Special Function

ODE

Special Functions: Summary

Type Symbol

FORMULAE

Trig. Functions

X"+ X=0; z€(0,L)

X" +AX =0
ze(0,L),X(0)=X(L)=0

X"+ AX =0
z€(0,L),X'"(0)=X"(L)=0

X" —X=0; z€(0,L)

sin(x), cos(x)

Xn =sin(nm¥)

An = (nw/L)2,n=1,2,.

Xn = cos(nm¥)

An = (nn/L)%,n=0,1,.

X(z) = exp(£x)

r\oh sin ?\ﬂmv sin Agﬂmv dr=0,n#m

r\oh cos ?\ﬂwv cos Agﬂwv de =0,n#m

Bessel Functions

R’ +rR +r’R=0

r>0

R +rR +ArPR=0
r € (0,a), R(a) = 0, R bounded

r’R’"+rR +(r2—n?H)R=0
r>0

R’ +rR —r’R=0
r>0

1st kind, order 0 Jy(r)

2nd kind, order 0 Yp(r)

o (62)
An = (an/a)?,n=0,1,.

1st kind, order n  Jn ()

Modified In(r)
1st kind, order 0

Modified Ko(r)
2nd kind, order 0

Jo = MUMoHo |NMMMNHM r2k ~1— Wﬁmv r 2 0
&oRz\WﬁIH\NOOm?Iﬂ\bV r— 00

Yo = W::u r20

Yo o~ z\wﬁlp\mmms?lﬂ\bv r— 00

r\p Jo Astv Jo AQSWV rdr=0,n#m
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Legendre Polynomial

(1-22)X" —22X'+AX =0
X € (—1,1) bounded

2
(1-22)X" — 25X + A» -2

X € (—1,1) bounded

v X =0 Associated

Pafa) = gy [ @? - 17

27 n! | de™

A =n(n+1),n=0,1,...

A =n(n+1),m<n=0,1,...

P, = AlHVSAH _ &wvs\w am

dx™

%IHH Pp(z)Pp(z) dv =0,n#m
Py=1,P =, P, = 3(32? — 1), Py = 1(52% — 31)

%IHH P, (z)P,™(x) dv =0,n # k

Pl =P, Pt = (1 I&NVH\N
Pl =3x(1 —22)Y/2, P2 = 3(1 — a?)

Hermite Polynomial

X" —2eX' + (A= 1)X =0
X € R bounded

Hy(z) = (—=1)nex” ﬁhwlawg

dx™

n =2n-4+1,n=0,1,...

r\loooo ms@vmsﬂnglaw dr =0,n#m
Ho=1,H1 =2x,Hy = —2 + 422, H3 = —12x + 8z



