.5 below) holds for elements in

(K̂∩ B̂−R )\ B̂−,τR /Γ∩ B̂−R , (3.109)

which is not equal to K̂ \ Ĝτ
R/Γ∩ B̂−R . Rather, one has

(K̂∩ Ĝτ
pol,R)\ Ĝτ

pol,R/Γ∩ B̂−R = (K̂∩ B̂−R )\ B̂−,τR /Γ∩ B̂−R . (3.110)

4. Pro-Hermitian Bundles from Loop Groups

In this section, we will use the results from sections 2 and 3 to show how to construct a Pro-Hermitian
vector bundle over SpecZ from an element in the loop group ĜR. Our construction factors to give a map

XB̂ := K̂ \ ĜRη(τ)/Γ̂∩ B̂− Ψ−→ iso(proVectZ) (4.1)

where the right-hand side is the set of isomorphism classes of pro-Hermitian vector bundles over SpecZ.
The map Ψ depends on a choice of a representation V of the group B̂−, and we are especially interested in
the case when V is a highest weight representation (cf. §3.3), which are representations of Ĝτ viewed as
representations of B̂. Assuming we have |τ| < 1, we can additionally show that the Pro-Hermitian bundles
we construct are theta-finite (cf. Theorem 4.2.5 ). We remark that the natural setting for our construction is
actually the adelic one, but since we are only considering the number field K = Q here, a version of strong-
approximation for loop groups (cf. [12, Appendix B]) allows to just work over the infinite place, i.e. with
real groups. The adelic picture will be presented in a future work.

4.1. Constructing Pro-Hermitian Bundles. — Let λ ∈Λ+ be a dominant integral weight with λ (c)> 0,
to which we associate the highest weight representation V of ĝe constructed in §3.3. We pick an integral
admissible coherently ordered basis B (cf. §3.4.4) of V , write VZ for its Z-span, and set VR :=VZ⊗Z R. In
this section, we work with the completed loop group ĜR ⊂Aut(VR) defined in §3.5.3. We defined in §3.5.12
the arithmetic subgroup Γ̂ ⊂ ĜR preserving the lattice VZ. In §3.4.6, we defined a Hermitian inner product
on V = VR⊗Z C, and, in §3.5.11, denoted by K̂ ⊂ ĜR the subgroup of isometric automorphisms of V . We
write ∥·∥ for the norm associated to the inner product. Finally, we consider a scalar 0 < τ < 1, and consider
the subset ĜRη(τ)⊂ Ĝe

R. The dominant weight λ being fixed, we drop it from the notations.

4.1.1. Level quotients. — Recall from §3.3.5 that we denote by P(V ) the set of weights of V . We have also
defined the level of weight µ ∈ P(V ) in (3.62). We now define the subspaces Vn ⊂V and V n ⊂V as

Vn :=
⊕

µ∈P(V ),
lev(µ)⩽n

Vµ and V n :=
⊕

µ∈P(V ),
lev(µ)>n

Vµ . (4.2)

From the basic properties of {·, ·} described in §3.4.6, the space Vn and V n are orthogonal for {·, ·}. Note
that we have the following identification

Vn ∼= V/V n. (4.3)

29



From the definition of VZ as the Z-span of our integral admissible coherently ordered basis B, we find that

Vn,Z := Vn∩VZ and V n
Z := V n∩VZ (4.4)

are the Z-span of elements from B which have level lower than n, or strictly greater than n, respectively.
Moreover, the identification (4.3) restricted to integral lattices yields an identification

Vn,Z ∼= VZ/V n
Z. (4.5)

Finally let us define the subspaces and sublattices

V [n] :=
⊕

µ∈P(V ),
lev(µ)=n

and VZ[n] = V [n]∩VZ . (4.6)

Note that the kernel of the natural surjection

qn : V/V n+1 −→ V/V n for n≥ 0 (4.7)

is isomorphic, under (4.3), to the subspace V [n+1]. Moreover, we also have

VZ[n+1] = ker
(
qn,Z : VZ/V n+1

Z →VZ/V n
Z

)
for n≥ 0. (4.8)

We shall often write

Yn := V/V n and Yn,Z := VZ/V n
Z . (4.9)

4.1.2. A completion of Û−R . — In Definition 3.5.10, we defined a group Û−R acting on V. In [4, §4], following
the construction of the Iwahori–Matsumoto coordinates from [10, §18] on Û−R , a completion Û−R,comp was
introduced together with a map

Û−R −→ Û−R,comp. (4.10)

One knows that we have Û−R (V n)⊂V n, so Û−R induces an action on V/V n. Although the completion Û−R,comp
does not act on V , as applying a negative unipotent from this completion can yield non-zero components in
infinitely many different weight spaces, it still acts on the finite-dimensional quotients V/V n for each n≥ 0,
and in fact for each such n we have a diagram

Û−R Û−R,comp

Aut(V/V n)

. (4.11)

As stated in [4, Thm 4.4], every element of the completion, and hence every element of x ∈ Û−R , has a
factorization in Û−R,comp of the following form

x = ∏
n≥0

u−(k), (4.12)

where each piece u−(k) is uniquely determined from x and acts on V/V n as

u−(k)w = w+w′ if w ∈V [ j] mod V n and where w′ ∈V [ j+ k] mod V n. (4.13)

The proof is analogous to the corresponding result for Ûk and we refer to [10, §18, pp. 96-97] for more
details. Note that by construction u−(0) consists of a product

∏α∈R+
χα(sα) for sα ∈ R. (4.14)

If we fix an ordering on R+, this description can even be made unique.
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4.1.3. Quotient norms and an projective system. — For any x ∈ Ĝτ
R we define the twisted norm on V as

∥v∥x := ∥xv∥ for v ∈V. (4.15)

We can equip each quotient vector space Yn :=V/V n with the quotient norm (cf. [7, Sect. 1.1.3]), which we
write as ∥·∥V/V n,x . By definition, we have

∥v∥V/V n,x := inf
yn∈Y n

∥v+ yn∥x = inf
yn∈Y n

∥x(v+ yn)∥ , (4.16)

and we further set

Y n,x := (Yn,Z,∥·∥V/V n,x) ∈ VectZ (4.17)

When the norm is not twisted, i.e. when we have x = 1, we write ∥·∥V/V n := ∥·∥V/V n,1 . Using the general
properties of quotient norms (cf. [7, Proposition 1.1.4]), it follows that under the natural surjection

V/V n −→ V/V m with n ⩾ m, (4.18)

the norm ∥·∥V/V m,x is the quotient norm obtained from ∥·∥V/V n,x under the quotient map above. Thus the
elements Y n,x fit into a projective system

Y •,x : Y 0,x
q0←− Y 1,x

q1←− Y 2,x ←− ·· · , (4.19)

of admissible surjective morphisms (cf.§(2.4.1)) and hence defines an element of proVectZ (cf. §2.4.2).
From an element x ∈ Ĝτ

R and our fixed highest weight representation V , we thus constructed an element

Ψ(x) = Y •,x ∈ proVectZ. (4.20)

4.1.4. The (K̂, Γ̂∩B−)-invariance of Ψ. — We will now investigate the natural domain and range of the
map Ψ constructed above in (4.20). First note that for any element k ∈ K̂, having

∥v∥kx = ∥v∥x for any v ∈V, (4.21)

implies that we have

Ψ(kx) = Ψ(x). (4.22)

Now, consider an element γ ∈ Γ̂∩ B̂−. For any element b ∈ B̂−, we have bV n =V n, so we also have

min
yn∈Y n

∥x(γv+ yn)∥ = min
yn∈Y n

∥xγ(v+ yn)∥ for any v ∈V. (4.23)

In other words we have

∥γv∥V/V n,x = ∥v∥V/V n,xγ
for any v ∈V. (4.24)

The element γ ∈ Γ̂∩ B̂− thus induces an (isometric) isomorphism of metrized lattices

mγ : VZ/V n
Z −→ VZ/V n

Z. (4.25)

Furthermore, these maps mγ commute with the maps qn, and therefore induce an isometry of projective
systems Y •,γx ≃ Y •,x, which translates into an isometry of the associated pro-Hermitian vector bundles.

Proposition 4.1.4. — For any fixed highest weight representation V of Ĝτ
R, the map Ψ from (4.20) descends

to a map, denoted by the same name Ψ := ΨV

XB̂− := K̂ \ Ĝτ
R/Γ̂∩ B̂− ΨV−→ iso

(
proVectZ

)
, (4.26)

where the right-hand side denotes the set of isomorphism classes in proVectZ.
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4.2. Theta-finiteness. — The main result of this paper, is that the pro-Hermitian vector bundle Ψ(x) is
theta-finite for any element x ∈ B̂τ,−, where τ satisfies 0 < τ < 1. To that effect, we will verify the strong
summability condition (2.38) is satisfied for the projective system (4.19) for every ε > 0. Let us first make
several simplifications.

4.2.1. Removing the quotient norms. — We begin by writing an Iwasawa decomposition (cf. §3.5.13)

x = u− hη(τ) where h ∈ Ĥ+, and u− ∈ Û−. . (4.27)

To check the strong summability condition, we need to consider the kernels of the maps qn from the system
(4.19), and their invariant h0

ϑ
. Using (4.8), we have

ker(qn) = (V [n] , ∥·∥V/V n,x) (4.28)

where ∥·∥V/V n,x is the quotient metric on V [n] when identified to V/V n. We continue to denote by ∥·∥x the
restriction of the metric on V twisted by x to the subspace V [n].

Lemma 4.2.1. — 1. If x ∈ Ĥ+η(τ) and v ∈Vn, we have

∥v∥V/V n,x = ∥v∥x (4.29)

2. Assume u ∈U− has a factorization as u− = ∏n≥0 u−(n) as in (4.12). Then we have

∥u−v∥V/V n = ∥u−(0)v∥ for any v ∈V [n] = V/V n (4.30)

where we recall that u−(0) is an automorphism of V [n].

Proof. — First, we note that for any element v ∈Vn, we have ∥v∥V/V n,x = ∥v∥x, since Vn is orthogonal to V n

for the metric twisted by the diagonal element x, thereby giving the first part of the lemma. Let us move on
to the second. Using (4.13) we have u−v = u−(0)v mod V n, which gives

∥u−v∥V/V n = inf
w∈V n
∥u−v+w∥ = inf

w∈V n
∥u−(0)v+w∥ = ∥u−(0)v∥ (4.31)

since u−(0) preserves V [n], which is orthogonal to V n. The proof of the lemma is thus complete.

In the study of the projective system (4.19), with the norms twisted by x, we can use (4.30) to make a
simplification, by replacing the full negative unipotent component of x from (4.27) with u−(0), and by
removing the quotient norms.

4.2.2. Diagonal elements. — Having taken care of the quotient norms and most of the unipotent part of x
from (4.27) in Lemma 4.2.1, we now assume that we have x = hη(τ)u−(0), with u−(0) as in (4.12).

Lemma 4.2.2. — Consider an element h ∈ Ĥ+, a scalar τ with 0 < τ < 1, and write

log(hη(τ)) = H +(logτ)d ∈ ĥe
R, (4.32)

with H ∈ ĥ, as in §3.5.7. There exist two positive constants C1 :=C1 (R,x,λ )> 0 and A1 := A1 (R,x,λ )> 0
such that, for any vector v ∈V [n], we have

∥hη (τ) v∥ ⩾ C1τ−ne−A1
√

n ∥v∥ . (4.33)

Proof. — We note that any weight µ ∈ P(V ) of level n may be written as µ = pΛℓ+1+µ−nδ , as in (3.63).
For any such weight, and any vector v ∈Vµ , we have

xv = (hη (τ))µ v = τ−nhµ v = τ−nepm e⟨µ,Ho⟩ v, (4.34)

where we have written H ∈ ĥ= h⊕Rc as

H = Ho +mc with m ∈ R, Ho ∈ h. (4.35)
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The linear-quadratic inequality (3.65) and the definition of the operator norm on h∗ now yield

|⟨µ,Ho⟩| ⩽ |µ| |Ho| ⩽ A1
√

n (4.36)

with a constant A1 := A1(R,x,λ )> 0. The result follows from this, the last constant being C1 := epm.

In the study of the projective system (4.19), the norms being twisted by x = hη(τ)u−(0), with u−(0) as
in (4.12), Lemma 4.2.2 will allow us to remove the diagonal component h of x by finding upper-bounds of
the finite rank invariants h0

ϑ
.

4.2.3. Remaining unipotent component. — Next, we want to establish a result which asserts that the u−(0)
part of unipotent elements cannot shrink the norm of an element too much.

Lemma 4.2.3. — Consider an element u−(0) = ∏α∈R− χα(sα) as in (4.14), the product being with respect
to a fixed order. There exist constants C2 :=C2(x, R̂,λ )> 0 and A2 := A2(x, R̂,λ )> 0 such that we have

∥u−(0)v∥ ⩾ C2e−A2
√

n ∥v∥ . (4.37)

Proof. — Let us write the argument for the case where u−(0) is replaced by a positive unipotent of the form

u = ∏
α∈R+

χα(sα) (4.38)

to align more closely with the available literature. The same argument works for u−(0). To begin, let us
assume our element is given by a single χα(s) for some real number s> 0. Then from [13, (3.1) p.214], there
exists a scalar s′ > 0 (explicitly computed from s, see loc. cit.) so that we may write a polar decomposition

χ−α(s)χα(s) = k−1hα(s′)k where k ∈ K̂ stabilizes V [n]. (4.39)

Hence, we have

∥χα(s)v∥2 = ⟨χ−α(s)χα(s)v, v⟩ = ⟨hα(s′)k v, k v⟩ . (4.40)

As k preserves norms on V [n], we need only estimate how hα(s′) affects norms on V [n]. To that effect,
we can use the same argument as in the proof of the previous Lemma (i.e. the argument based on the
linear-quadratic inequality). The case of a (finite) product of elements follows from by induction.

4.2.4. Rank Estimate. — Finally, we need to find an estimate on the dimension of V [n].

Lemma 4.2.4. — There exist constants A3 := A3(R̂,λ )> 0 and C3 :=C3(R̂,λ )> 0 such that we have

dimCV [n] ⩽ C3eA3
√

n. (4.41)

Proof. — Writing Pλ [n] for the set of weights of level n in the representation V , we have

dim V [n] = ∑
µ∈P[n]

mult(µ) ⩽ |Pλ [n]| max
µ∈Pλ [n]

mult(µ), (4.42)

where mult(µ) is the multiplicity of the weight µ , defined in (3.53) as the dimension of the corresponding
weight space. From the Kac–Peterson estimate Theorem 3.3.7 for these weight-multiplicities, it suffices to
show that the number of distinct weights of level n grows as a polynomial in n. Indeed, writing

µ = pΛℓ+1 +µ−nδ (4.43)

as in (3.63), we know that µ is an integral linear combination of a1, . . . ,aℓ, and, having µ ≼ λ , we must have

p = ⟨µ,c⟩ = ⟨λ ,c⟩, (4.44)

which then depends only on the highest weight λ . Now (3.64) states that we have

|µ|2 ⩽ 2 pn+ |λ |2 . (4.45)
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The vector space h∗ being finite dimensional of dimension ℓ independent from n, the norms on h∗ are
equivalent, with implicit constants independent from n. In particular, the normalized Killing form (·, ·)
restricted to h∗ is positive-definite, thus induces a norm which is equivalent to the sup norm of the coefficients
written with respect to the basis a1, . . . ,aℓ. The lemma follows from these observations.

4.2.5. Main result. — We can now state and prove the main result of this paper.

Theorem 4.2.5. — For any element(12) x ∈ B̂−η (τ) with 0 < τ < 1, the pro-Hermitian vector bundle Ψ(x)
satisfies the strong summability condition (2.38) for any ε > 0, and is hence theta-finite.

Proof. — Consider a scalar ε > 0. We need to prove that the condition

Sum
(
Y •,x⊗O (ε)

)
: ∑

n⩾0
h0

ϑ

(
kerqn⊗O (ε)

)
< +∞. (4.46)

is satisfied. Let us write the element x as x = u− hη (τ), with 0 < τ < 1. Recalling the definition λ1 for the
length of the shortest non-zero element in a lattice (cf. (2.15) and the abuse of notation introduced there)

λ1

(
kerqn⊗O (ε) ,e−ε ∥·∥V/V n,x

)
= λ1

(
kerqn⊗O (ε) ,e−ε ∥·∥u−(0)hη(τ)

)
using (4.30)

⩾ C2e−A2
√

nλ1

(
kerqn⊗O (ε) ,e−ε ∥·∥hη(τ)

)
using (4.37)

⩾ C1C2e−(A1+A2)
√

nτ−nλ1
(
kerqn⊗O (ε) ,e−ε ∥·∥

)
using (4.33)

⩾ C1C2e−(A1+A2)
√

nτ−ne−ε ,

(4.47)

the last inequality being a consequence of the integrality of the untwisted norm ∥·∥. We further have(
rankZVZ [n]

2π

)1/2

=

(
dimCV [n]

2π

)1/2

⩽ C4eA4
√

n (4.48)

for two constants C4 > 0 and A4 > 0 independent of n. Having chosen τ such that 0 < τ < 1, we have

λ1

(
kerqn⊗O (ε) ,e−ε ∥·∥V/V n,x

)
⩾

(
rankZVZ [n]

2π

)1/2
(4.49)

for n large enough, allowing us to apply (2.16) with the estimate (2.17). We get

h0
ϑ

(
kerqn⊗O (ε)

)
⩽ 3C4eA4

√
n
(

1− C3
2π2C1C2

eεe(A1+A2+A3)
√

nτn
)−1

exp
(
−πC2

1C2
2e−2εe−2(A1+A2)

√
nτ−2n

)
⩽ 2 ·3C4eA4

√
n
exp
(
−πC2

1C2
2e−2εe−2(A1+A2)

√
nτ−2n

) (4.50)

for n large enough, as τn decays quicker than e
√

n grows. Using estimate (4.50) and lemma 4.2.6 below, we
note that the strong summability condition (4.46) is satisfied for any real number ε > 0. We finally obtain
theta-finiteness (cf. (2.40)) as a consequence.

(12)We could also have worked with elements x ∈ Ĝτ
pol,R, see §3.5.14
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4.2.6. — In the proof of Theorem 4.2.5, we used the following elementary convergence lemma whose proof
we record here for completeness.

Lemma 4.2.6. — Let A,B,C,D > 0 be positive real constants, and assume we have 0 < τ < 1. We have

∑
n⩾0

exp
(
−Ae−B

√
nτ−2n +CeD

√
n
)

< +∞. (4.51)

Proof. — We begin by noting that for 0 < τ < 1, we have

−Ae−B
√

nτ−n +CeD
√

nτn −→
n→+∞

−∞ (4.52)

since, in the left-hand side of (4.52), the first term diverges to −∞, while the second term converges to 0.
Thus, there exists a positive integer n0 such that we have

−Ae−B
√

nτ−n +CeD
√

nτn < −1 for n ⩾ n0 large enough (4.53)

Summing over such integers, we get

∑
n⩾n0

exp
(
−Ae−B

√
nτ−2n +CeD

√
n
)

⩽ ∑
n⩾n0

exp(−τ−n) . (4.54)

Let us now note that the function x 7→ (1/x)e−1/x converges to 0 as x→ 0+. Hence, there exists a positive
integer n1 ≥ n0 such that we have τ−n exp(−τ−n)< 1 for every n ⩾ n1, thus giving

∑
n⩾n1

exp(−τ−n) ⩽ ∑
n⩾n1

τn < +∞ (4.55)

using once again the fact that we have 0 < τ < 1. This concludes the proof of the lemma.
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