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Abstract

The collapse of a uniform density fluid (a ‘‘mixed region’’) into a surrounding ambient fluid with complex

stratification is examined by way of laboratory experiments and fully nonlinear numerical simulations. The analysis

focuses upon the consequent generation of internal gravity waves and their influence upon the evolution of the

collapsing mixed region. In experiments and simulations for which the ambient fluid has uniform density over the

vertical extent of the mixed region and is stratified below, we find the mixed region collapses to form an intrusive gravity

current and internal waves are excited in the underlying stratified fluid. The amplitude of the waves is weak in the sense

that the intrusion is not significantly affected by the waves. However, scaling the results to the surface mixed layer of the

ocean we find that the momentum flux associated with the waves can be as large as 1N=m2: In simulations for which the
ambient fluid is stratified everywhere, including over the vertical extent of the mixed region, we find that internal waves

are excited with such large amplitude that the collapsing mixed region is distorted through strong interactions with the

waves.

r 2004 Elsevier Ltd. All rights reserved.
1. Introduction

Internal gravity waves (hereafter ‘‘IGW’’) trans-
port energy and momentum vertically through
such density stratified fluids as the atmosphere and
ocean. IGW generated by flow over topography
exert a drag where they break at upper levels in the
atmosphere. However, it is only recently that the
importance of breaking IGW for transport pro-
e front matter r 2004 Elsevier Ltd. All rights reserve
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cesses in the near-surface and abyssal ocean has
been appreciated.
In the equatorial Pacific, for example, the

vertically integrated zonal pressure gradient ap-
proximately balances the surface zonal wind stress
over seasonal or annual time scales. However,
Dillon et al. (1989) have demonstrated that over
short time scales the zonal pressure gradient,
mesoscale eddy flux and advection cannot be
balanced by turbulent stress divergence alone. It
was subsequently suggested by Wijesekera and
Dillon (1991) and Hebert et al. (1991) that the
momentum transported by dynamically generated
IGW accounts for this disparity.
d.
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Fig. 1. Schematic showing possible mechanisms for IGW

generation in the atmosphere and ocean.
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Some of the mechanisms for IGW generation
below the surface mixed layer which have been
investigated through observations, experiments
and simulations include dynamic (Kelvin–Helm-
holtz) instability, turbulent eddies and the ‘‘ob-
stacle effect’’ (e.g. see Moum et al., 1992;
Skyllingstad and Denbo, 1994; Sutherland, 1996;
Smyth and Moum, 2002; Dohan and Sutherland,
2003). The last of these mechanisms describes
wave excitation by the relative horizontal flow of
the thermocline underneath the deformed base of
the surface mixed layer where the deformation
occurs, for example, due to convective plumes or
Langmuir circulations. This mechanism is dyna-
mically similar to topographic forcing in which the
plumes act as obstacles to a stratified flow.
In the deep ocean, flow over rough bathymetry

is perhaps the most important global mechanism
for IGW excitation. In particular, observations in
the Brazil Basin indicate that IGW generated by
barotropic tidal motions over the rough bottom
topography of the Mid-Atlantic Ridge are respon-
sible for much of the observed mixing in the region
(e.g. Ledwell et al., 2000; St. Laurent et al., 2001).
In light of this result, present theories of the global
ocean circulation are being revised. It is no longer
assumed that the upwelling branch of the thermo-
haline circulation is a slow diffusive process but
rather involves rapid and localized mixing pro-
cesses that, as yet, are poorly understood.
There are three mechanisms for IGW generation

by topographic forcing being actively researched
at present: through interaction with bottom
topography the barotropic tide may create internal
tides (Smith and Young, 2002; Balmforth et al.,
2002); quasi-steady flow over topography may
generate internal lee waves (e.g. Garrett and St.
Laurent, 2002; Sutherland, 2002); and flow near
rough topography generates turbulence, which in
turn may excite IGW (Sutherland and Linden,
1998; Dohan and Sutherland, 2003).
The last mechanism is particularly complex

because IGW can be generated both through
interactions with eddies as the turbulent mixed
patch develops and through the collapse of the
mixing region into the surrounding stratified fluid.
This paper aims to elucidate the dynamics
governing the collapse of uniform fluid into a
stratified ambient and the consequent generation
of IGW.
Although this research has been motivated by

an oceanographic example, the generic nature of
the research allows it to be adapted to a broad
range of geophysical circumstances including wave
generation due to convective mixing at an atmo-
spheric inversion and wave generation in the
stratosphere resulting from high-level thunder-
storm outflows.
For example, Fig. 1A schematically represents a

circumstance whereby the top of a severe storm
spreads horizontally under the tropopause. In
addition to the many well-studied mechanisms
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for convective-generation of IGW (Beres et al.,
2002; Michaelian et al., 2002) the novel mechanism
illustrated here shows IGW excitation in the
stratosphere as a result of the horizontal propaga-
tion of air moving underneath this stratified region
(Flynn and Sutherland, 2004).
Conversely we can imagine an oceanographic

circumstance, depicted in Fig. 1B, in which an
intrusion moves along the top of the thermocline
generating downward propagating IGW. Due to
lack of observational data, we can only hypothe-
size the source of the intrusion; possibly it results
from intense localized surface cooling or from
storm-induced mixing that extends into the ther-
mocline (Cornillon et al., 1987; Price et al., 1994).
It is beyond the scope of this work to examine the
origins of the intrusion. Rather we presume that it
exists and that it propagates along the thermo-
cline. One goal of this paper is to quantify some
aspects of the coupling between this intrusion and
the IGW generated in the underlying stratified
fluid.
This is an original study in two senses. First,

whereas most existing research into intrusions has
examined their propagation either in a two-layer
or in a uniformly stratified fluid, here we study the
hybrid case of an intrusion in a two-layer fluid in
which the upper layer has uniform density and the
lower layer is uniformly stratified. The first
detailed experimental investigation was performed
by Flynn and Sutherland (2004), the results of
which are adapted to oceanographic circumstances
here and are complemented by numerical simula-
tions. Second, whereas most studies of intrusions
and gravity currents (which propagate along a
horizontal boundary) have analyzed their propa-
gation speeds and mixing efficiencies, here we
focus upon the generation of IGW and upon the
interaction between these waves and the intrusion.
Geophysical motivation for the study of these

interactions is represented by a third scenario
shown in Fig. 1C. Here, we imagine that mixing
near rough topography in the ocean (whether due
to the motion of stratified fluid over a rough
surface or due to wave breaking) generates a
uniform patch of fluid that collapses to form an
intrusion. From the point of view of this study,
the important difference between the scenarios in
Figs. 1B and C is that the intrusion in the former
case propagates primarily within a uniform-
density ambient (the surface mixed layer) whereas
in the latter case it propagates in a stratified
ambient. We will demonstrate that the evolution
of the intrusion and the IGW it generates is
qualitatively different in these two scenarios.
In Section 2 we describe the setup of laboratory

experiments and compare it with the setup of
experiments by Maxworthy et al. (2002), who
recently studied bottom-propagating currents in
uniformly stratified fluid. The experimental results
are presented in Section 3. In Section 4 we describe
the numerical code used to simulate dynamics
close to experimental conditions and their
extension to circumstances that cannot be attained
in the laboratory. Section 5 directly compares
the numerical and experimental results. This
section also compares simulations of mixed
regions collapsing in a uniformly stratified
ambient fluid with those collapsing in a uniform
density fluid having an underlying stratified
region. In Section 6 we apply our experimental
results to a hypothetical situation in which IGW
are generated by an intrusion in the ocean’s
surface mixed layer. Finally, we summarize our
results in Section 7.
2. Experimental setup and analyses

Intrusive gravity currents in uniformly stratified
fluid have been examined by Wu (1969); Schooley
and Hughes (1972); Manins (1976); Amen and
Maxworthy (1980); Britter and Simpson (1981);
Faust and Plate (1984) and Rooij (1999), and the
dynamics of bottom-propagating gravity currents
in uniformly stratified fluid have recently been
examined by Maxworthy et al. (2002) and
Ungarish and Huppert (2002). The gravity cur-
rents were created (or simulated) using a lock-
release initial condition in which uniform fluid
within a lock was released into the stratified
ambient.
In all these experiments IGW were generated by

two mechanisms: first, through the horizontal
motion of the intrusion or gravity current forcing
the surrounding stratified fluid and second,



ARTICLE IN PRESS

B.R. Sutherland et al. / Deep-Sea Research II 51 (2004) 2889–29042892
through the flow of ambient fluid replenishing the
fluid that had left the lock.
One purpose of our experiments was to reduce

the effect of the latter generation mechanism by
allowing the lock fluid to collapse into a uniform
ambient fluid so that the return flow did not
directly excite IGW.
The experimental setup is illustrated schemati-

cally in Fig. 2. It shows a two-layer fluid whose
upper layer has uniform density and whose bottom
layer is uniformly stratified. The lock fluid only
spans the depth of the upper layer. Once released,
the collapsed lock-fluid propagates along the
upper interface of a stratified fluid that moves
only in local response to the forward-moving
intrusion and not in global response to a return
flow.
The second purpose for examining dynamics in

such a complex two-layer fluid was that it was
representative both of the surface mixed layer of
the ocean with an underlying thermocline and,
upside-down, of the troposphere underlying the
stratosphere. The latter scenario is effectively
modelled over vertical distances smaller than the
local scale-height of the atmosphere because in the
Boussinesq approximation downward-propagat-
ing IGW obey the same dynamics as upward-
propagating IGW. The stratification prescribed by
the former, oceanic, scenario was considered by
Delisi and Orlanski (1975); Baines (1982); Thorpe
(1998) and Gerkema (2001) in studies of nonlinear
interactions between vertically propagating inter-
nal waves and interfacial waves. However, their
Fig. 2. Schematic of experimental setup showing a lock fluid of

density ri behind a gate and overlying a platform (diagonally

striped region). The increasing shades of gray to the right of the

lock represent the continuous stratification that spans the

height of the platform.
work did not consider the dynamics of intrusions
or mean flows.
Our experiments were performed in a glass tank

measuring 197:1 cm long by 19:9 cm wide by
48:5 cm tall. A 30:0 cm tall and 19:6 cm long
platform that spanned the width of the tank was
installed at one end.
The tank was filled with a two-layer fluid in

which the lower layer was stratified and the upper
layer had uniform density, as illustrated schema-
tically in Fig. 2. This was established in a two-step
process. First, a uniformly stratified fluid was
added to the tank using the standard ‘‘double
bucket’’ technique (Oster, 1965). The top of this
stratified layer was at 30 cm, equal to the level of
the top of the platform. Using a sponge-float, a
15:0 cm deep layer of fresh or slightly saline water
of density r0 was then layered on top of the
uniformly stratified layer.
The resulting density profile was measured using

a vertically traversing conductivity probe (Fast
Conductivity and Temperature Probe—Precision
Measurement Engineering). From the vertical
density profile in the lower layer, r̄ðzÞ; we compute
the squared buoyancy frequency N2 ¼

�ðg=r00Þ dr̄=dz; in which g is the acceleration
due to gravity and r00 is a characteristic density of
this Boussinesq fluid. The conductivity probe also
measured the density change, r1 � r0 and thick-
ness, HInt; of the step between the stratified and
uniform fluids. Here r1 is the density of the fluid at
the top of the stratified layer. Typically we found
HInt ’ 1 cm.
After filling the tank a 0:4 cm thick gate was

inserted between a pair of vertical glass guides and
was lowered to the level of the platform near its
edge, thus forming a 15 cm deep lock of length
‘ ¼ 18:6 cm. Salt and a small volume of food-
coloring were then added to the lock fluid after
which it was mixed vigorously for approximately
15 s. The resulting homogeneous lock fluid had
density ri:
In total, 39 experimental runs were performed in

which the following three parameters were varied:
N2; s10 ¼ ðr1 � r0Þ=r0 and si0 ¼ ðri � r0Þ=r0: Ex-
periments were performed with N2 ranging from
0:37 to 1:21 s�2; s10 ranging from 0:0015 to 0:0102
and si0 ranging from 0:0005 to 0:0023: In all but
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three cases, we set si0os10 so that the intrusion
density matched an isopycnal surface within the
interface of the two-layer fluid. Thus we were able
to examine the response of the stratified layer
beneath the intrusion which, in itself, did not
penetrate deeply into the lower layer.
Runs began by rapidly removing the gate from

the tank. The lock fluid then collapsed to form an
intrusion that propagated along (or in the
three cases for which si04s10; just below) the
interface. A CCD camera was used to record the
resulting fluid motions. It was placed Lc ¼ 400 cm
in front of the tank and captured a field of
view that covered a horizontal distance
Lw ¼ 87 cm ’ 4:7‘: In all cases, the edge of the
platform was at the far left extremity of the field of
view. Images were analyzed using DigImage
(Dalziel, 1992). It was used to convert ‘‘snapshot’’
images of the experiment (having a spatial resolu-
tion of approximately 0:2 cm� 0:2 cm) into time
series images (having a temporal resolution as
small as 1/30 s).
The IGW that appeared in the (stratified) lower

layer were visualized using ‘‘synthetic schlieren’’
(Sutherland et al., 1999; Dalziel et al., 2000), a
technique that exploits variations in the index of
refraction with salinity in order to visualize and
measure the deflection of light rays as they travel
through stratified fluid of spatially and temporally
varying density gradient. By measuring the deflec-
tion one can determine the structure and ampli-
tude of the waves continuously and non-
intrusively.
Specifically, we measure the value of

DN2ðx; z; tÞ; the perturbation to the squared buoy-
ancy frequency, and its time derivative N2

t : The
amplitudes of these fields are themselves propor-
tional to the maximum vertical displacement of the
waves, A.
IGW were observed in all but three experiments

in which the stratification, N2 ¼ 0:37 s�2; was
weakest. For these, the absence of observed waves
was attributed to the signal from the waves being
weaker than the signal noise, for example, due to
temperature fluctuations in the laboratory and
degradation of the transmitted images. Signal
noise is less significant in experiments with
stronger stratification because, for a wave of fixed
amplitude and spatial structure, the wave signal
increases as N3:
3. Experimental results

3.1. Intrusion analyses

Once released from the lock the gravity current
propagates at approximately constant speed, Ui;
over the field of view of the camera. This speed was
measured from horizontal time series of the digitized
experimental images (e.g. see Mehta et al., 2002).
The intrusion speeds measured in all experiments

are plotted in Fig. 3A. Here Ui is normalized
by a characteristic gravity current speed C0 ¼ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

gsi0H0

p
=2: This is the predicted speed the intrusion

would have if it was energy-conserving and if the
level z ¼ 0 was a rigid bottom (Benjamin, 1968). In
the limit si0 � 1; the intrusion indeed propagates
primarily within the uniform density fluid and the
underlying stratified fluid acts approximately as a
rigid bottom. We expect, and show, that increasing
discrepancies in the predicted intrusion speed occur
as si0 increases.
The plot shows that in most experiments the

normalized intrusion speed is moderately smaller
than 1.0 and that the relative speed generally
decreases as si0 increases. Conversely, Fig. 3B
shows that at fixed si0 (in this case ’ 0:0005) the
relative intrusion speed increases as s10 increases.
This is true for other values of si0 we examined. In
cases with small si0; the speed lies within 10% of
the value C0 and the specific value of N2 has a
relatively small effect on Ui:
We conclude that, at least in the parameter

ranges we have examined, the intrusion speed is
governed primarily by energy-conserving gravity
current dynamics and that deviations from C0
occur because the intrusion is able to slump below
the level z ¼ 0 and so effectively reduce its height
in the ambient above z ¼ 0: Larger si0 leads to
deeper slumping and larger s10 inhibits slumping.
These observations are consistent with measure-
ments of the current depths above and below the
interface (Flynn and Sutherland, 2004).
The horizontal extent of the intrusion head, li;

was determined from vertical time series taken
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(A)

(B)

Fig. 3. (A) Normalized gravity current speeds, Ui; as a function
of si0 for all experiments and (B) Ui � C0 as a function of s10
for experiments with small si0 ’ 0:0005: In both plots, the
speeds are normalized by C0 ¼ ðgsi0H0Þ

1=2=2: Different sym-
bols are plotted depending on the value of N2 below z ¼ 0; as
indicated in the legend.
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one lock length from the gate. Specifically, li

corresponds to the distance between the leading
edge of the intrusion and the projected location
at which the height of the intrusion head is
equal to the height of the trailing tail. It was
difficult to measure li precisely because the rear
of the intrusion head was often obscured by
transient billows. Typical measurement errors
were 15%.
Knowing Ui and li; we estimate the character-

istic frequency, oi; associated with the forcing on
the stratified fluid imparted by the intrusion head
by

oi ¼ Ui

2p
li

: (1)
3.2. Internal gravity wave analyses

When the intrusion is released it excites IGW in
the stratified fluid beneath it. Synthetic schlieren
measures the corresponding DN2 and N2

t fields,
which are shown for a particular experiment at
time t ¼ 15 s in Fig. 4. Only the snapshot in the
camera’s field of view between x ¼ 25 and 90 cm is
shown. The position x ¼ 0 corresponds to the end
wall of the tank so that the left extremity of the
image is 6:8 cm from the original position of the
gate. The vertical range of the images extends from
z ¼ �20 cm (10 cm above the bottom of the tank)
to z ¼ 0 cm, the level of the interface between the
stratified and unstratified fluid.
As evident from images above z ¼ 0 (not

shown) the front of the intrusion is situated
near x ¼ 60 cm at this time. The DN2 field,
which is proportional to the change in density
gradient, shows a disturbance propagating
rapidly upstream just below the level of the
interface. IGW propagating downward directly
below the intrusion are also evident. DN2 is
large near z ¼ 0 because the background N2 is
relatively large at the interface. Below the interface
DN2 is as large as 0:3 s�2: That is, the background
N2 changes by as much as 25% due to the
stretching and compressing of isopycnal surfaces
by waves.
Because it takes a time derivative, the N2

t field
filters slowly varying disturbances and tends to
enhance visualisation of vertically propagating
IGW rather than long horizontal wavelength
(columnar) disturbances. This is evident in Fig.
4B, where downward left-to-right-propagating
waves are shown.
The properties of downward-propagating IGW

were estimated from equally spaced vertical time
series of N2

t ; from which horizontal time series
were then constructed. Power spectra were then
used to determine the wavenumber, ðkx; kzÞ; and
frequency, o; of the waves containing most of the
energy. In practise we find this peak is quite sharp
indicating that the waves are generated within a
narrow frequency and wavenumber band (Flynn
and Sutherland, 2004).
Fig. 5A plots the measured peak values of

frequency and horizontal wavenumber. We do not
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Fig. 4. (A) DN2 and (B) N2
t fields at t ¼ 15 s in an experiment with N2 ¼ 1:17 s�2 below z ¼ 0; s10 ¼ 0:0037 and si0 ¼ 0:0020:

(A)

(B)

Fig. 5. (A) Measured frequency and wavenumber of IGW

expressed as fractions of forcing frequency, oi ¼ Uið2p=liÞ; and
wavenumber, ki ¼ 2p=li ; respectively. (B) Relative amplitude
plotted as a function of wave frequency relative to the

background buoyancy frequency. Typical error bars are

indicated in the top left-hand corner of both plots. Symbols

are plotted as indicated in Fig. 3.
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plot the vertical wavenumber because the wave-
length was found to be smaller than but compar-
able to the vertical extent of the field of view. This
introduced unacceptably large errors in the esti-
mates of kz: The horizontal wavenumber is plotted
normalized by ki ¼ 2p=li; the estimated wavenum-
ber of the forcing imparted by the intrusion head
of length li: Likewise the frequency is plotted
normalized by oi ¼ Uiki; the estimated forcing
frequency.
The plot shows that kx is moderately larger than

ki: Although there is quite a bit of scatter in the
data, much of this can be attributed to the 15%
error associated with the estimate of li: We
conclude that the extent of the intrusion head is
primarily responsible for setting the horizontal
scale of the waves.
The plot also shows that o is consistently larger

than oi: Indeed, the wave frequency is up to 3
times larger than the equivalent forcing frequency.
The scatter in the points in this case well exceeds
the associated error bars, and so we conclude that
the forcing frequency is not primarily responsible
for setting the wave frequency.
Rather it appears that the buoyancy frequency,

N, determines the value of o: This is demonstrated
in Fig. 5B. Here we plot the relative amplitude A

of the waves against o=N: We find that the
frequency ratio generally lies between values of
0:5 and 0:75 for a wide range of forcing frequencies
and values of N. From the linear dispersion
relation of IGW, we know Y ¼ cos�1ðo=NÞ

represents the angle formed by lines of constant
phase with the vertical. Thus we find that the
waves generally propagate at angles between
411 and 601.
This observation is consistent with Dohan and
Sutherland (2003) who found that IGW generated
below a turbulent, but stationary, mixed region
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propagated within a narrow frequency band. They
proposed that when IGW are generated by a
fluidic, rather than rigid disturbance, they reso-
nantly interact with the source region in a manner
that most strongly excites those waves that
vertically transport the most horizontal momen-
tum. These waves, which propagate at angles of
about 451, exert the greatest influence upon the
mixing region by exerting the greatest drag to it as
a consequence of momentum extraction.
The wave amplitude, A (the maximum vertical

displacement), is determined from AN2
t
; which in

turn is found by computing half the maximum
difference between adjacent troughs and crests in
vertical time series images of the N2

t field. To avoid
initial transient effects, the time series were taken
one lock-length from the gate. Measurements were
typically made 3 cm below the interface. This level
was chosen as the approximate position close to
the source region but not so close that quantitative
schlieren measurements were unreliable due to
large isopycnal displacements creating overly
distorted images.
4. Numerical simulation setup

The collapse and propagation of the gravity
current and the dynamics of the IGW it generates
was simulated numerically using a code that solved
the fully nonlinear Navier–Stokes and mass-
conservation equations in two dimensions. The
equations were simplified by invoking the Boussi-
nesq approximation, which assumes that the
maximum change of salt-water density from the
top to bottom of the tank is negligibly small
compared with the density of water itself.
Thus the code solved the following two coupled

partial differential equations for the basic-
state fields of vorticity, z; and perturbation
density, r0:

@z
@t

¼ �u
@z
@x

� w
@z
@z

þ
g

r00

@r0

@x
þ nr2z (2)

and

@r0

@t
¼ �u

@r0

@x
� w

@r0

@z
� w

d r̄
d z

þ kr2r0: (3)
Here the horizontal and vertical components of
the velocity field were given by u and w,
respectively. These were related to the streamfunc-
tion, c; by u ¼ �@c=@z and w ¼ @c=@x; and c; in
turn was related implicitly to the vorticity field by

z ¼ �r2c: (4)

Thus, once z was determined at a particular time,
the Poisson equation, 4, was solved to find c from
which ðu;wÞ was found and ultimately used in (2)
and (3) to determine how the basic-state fields
changed in time.
The physical parameters of the system of

equations were g, the gravitational acceleration,
r00; the characteristic density, n; the kinematic
viscosity, and k; the diffusivity of salt water.
Assuming weakly saline solutions, we took each of
these to be constant. Specifically, g ¼ 980 cm=s2;
r00 ¼ 1 g=cm

3; n ¼ 0:01 cm2=s and k ¼ 0:01 cm2=s:
The last of these was unphysical; 10�5 cm2=s would
have been more appropriate for the diffusivity of
salt water. If we used this value, however, the
simulation would have been numerically unstable.
For the purposes of simulating the experiments,
the diffusivity term in 3 acted solely as a filter to
damp small-scale numerical noise. The value we
used was still sufficiently small that the essential
dynamics of the gravity current’s propagation and
wave generation were not affected.
The code was originally designed to model the

evolution of unstable stratified parallel flows
(Smyth and Peltier, 1991), and so it solved the
equations in a L-long by H-deep domain which
was a horizontally periodic channel with free-slip
upper and lower boundary conditions.
To adapt the code to model the experiment

described in Section 2, we chose a computational
domain with twice the horizontal extent of the
tank (i.e. L ¼ 2LT ) and we prescribed initial
conditions with reflection symmetry about the
mid-vertical plane of the domain. We confirmed, a
posteriori that indeed there was no significant
motion across this reflection plane nor across the
right and left-extremes of the domain. Hence, the
right-half of the domain simulated the dynamics of
a gravity current bounded on four sides by free-
slip boundaries. Simulations were run with H ¼

HT ¼ H0 þ H1; the depth of the tank, and with
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H ¼ 4HT : The latter enabled us to simulate the
experiment while eliminated the effect of bottom
reflection of the IGW over the duration of interest.
Initial conditions for a particular simulation are

shown in Fig. 6. The right-hand plots show the
initial profiles of the background density, r̄ðzÞ and
the corresponding squared buoyancy frequency
N2ðzÞ: Explicitly,

N2ðzÞ ¼

N2
0; 0pzpH0;

N2
Int; �HIntpzo0;

N2
1; �H1pzo� HInt:

8><
>: (5)

In particular, as illustrated in Fig. 6, when N2
0 ¼ 0

the background density was constant (¼ r0) over
the top H0 of the domain. Below a HInt ¼ 1 cm
deep interface the density increased linearly as
characterized by a constant squared buoyancy
frequency equal to N2

1: Across the interface the
relative density increased by s10; which was written
in terms of N2

Int by s10 ¼ HIntN
2
Int=g:

As well as the profiles shown, we ran simula-
tions with N2ðzÞ ¼ N2

1 everywhere and with
N2ðzÞ ¼ N2

1 above and below a HInt ¼ 1 cm deep
interface with the density increasing linearly with
depth by r1 � r0 ¼ 0:0037 g=cm

3 across the inter-
face.
These profiles determined the density structure

at every horizontal position along the domain. In
addition, we superimposed an initial density
perturbation such that

r0ðx; z; t ¼ 0Þ ¼
ri; jxjo‘; 0pzpH0;

0; otherwise.

�
(6)
Fig. 6. Perturbation density field (left), ambient density profile

(right dotted) and N2 profiles (right, solid) used to initialize the

numerical simulations.
The density perturbation field is shown by color
contours on the left-hand side of Fig. 6 for the
case ri ¼ 0:0020 g=cm

3 and ‘ ¼ 18:6 cm. Here,
only a window within the actual domain size is
shown.
Because of the additional complexity involved

with the numerics, the simulation did not model
the effect of a rigid boundary beneath the lock
fluid. Rather, stratified ambient fluid underlies the
lock and is free to move in response to the collapse
of fluid in the lock. The simulations thus enable us
to examine the effect of this response to wave
generation.
The details of the numerical representation of

the basic-state equations are given by Sutherland
and Peltier (1994). Here we ran simulations with a
typical horizontal and vertical resolution of 0.2
and 0:06 cm, respectively. The time step was
0:005 s.
5. Simulation results

5.1. Direct simulation of a laboratory experiment

We have run simulations using parameters
nearly identical to that of the particular laboratory
experiment, shapshots of which are shown in Fig.
4. Explicitly, we initialize the simulation with an
ambient N2 profile given by 5 with N2

0 ¼ 0; N2
Int ¼

3:63 s�2; N2
1 ¼ 1:17 s

�2 and with H0 ¼ 15 cm,
HInt ¼ 1 cm and HT ¼ 45 cm. The buoyancy
frequency at the interface (�1pzo0) corresponds
to a relative density increase of s10 ¼ 0:0037: An
initial density perturbation is given by (6) with
ri ¼ 0:0020 g=cm

3: This is applied in a rectangular
region bounded by 0pzpH0 and jxjp‘:
Snapshots taken from this simulation of the

perturbation density and vorticity fields are shown
in Fig. 7. Though the total horizontal extent of the
computational domain is jxjoLT with
LT ¼ 197:1 cm, only the range 0pxp90 is shown.
The images clearly show that the lock fluid
collapses to form an intrusive gravity current that
propagates along the interface between the upper
uniform density ambient and the lower stratified
ambient fluid. Consistent with experiments, Kel-
vin–Helmholtz billows develop behind the head of
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(A) (E)

(B) (F)

(C)

(D)

(G)

(H)

Fig. 7. Snapshots from numerical simulation with N2
0 ¼ 0; N2

1 ¼ 1:17 s
�2; s10 ¼ 0:0037 and si0 ¼ 0:0020: The perturbation density

field r0; like si0; is given in nondimensional units. The vorticity field z0 is given in units of s�1:
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the intrusion on its upper flank, but such
instability is not apparent on its lower flank. The
mixing occurs primarily behind the head of the
intrusion so that the density near the nose of the
intrusion remains constant. Likewise, the vorticity
field remains zero near the nose except on thin
sheets surrounding the gravity current head. Thus,
consistent with the experimental observations of
Lowe et al. (2002), the velocity near the nose of the
current is approximately constant.
IGW are excited immediately after the fluid
begins to collapse. The waves transport energy
down and rightward until they reflect off the
bottom at z ¼ �30: This reflection is evident at
t ¼ 25 s after which time the wave field exhibits a
complicated pattern of interference between down-
ward and upward propagating waves.
We have performed a simulation (not shown) in

which all parameters are identical to those in the
above simulation except that we quadruple the
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depth of the domain while keeping the vertical
resolution the same. This simulation gives the
same results at early times, but reflection does not
corrupt the wavefield at t ¼ 25 s.
Corresponding to Figs. 7B and F, Fig. 8 plots

the DN2 and N2
t fields at t ¼ 15 s. For comparison

with the experimental results shown in Fig. 4, the
fields are shown only for 25pxp90 and
�20pzp0:
Both the simulations and experiments show left-

to-right downward-propagating IGW emanating
from the head of the intrusion whose front is near
x ¼ 60 cm. However, the amplitude of the simu-
lated DN2 field is almost twice that measured in
experiments. Furthermore, whereas in the experi-
ments a regular pattern of waves is evident in the
N2

t field (Fig. 4B), no such regularity is evident in
the simulated field. Rather the lines of constant
phase vary from nearly vertical to nearly horizon-
tal and the waves themselves appear to emanate
from a localized source near ðx; zÞ ’
ð55 cm;�2 cmÞ:
We attribute these discrepancies to the fact that

the simulations do not include the effect of a rigid
bottom boundary directly beneath the lock as
would be present due to the platform employed in
the experiments. Fig. 7A shows that, without the
platform, fluid beneath the lock is displaced
downward during the initial collapse phase. The
associated values of DN2 at this location (not
shown) are an order of magnitude larger than
those associated with waves in the experiments.
This could explain in part the occurrence in the
simulations of large-amplitude disturbances of
long horizontal extent at t ¼ 15 s (Fig. 8A).
(A)

Fig. 8. Snapshots of (A) DN2 and (B) N2
t fields at t ¼ 15 s in a si
Supporting this assertion, we find that the N2
t

field (which filters long-time scale shallow
motions) has comparable simulated and experi-
mental amplitude for the primary wave (shown
by light-gray contours) below the intrusion
front.
The structure of the waves in the two cases is

nonetheless different. We attribute the discrepancy
to the approximately horizontal flow induced by
the initial displacement of fluid below the lock in
simulations. This flow effectively Doppler shifts
the transmitted waves and prevents them from
being transmitted far away from the source.
Indeed this Doppler shifting is apparent in the
waves shown in Fig. 8B. The primary wave and
trailing trough have nearly vertical phase lines for
�10pzp� 5 but these become more shallow
below z ’ �10 cm. Further behind the intrusion
front, the waves generated by the source are
sufficiently Doppler-shifted that the waves are
evanescent. Diagnosis of the horizontal velocity
field at t ¼ 15 s (not shown) reveals that the flow
speed decreases by approximately 2 cm=s from z ¼

0 to �5 cm. For waves with horizontal wavenum-
ber 2p=20 cm�1 and intrinsic frequency 0:6N
(typical values taken from experimental data),
the Doppler-shifted frequency at z ¼ �5 cm would
be 1:2N; which demonstrates that the waves are
indeed evanescent.
These simulations thus serve to demonstrate

that the mechanism for wave generation sensitively
depends upon the flow in the ambient. This
observation is consistent with the conclusions by
Hughes (1996) who examined in experiments the
collapse of a mixed region in a uniformly stratified
(B)

mulation with the same parameters as those given in Fig. 7.
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fluid. He found that vertically propagating IGW
were prevented from propagating away from the
intrusions on either side of the mixing region
because the return flow above and below the
intrusion had sufficiently large velocity to Dop-
pler-shift waves to evanescent frequencies.

5.2. Simulation of uniformly stratified ambient

One reason for the relatively complicated
experimental setup we have used is that we wanted
the lock-fluid to collapse within an ambient fluid
of uniform density over the depth of the lock so
that the process of lock-collapse and, in particular,
the development of a return flow into the lock
would not in itself directly excite IGW. IGW can
only be excited as a consequence of the intrusion
moving along the interface above a stationary
stratified ambient.
In order to demonstrate the effect of a lock-fluid

collapsing in a stratified ambient we present here the
results of two simulations which are simple exten-
sions of the simulation described in Section 5.1.
In both, we set the ambient fluid to be uniformly

stratified with N2 ¼ 1:17 s�2 both above z ¼ 0 and
below z ¼ �HInt: For �HIntpzo0; the stratifica-
(A)

(B)

Fig. 9. Snapshots from a numerical simulation with an almost uniform

same density gradient as the ambient but with a density difference 0:
tion is the same as before. A density perturbation
is introduced in a model lock above z ¼ 0 and for
jxjo‘:
In one simulation, the lock has the same

stratification as the ambient, but a density
perturbation of ri ¼ 0:0020 g=cm

3 is superim-
posed. The results of this simulation are shown
in Fig. 9, and should be compared with the top
four images in Fig. 7. The perturbation density
field at times 5 and 15 s (Figs. 9A and B,
respectively) demonstrates notably different beha-
vior from that in the simulation with a uniform
ambient. Here the density anomaly does not
remain concentrated in a collapsing current.
Rather, it creates a disturbance that propagates
rapidly to the right at the same vertical level as the
lock. After 15 s the perturbation density field is
characterized by IGW throughout the domain.
No sharp front, as one would associate with a
gravity current head, is evident. Likewise the
vorticity field (Figs. 9C and D, respectively)
exhibits no characteristic traits of Kelvin–Helm-
holtz instability. Indeed, the vorticity field is
significantly weaker as evident from the range of
grayscale which is five times smaller than that used
to plot Figs. 7E and F.
(C)

(D)

ly stratified ambient (see text) and with a lock-fluid having the

0020 g=cm3 at each vertical level in the lock.
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(A)

(B)

(C)

(D)

Fig. 10. Snapshots from a numerical simulation with an almost uniformly stratified ambient (see text) and with a uniform initial lock-

fluid density.
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In a second simulation, the lock has uniform
density which is greater than the density of the
ambient at z ¼ 0 by 0:0020 g=cm3: The results of
this simulation is shown in Fig. 10. Again a
collapsing gravity current head is not evident.
Rather, IGW are found to propagate rapidly to
the right. The vorticity field is stronger in this case
due to baroclinically generated negative vorticity
in the lock during the initial stages of collapse (Fig.
10c). However, the initially coherent vortices are
rapidly broken down into smaller-scale structures
in the lock after 15 s.
Both simulations show that the flow dynamics

change qualitatively when the ambient fluid
throughout the depth of the lock is stratified
rather than unstratified.
6. Application to surface mixed region

Here we adapt the experimental results in order
to form order-of-magnitude estimates of the
momentum flux associated with waves generated
by intrusions propagating in the surface mixed
region above the thermocline. The approach is
analogous to that taken by Flynn and Sutherland
(2004) in their study of IGW generated in the
stratosphere by thunderstorm outflows below the
tropopause.
The ability of IGW to vertically transport

horizontal momentum is characterized by the
average Reynolds stress, r00huwi: This in turn
can be related to experimental parameters in an
empirically determined formula (Flynn and
Sutherland, 2004):

r00huwi

ðN1liÞ
2
¼ 10�3:7�0:3r00

Uiffiffiffiffiffiffiffiffiffiffiffiffiffi
s10ghi

p
 !2:9�0:6

: (7)

The exponents with associated errors are deter-
mined from the slope and intercept of the best-fit
line through log–log plots of momentum flux and
current speed measurements gathered from 30
experiments. Here hi is the total height of the
intrusion head, which observations show can be
related to the length of the head by li ’ 4:7hi:
Because there are no direct observations of

intrusions above the thermocline, we must esti-
mate values of the parameters in (7) in order to
form an estimate for the momentum flux. We do
so by focusing on a particular geophysical event:
the passage of Hurricane Norbert over the eastern
north Pacific Ocean during September and Octo-
ber of 1984. The observations and simulations
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of Price et al. (1994) give estimates of the surface
cooling and mixed layer deepening due to this
storm. As a result of storm-induced vertical
mixing, they predict a deepening of the surface
mixed layer from 50m to approximately 90m and
a corresponding mixed layer density increase of
approximately 0:64 kg=m3:
Relative to the unperturbed ambient, we spec-

ulate that this mixed parcel of fluid ultimately
collapses and propagates as a fluid intrusion at a
depth zNB ¼ �58:4m. The intrusion’s plane of
propagation is therefore directly below the level
z ¼ �50m, which denotes the bottom of the
uniform ambient mixed region.
To estimate the relevant parameters associated

with this intrusion, we define s10 such that

s10 ¼
Chi

r00
�
dr̄
dz


 �
; (8)

where �dr̄=dz is the ambient density gradient
between z ¼ �50m and �90m and

C ¼ min
ðzNB � z0Þ þ h1

hi

; 1

� 

: (9)

Here z0 ¼ �50m and h1 is the intrusion’s depth of
penetration into the (lower) stratified layer. The
constant, C, is defined so that s10 represents the
magnitude of the normalized density jump across a
distance Chi:
We further relate hi and s10 using the first-order

perturbation approximations for the intrusion
height in a two-layer model (Holyer and Huppert,
1980; Flynn and Sutherland, 2004). Thus we find

hi

zNB
¼
1

2
þ
5

32

si0

s10


 �
: (10)

In the wide range of experiments by Flynn and
Sutherland (2004), this estimate was found to be
moderately smaller than the observed heights, but
was sufficiently close that its use here is appro-
priate to determine order-of-magnitude momen-
tum flux estimates. Eqs. (8)–(10) are solved using a
simple iterative routine from which we find s10 ’
0:0010: A posteriori this value of s10 is sufficiently
small that such an order-of-magnitude estimate is
self-consistent.
Using this value of s10; we predict the vertical

and horizontal extent of the intrusion head to be
hi ’ 35:1m and li ’ 166m, respectively. We esti-
mate the propagation speed from the first-order
perturbation expansion of the predicted steady-
state intrusion speed in a two-layer fluid (see Eq.
(2.8) of Flynn and Sutherland, 2004). The normal-
ized speed of propagation is thereby determined to
be Ui=

ffiffiffiffiffiffiffiffiffiffiffiffiffi
s10ghi

p
’ 0:5; and so we find r00huwi

ranges between 0:2 and 2N=m2:
By comparison, IGW excited below the mixed

region of the equatorial Pacific were observed to
have typical Reynolds stress values of approxi-
mately 0:3N/m2 (Lien et al., 1996), and Wijesekera
and Dillon (1991) estimated that for narrow-band,
dynamically generated IGW, the associated Rey-
nolds stress ranged from 0:1 to 0:6N=m2:
The above results suggest that the local influence

of IGW excited by fluid intrusions is roughly
comparable to those generated by other near-
surface mechanisms. Globally, however, their
significance is likely to be small because severe
storms of sufficient energy to substantially deepen
the surface mixed layer are relatively intermittent.
7. Conclusions

We have shown that intrusions which propagate
over the thermocline can act locally as a significant
source of IGW. However, the momentum flux
associated with the waves and, indeed, whether the
waves are generated at all depends sensitively upon
the flow speed of the stratified fluid. Whether from
the initial transient collapse of a mixed region into
the stratified fluid below or from the horizontal
flow of stratified fluid into a collapsing mixed
region, long horizontal scale disturbances can be
excited. These propagate rapidly away from the
source and can filter vertically propagating waves.
We have adapted our experimental results to the

ocean surface, but it is evident that IGW genera-
tion from a collapsing mixed region would likewise
occur in the abyssal ocean. Such mixing could
result directly from turbulence generated by flow
over rough topography or indirectly from the
breaking of inertia gravity waves. In either case,
our simulations show that a mixed region in a
stratified ambient does not collapse in the form of
a standard interfacial gravity current. Rather it
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excites IGW of such large amplitude that the
mixed region is itself significantly distorted by the
waves. The details of these dynamics including the
long-term effects of rotation are presently under
investigation.
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