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A1. Magnetotelluric response of a layered Earth

A1.1 Impedance of layer over a halfspace

See Geophysics 424 notes

A1.2 Recursion relation for impedance of multi-layer Earth
Consider a stack of N layers, underlain by a halfspace with conductivity σN 
In the nth layer the conductivity is σn and the upper and lower interfaces are at a depth of zn-1 and zn respectively. Let the electric field in the nth layer be defined as the sum of upward and downward propagating signals as :
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The signal has an angular frequency ω and diffuses in the Earth with the propagation constant is defined as 
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The orthogonal magnetic field can be computed from Maxwell’s equations as
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(3)
Now define the transfer function in the nth layer as:
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(4)
At the top of the layer at z = zn-1
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(5)
This can be rearranged to give
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(6)

Equation (6) can also be written for the base of the layer at z = zn
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Equating (6) and (7) gives
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Now rearrange to get 
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on the left hand side.
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(9)
The thickness of the layer is Δzn = zn-zn-1 so we can write
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Expanding (10) gives:
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Rearranging (11) gives:
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(12)
Which can be simplified as:
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(13)

Now note that the hyperbolic tangent,
[image: image16.wmf]
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Thus if we divide top and bottom of (13) by 
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(15)
Can further simplify this as
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Since both Ex and Hy are continuous at an interface, then C must also be continuous across an interface so that 
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At the base of the stack (z = zn) , we can define 
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and at this interface 
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This is Wait’s recursion relationship (reference?). Starting from this value, the recursion relation can be used to derive a value for 
[image: image25.wmf]1
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which is the value at the surface of the Earth at z = 0.
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(18)
A1.3 Alternative approach using electric and magnetic fields

Define the electric and magnetic fields in the nth layer as:
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Now at the base of layer (z = zn) the electric and magnetic fields have values 
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where the L denotes “lower”.
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Re-arranging (22) gives


[image: image34.wmf]n

n

n

n

z

k

n

z

k

n

n

L

y

e

B

e

A

k

H

i

+

-

-

=

wm








(23)
Adding (21) and (23) gives
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Which can be rearranged as
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(25)
Subtracting (21) and (23) gives
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We can now evaluate the Ex and Hy at the top of the layer (z = zn-1) with U denoting “upper”.
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where Δzn = zn-zn-1 is the thickness of the  layer
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Similarly it can shown that
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To evaluate the fields at the surface (z = 0) we can start recursion in the lowest layer.

Here 
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Values at the lowest interface can thus be chosen as are thus 
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MATLAB  :  MT1D_fields_2009.m
Note:

(1) Many layers are defined in the model, with the same resistivity for many layers. This is simply a way to force the algorithm to output 
[image: image49.wmf]u
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and 
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at many points.
(2) Surface MT response is computed and was verified against MT1D_Ex1.m
(3) Note that 
[image: image51.wmf]u
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is continuous across boundaries. 
(4) Also 
[image: image52.wmf]z
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is continuous since 
[image: image53.wmf]U
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is continuous.

(5) Dashed lines show how the electric field would decay with depth for a half-space with resistivity value of upper most and lower most layers.

(6) Can consider that MT measures the impedance of the Earth by measuring the slope of 
[image: image54.wmf]u
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 at z=0. This is because the impedance is proportional to 
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.  When the resistivity of a layer is low, the more rapid decay of electric field with depth decreases 
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at z = 0. This is because 
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 are continuous functions with z.

(7) Note also that the length scale with which 
[image: image59.wmf])
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varies increases with skin depth.

A1.4 Electric fields within a two-layer Earth
(1) Frequency = 2 Hz
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· Ex(z) decays at rate associated with skin depth for 1 Ωm

· At this frequency, a surface measurement of 
[image: image61.wmf]z
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 contains no information about the lower layer

(2) Frequency = 0.8 Hz

[image: image62.jpg]Electric field

Resistivity (ohm-m)

10

10

£ 10
£
£
o
> 2
= 10
B
7
©
=10
2
o
g
210 e
05 1 15 10* 10° 10” 10°
depth (km) Frequency (Hz)
90
7
o
o
2
T 45 TS
2
(o]
g
[+
0
03 1 1.5 10* 10° 10° 10°
depth (km)

Frequency (Hz)




· Can now see Ex(z) decaying slowly with z in lower layer, and rapidly in upper layer. 
· Note that 
[image: image63.wmf]z
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is continuous at the interface at z = 1 km

· The change in gradient occurs over a finite distance that is related to skin depth.

· At the frequency shown above, this distance is greater than the layer thickness (1 km) so 
[image: image64.wmf]z
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at z = 0 is greater than for the 1 Ωm layer.  This causes ρa to be lower than 1 Ωm

· Note that as frequency decreases, the slope of the dashed lines also decreases. This is because the skin depth increases with decreasing frequency.

(3) Frequency = 0.1 Hz
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· Now  
[image: image66.wmf]z
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 at z = 0 is intermediate between the values expected for 1 Ωm and 1000 Ωm

· At this frequency both layers are reflected in the apparent resistivity

(4) Frequency = 0.00001 Hz
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· At the lowest frequency 
[image: image68.wmf]z
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has the value for the lower layer (1000 Ωm)

· Note the vertical scale has changed in the plot of Ex(z) 

A1.5 Examples of 1-D sounding curves
These examples are also used in GEOP424
Example 1
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Example 2
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Example 3
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Example 4
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A1.6 Early example of 1-D magnetotellurics from Meanook, Alberta 
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· Niblett and Sayn-Wittgenstein (1960) used the Meanook magnetic observatory and long telluric lines to compute one of the first MT responses.

· Figure below shows comparison with a Lithoprobe LIMS site collected during the Alberta Basement transect in the 1990’s
· Units are converted in niblett_1960_at318.m
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· Electric fields were also measured electric fields at Meanook by Randy Mackie from 1997 to 2004 using rented telephone lines. I paid the phone bill for a few years and the results were presented in a Physics 499 project by Alex Walcott.

A1.7 Finite difference calculations in 1-D

· Can also solve for electric fields using finite difference approximations
· Not needed, since the 1-D problem can be solved analytically but provides a useful  introduction for 2-D finite difference code.

· At top node (z=0) the electric field is forced  to have value  Ex = cmplx (1,0)

· At the bottom node of the grid, the electric field is set to zero

· Since the electric field is fixed at z = 0, the accuracy of the calculation depends completely on the value of Hy at z = 0
· The finite difference grid is defined by 2 parameters

The first grid spacing is dzstart and increases geometrically.

The grid extends to a maximum depth of zmax
A1.7.1 Computing Hy at surface (z=0)

· Simplistic first order approximation is not very accurate. If the first two nodes are defined as [z1, zz] and the electric fields at these nodes are [E1, E2]
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Note that 
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· A cubic approximation using the first 3 nodes is significantly better, as shown below. If the first three nodes are defined as [0, zz, z3] and the electric fields at these nodes are [1, E2, E3] then can look for an interpolated function as
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Which can be differentiated to give
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At z = 0
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A1.7.2 Effect of overall meshsize for 100 Ωm halfspace

Code : MT1D_FD_halfspace_meshsize_v2.m
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· Can see that the depth extent of the FD grid (zmax) needs to be 2-3 times greater than the skin depth at a given frequency.

· This example uses cubic interpolation to compute Hy at z = 0

· Obviously the value of zmax used will be determined by the lowest frequency (longest period)
A1.7.3 Effect of mesh texture for 100 Ωm halfspace

· To select the size of the first row (dzstart) need to consider the skin depth at the highest frequency which is 1000 Hz (shortest period).
· In first figure δ (f =1000 Hz) = dzstart and the apparent resistivity and phase at the highest frequency are unacceptably large. Cubic calculation for Hy is much better than the linear calculation.
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· Below shows the δ (f =1 000 Hz) = 3 dzstart  and the cubic Hy calculation is now accurate at f = 1000 Hz to around 1%. The linear Hy calculation is very inaccurate.
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· Below shows the δ = 10 dzstart  and the cubic Hy calculation is now accurate at f = 1000 Hz. However the linear Hy calculation is still inaccurate.
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· Figure below shows the error in apparent resistivity and phase in pseudosection format.
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A1.7.4 Effect of mesh texture for 3 layer Earth
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