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Laboratory experiments are performed to examine gravity currents propagating into
an ambient of uniformly decreasing depth. Predominantly, the study is of a surface
gravity current shoaling over a bottom slope as it approaches a corner between the
horizontal surface and the sloping topography. For sufficiently high Reynolds number
currents, they are found to propagate at a constant speed over the slope until the depth
of the ambient below the nose is comparable to the depth of the current in the lee of
the gravity current nose. It then decelerates at a constant rate set by the product
of the reduced gravity, g′, and the magnitude of the topographic slope, s. The shape
of the head evolves to form a front parallel to the slope itself and the ambient
ahead of the current accelerates downslope with significant turbulence between the
ambient and current head. The dependency of the deceleration upon g′s is anticipated
from WKB-like extensions of steady-state gravity current theory that include the
effect of the ambient depth in one case varying slowly in space as the current first
passes over the slope and in another case varying slowly in time as the nose approaches
the corner. However, the measured deceleration magnitude of � 0.31( ± 0.01)g′s is
found to be larger than these heuristic predictions. C© 2013 AIP Publishing LLC.
[http://dx.doi.org/10.1063/1.4818440]

I. INTRODUCTION

Gravity currents are manifest as the horizontal flow over a boundary of fluid of one density
within an ambient fluid of different density.1–4 They are manifest in the atmosphere as sea breezes,
thunderstorm outflows, and as dust storms, known as haboobs.5 In the ocean, the outflow of fresh
water rivers into the saline ocean form surface gravity currents. The study of gravity currents is also
motivated by industrial processes including the sudden release of dense gases in the atmosphere and
oil spills in the ocean.6

Gravity currents in a channel have been well studied through lock-release laboratory
experiments.7–13 In these, a gate inserted in a long rectangular tank separates fluid of one den-
sity from fluid of another density. When the gate is rapidly extracted vertically the dense fluid flows
along the bottom in one direction, while the less dense fluid flows along the surface in the opposite
direction. Shortly after extraction of the gate, the current is observed to propagate a constant speed. If
the density of the ambient is comparable to the current density (a “Boussinesq” current), the current
nose meets the boundary at an angle. If running over a rigid, no-slip surface, some overturning occurs
just under the nose as a consequence of the viscous boundary layer.14 However, viscosity does not
influence the propagation speed provided the head height is sufficiently large.15

If dense fluid is released from a finite-length lock, the current is observed to decelerate after
propagating between 6 and 10 lock-lengths.12 This is a consequence of fluid becoming depleted from
the gravity current head as its finite volume becomes spread over a greater horizontal distance.11

From a shallow-water perspective, its deceleration is predicted to occur after the ambient return flow,

a)Email: bruce.sutherland@ualberta.ca; URL: www.ualberta.ca/˜bsuther.

1070-6631/2013/25(8)/086604/16/$30.00 C©2013 AIP Publishing LLC25, 086604-1

Downloaded 21 Aug 2013 to 129.128.216.34. This article is copyrighted as indicated in the abstract. Reuse of AIP content is subject to the terms at: http://pof.aip.org/about/rights_and_permissions

http://dx.doi.org/10.1063/1.4818440
http://dx.doi.org/10.1063/1.4818440
mailto: bruce.sutherland@ualberta.ca
http://www.ualberta.ca/~bsuther
http://crossmark.crossref.org/dialog/?doi=10.1063/1.4818440&domain=pdf&date_stamp=2013-08-21


086604-2 Sutherland, Polet, and Campbell Phys. Fluids 25, 086604 (2013)

which impacts the lock-end of the tank, creates a rarefaction wave that catches up with the gravity
current head.12 Only at very late times does the head height become so small that it slows at a greater
rate due to viscosity.11

The theory for the propagation of gravity currents was first laid out by von Kàrmàn16 and later
treated generally by Benjamin17 who considered the flow of gravity currents in channels and pipes.
Benjamin considered the steady propagation of a gravity current in a frame of reference moving
with the current head. By balancing momentum and mass fluxes, he derived a formula for the speed
of the current as it depended upon the depth of the current and the ambient. Additionally assuming
no energy loss, he predicted the gravity current in a channel of depth H spanned half the depth of
the channel and the speed was given by U = √

g′ H/2, in which g′ = g|ρ1 − ρ0|/ρ1 is the reduced
gravity expressed in terms of the density difference of the ambient and current. This behaviour was
observed in full-depth lock-release gravity current experiments.

A more holistic theoretical treatment was developed for gravity currents released from partial-
depth locks. By considering the simultaneous evolution of the return flow into the lock as well
as the gravity current, Shin et al.13 showed that in a globally energy conserving system the
head of the current would have half the height of the partial depth lock. Their prediction for
the current speed as it depended upon lock and ambient depth was found to agree well with
experiments.

In these experimental and theoretical studies, the current was assumed to propagate in an
ambient of uniform depth. There have been several experimental, numerical, and theoretical in-
vestigations of bottom propagating gravity currents moving downward along a slope.18, 19 In these,
a component of the buoyancy force acted along-slope and so increased the current speed relative
to that of a horizontally propagating current in the same depth ambient. Surprisingly, few studies
have examined upslope gravity current propagation,33 although there have been some numerical
investigations of gravity currents impinging upon isolated obstacles.20, 21

The present study investigates how the propagation of a gravity current evolves when it moves
into an ambient of variable depth. We focus on the circumstance in which a buoyant current
propagates along a horizontal surface, while the bottom topography varies beneath. Thus we are able
to assess the influence of changing the ambient depth without the additional dynamics of gravitational
forces resulting from the current moving up or down a slope. Though primarily motivated as a
problem of theoretical interest, the dynamics are closely related to that of an internal solitary
wave in a two-layer fluid shoaling on a slope, which has applications for mixing and transport in
the ocean relevant to marine biology and offshore oil (e.g., see Sutherland et al.22). A shoaling
gravity current is the limit of a shoaling solitary wave as the shallow upper layer depth goes
to zero.

If the topography varies slowly and if the ambient depth changes by a small amount compared
with the characteristic ambient depth, the dynamics may be modelled using shallow water theory.4

However, as the gravity current shoals toward a corner, the current depth inevitably becomes compa-
rable to the ambient depth rendering shallow water theory inapplicable. The advance of the current
toward a corner is expected to be controlled primarily by the retrograde along-slope ambient flow
which must flush out of the corner, while the current advances.

In his book, Simpson2 briefly reports upon bottom-propagating gravity currents that shoal
beneath an overlying slope. These experiments were confined to the study of full-depth lock-release
currents and were apparently performed at relatively low Reynolds numbers (e.g., see Figure 11.23
in Simpson2). The experiments reported upon here examine partial-depth as well as full-depth lock-
release gravity currents with sufficiently large Reynolds numbers that the interface between the
current and ambient is turbulent, while the current shoals.

In Sec. II, we describe the experimental setup followed by a presentation of typical experimental
results, and analysis methods are described in Sec. III. Based upon observations of experiments, we
develop an extension of Benjamin’s theory17 in Sec. IV. These predictions are compared quantita-
tively with the results of laboratory experiments in Sec. V. This work is motivated primarily by the
theoretical question of the behaviour of a gravity current in non-uniform depth ambients. Indirectly,
the work gives some insight into the shoaling of large-amplitude solitary waves on slopes. This is
discussed in Sec. VI.
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II. EXPERIMENT SETUP

A. Tank setup

The setup is illustrated in Figure 1. Most experiments were performed in a long rectangular
glass tank of interior length L = 197.3 cm, width 17.3 cm, and total height HT = 48.5 cm. The
experiments were designed to study a surface propagating gravity current incident upon and then
moving over a uniform bottom slope. We begin by describing the setup for these experiments.

One of a range of acrylic rectangular panels was inserted in the bottom left of the tank. Each
panel has width 17.1 cm and has foam sealant tape around its edges with some notches carved out
to allow the passage of fluid from one side of the slope to the other through narrow passages against
the tank side walls. Different panels had different lengths ranging from 30 cm to 130 cm, so that
experiments could be performed with different slopes and different run-up lengths. Once inserted,
the slope was characterized by the height Hs of the slope at the left-end of the tank and the horizontal
distance Ls of the bottom of the slope to where the slope reached the surface. Explicitly s = Hs/Ls,
which ranged from 0.080 to 1.20 in our experiments.

Salt water of density ρa was then poured into the tank. The density was measured accurately
with an Anton Paar DMA 4500 density meter. A water-tight gate was then inserted vertically into
one of five slots forming a lock at the right-end of the tank. In typical experiments, the distance
between the gate and the right-end of the tank was L� = 28.6 cm, though lock-lengths of 38.5 cm
and 48.5 cm were also examined. The density difference between the lock and ambient fluid ranged
widely in experiments such that the reduced gravity varied between 0.90 cm/s2 and 32.0 cm/s2 in
different experiments. Initially, the bottom of the gate did not extend to the bottom of the tank.
Using a sponge float placed on top of the fluid, fresh water was poured slowly into the lock to a
predetermined depth. Meanwhile the salt water in the lock displaced under the gate. For partial depth
lock-release experiments, after the sponge float was removed the depth of the fresh water layer was
denoted by H�. In full-depth lock-release experiments, after the fresh water layer was added, the
gate was pushed down until it touched the tank bottom. The fluid in the lock was then well mixed.
The density of the lock-fluid (in the full-depth case measured by the density meter) was denoted by
ρ�. The total depth of the ambient in the tank was then measured and denoted by H. In experiments
reported upon here, the slope height was equal to or larger than the ambient height (Hs ≥ H) so that
the ambient fluid was wedge-shaped in the upper left corner of the tank.

To visualize the motion of the gravity current, the lock-fluid was dyed using a small amount of
food coloring. Translucent white plastic sheets were placed along the length of the back of the tank
and a bank of fluorescent bulbs were put behind this. A digital camera (Panasonic HDC-HS250) was
situated 3 m in front of the tank, looking through the fluid at the back-illuminated panel. In most
experiments, the camera was positioned mid-way along the tank with the lens at the height of the
surface. The field-of-view captured the entire length of the tank. In some experiments, the camera
was situated toward the left-end of the tank with the field-of-view capturing the fluid over the slope
alone. These experiments were conducted to reveal better the mixing processes that occurred over
the slope.

ρa

ρ

L

HHs

Ls

L

D

FIG. 1. Schematic side-view of the setup before the start of an experiment with fluid of relatively light density ρ� in a
partial-depth lock to the right and with the bottom slope shaded in black to the left.
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At the start of an experiment the gate was rapidly extracted vertically. The light fluid in the lock
was then observed to advance leftward along the surface toward the slope. The camera recorded the
advance, deceleration, and reflection of the surface current from the slope. Here our analyses focus
primary upon determining the distance of the nose of the current from the left-end of the tank as a
function of time. In all experiments, the lock-length was greater than 1/6 the length of the ambient
fluid to the left of the gate. And so, in the absence of a slope, the gravity current would be expected
to propagate at constant speed to the left end of the tank; any deceleration recorded as the current
ran over a slope was a consequence of the slope and not the result of the rear bore or rarefaction
wave catching up to the current head.12

B. Alternate experimental setups

In a few experiments, the tank was filled with fresh water, the gate was inserted to the full
depth of the tank, and salt was added to the lock and well mixed. At the left-end of the tank, the
slope was inserted with one end at the bottom corner and the other end extending above the surface
some distance from the left-end of the tank. In this way, a bottom propagating gravity current was
observed to approach underneath the slope to a corner. Consistent with the Boussinesq approximation
for sufficiently high Reynolds number flows, these experiments served to demonstrate that the no-slip
bottom boundary condition did not affect the observed dynamics.

A series of experiments were also performed in a longer tank of width 25 cm, height 25 cm,
and length (set by the position of a false end-wall) between 250 and 300 cm. Here, a surface gravity
current was established in locks of length 40 cm and 80 cm. The longer length of the tank served to
demonstrate that the distance propagated by the current over a flat bottom before reaching the slope
did not significantly affect the observed behaviour over the slope.

C. Particle image velocimetry (PIV)

Particle Image Velocimetry measures fluid velocities by recording the displacement of particles
between short successive times. A laser and software system provided by LaVision was used for
experiments in the short tank as described in Sec. II B. In these experiments, the gravity current was
composed of dense fluid so that it propagated leftward over the bottom of the tank. A slope was
inserted to extend from the bottom-left corner of the tank upwards and rightwards to the surface.
Consistent with the vertical reflection symmetry of the Boussinesq approximation, the gravity current
running underneath this slope behaved equivalently to a surface gravity current running over a slope
extending down and rightward from the left end of the tank. Hollow glass spheres of diameter 10μ

were mixed into the ambient and lock fluid before the start of an experiment. The particles were
illuminated by a laser (Litron Lasers, Nd:YAG 30 mJ/pulse at 532 nm) positioned underneath the
left end of the tank just below the slope. By shining the laser through the bottom of the tank onto
the slope above, the beam was not distorted as it would be by ripples on the surface if we shone the
laser downwards upon a surface gravity current passing over a slope. The light sheet was situated
parallel to the length of the tank, 3 cm from the front wall of the tank facing the camera.

The digital camera (Imager E-lite, 1.4M progressive scan CCD) recorded the field of view
extending 50 cm from the right of the tank. The laser itself was triggered to flash at 17 Hz. At this
frame rate and spatial resolution, velocities as large as 10 cm/s could be measured accurately.

Recording and post-processing was performed using DaVis 8.0 software, by LaVision. During
post-processing, a mask was applied around the trapezoidal area of the ambient beneath the slope
and upstream of the slope. In practice, we found that light distortions through the turbulent gravity
current head of mixing fresh and salt water prevented us from getting useful measurements of
velocities within the current. Our focus, however, was upon the velocities induced in the ambient by
the approaching current. This quasi-two-dimensional flow was well captured by the PIV system. The
along-tank and vertical velocities fields output by the PIV software was then imported into Matlab
for further analysis.
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III. QUALITATIVE RESULTS AND ANALYSIS METHODS

A. Snapshots and time series

Figure 2 shows four snapshots taken 3 s apart of a typical full-depth lock-release experiment.
The head of the current did not immediately change shape or speed as it passed over the slope. Being
a surface gravity current, the nose met the surface at an angle, somewhat shallower than 60◦, as
predicted by Benjamin.17

In this experiment, after the current had passed halfway over the slope it began to deform. This
was in response to strong downslope currents that developed in the ambient. The advance of the nose
began to decelerate and the current head evolved so that the mean position of the (albeit turbulent)
interface between the current head and ambient became parallel to the slope itself (Fig. 2(c)). As
the current continued to advance toward the corner, the shear between the ambient downslope flow
and the advancing current strengthened and turbulent billows became more pronounced. Eventually,
the current head reached the corner while the downslope flow well in the lee separated from the
boundary forming a recirculation zone on the scale of the local depth of the ambient.

The advance of the current nose is most clearly demonstrated by constructing a horizontal time
series from a sequence of slices taken along a horizontal line through snapshots from movies of
a particular experiment. For example, the horizontal time series in Figure 3 is constructed from
horizontal slices taken 0.5 cm below the surface of the tank. This clearly shows that the front moved
from right to left at constant speed even while passing over the slope until the nose was about 30 cm
from the upper-left corner of the domain. The nose then decelerated until reaching the corner itself.
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FIG. 2. Snapshots showing a gravity current approaching a slope at times (a) t = 0 s, (b) t = 3 s, (c) t = 6 s, and
(d) t = 9 s after the tip of the current first passed over the slope. Only the left-most 100 cm of the tank is shown with
(x, z) = (0, 0) corresponding to the position where the slope meets the surface. The crossed-hatched region indicates the
region in the tank below the slope. In this experiment g′ = 17.5 cm/s2, H = 30.1 cm, and s = 0.352. The other sloping
lines are drawn on the tank itself and were used to aid in the insertion of slopes in other experiments (enhanced online).
[URL: http://dx.doi.org/10.1063/1.4818440.1].
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Horizontal time series at z = −0.5 cm

FIG. 3. Horizontal time series taken 0.5 cm below the surface along the leftmost 100 cm of the tank for the experiment
shown in Fig. 2. Here t = 0 corresponds the moment when the current nose first passes over the slope.

To be more precise, the front position was tracked in time using the program MatLab. For
example, the front position determined from the horizontal time series in Fig. 3 is plotted by circles
in Figure 4. (Note, the axes in this plot are transposed from the horizontal time series.) A best-fit line
through the first 20 points gave an excellent fit with formula x = −11.9t + 86.0 cm, in which t = 0
corresponds to the time when the nose first passed over the slope. The magnitude of the slope of this
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Front Position and Relative Depth versus Time

FIG. 4. Discrete points (open circles) located along the horizontal time series shown in Fig. 3. The best-fit line through
the first 20 points is plotted as the long-dashed line and the best-fit quadratic through the last 20 points is plotted as the
short-dashed line. The formulae for both lines are given in the inset. Here the origin is set to the position and time where
the current nose first passes over the slope. The right-axis shows the corresponding depth of the ambient relative to the tank
depth, Ha/H, below the nose.
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line gives the current speed, |U0| = 11.9 cm/s, before it decelerates. To the last 20 points in Fig. 4, we
found the best-fit quadratic. This curve also fits very well to the points taken during the deceleration
of the current nose demonstrating that the deceleration is approximately constant. Explicitly, for this
experiment we found x = 0.92(t − 10.4)2 + 1.4 cm, indicating that the nose shoaled into the top
corner of the domain and stopped 10.4 s after the nose first passed over the slope. The deceleration
was 2 × 0.92 = 1.84 cm/s2.

Note that the best-fit quadratic does not capture the propagation of the nose all the way to the
slope, but rather predicts it halts 1.4 cm from the slope. In reality, the current continues to advance to
the slope but at a much slower rate as a consequence of turbulence-enhanced viscosity at the interface
between the current and ambient retarding the final stage of advance. Typically, we find that the
best-fit quadratic well describes the advance of the current while it slows up to a few centimeters
from the slope.

Finally, the transition of the current nose from the constant-speed to constant-deceleration stage
is found by the time at which the speed of the decelerating current matches the speed of the incoming
current. For the example in Fig. 4, the transition occurred 3.9 s after the current first passed over the
slope.

B. Ambient velocities measured by PIV

Snapshots of the velocity field from a typical experiment of a bottom-propagating gravity current
running under a slope are shown in Figure 5. Because of turbulence and light distortions resulting
from mixing of the fresh ambient with the saline current, the velocities measured within the current
are not realistic. However, the plots do well represent the flow of the ambient surrounding the current
head that passes underneath the slope toward the corner at the bottom left of the tank. We denote
this location as the origin and set T = 0 to be the time when the current reaches the corner.

Consistent with previous studies of gravity currents in uniform-depth ambients, Figure 5(a)
shows that the flow near the bottom deflected upward a short distance ahead of the current nose with
negligible motion well ahead of the nose. The flow in the top 10 cm above the current head was
nearly horizontal and opposite to the flow direction of the current. The horizontal speed above the
current was approximately 5 cm/s.

As the current approached the slope, the along-slope flow increased in speed (Figs. 5(b) and
5(c)) with the flow being approximately parallel to the slope between the slope and current head.
Consistent with the behaviour expected of irrotational flow, the flow between head and slope exhibited
negligible shear.

Figure 6 shows time series of the horizontal speed 0.9 cm above the tank bottom and of the
along-slope speed 0.9 cm to the right of the slope. In Figure 6(a), it is clear that the horizontal flow
decreased to negligibly small values approximately 5 cm ahead of the current nose. Meanwhile, the
flow along the slope increased approximately linearly in upslope speed to 5 cm/s before the current
approached so close that distortions to the laser light sheet rendered the analyzed data unreliable.

IV. THEORY

Based upon our observations of the dynamics of a shoaling gravity current, we adapt existing
theory to predict how the advance of the current nose decelerates approaching a corner.

The fundamental equations predicting the speed of a gravity current of arbitrary depth in a
rectangular geometry are first derived by Benjamin.17 Assuming steady state in a frame moving with
the current, the mass and momentum conservation equations were applied upstream and downstream
of the current nose. Assuming there is no mixing along the boundary between the current and ambient,
the flow along this interface can be treated as a streamline. In this way, Bernoulli’s principle can be
applied to relate the upstream and downstream pressure and ambient flow speeds. For a current of
downstream depth h in a channel of depth H, the speed of the current is thus found to be17

U = Frh
√

g′h (1)
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FIG. 5. Snapshots of the velocity field revealed by PIV of a full-depth lock-release bottom-propagating gravity current passing
under a slope. The fresh water ambient depth is H = 26.3 cm, the saline gravity current has density ρ� = 1.0062 g/cm3 and
the slope is s = 1.044 (46.2◦ from the horizontal). The fields are shown at times (a) T = −6.0 s, (b) −4.0 s, and (c) −2.0 s
with the current reaching the corner (at (X, Z) = (0, 0)) at T = 0 s. The region above the slope has been whited out. In all
three plots colors indicate the magnitude of the speed as shown in (a) and white arrows indicate flow direction with their
length indicating speed. The black arrow in (a) indicates the arrow length corresponding to a speed of 4 cm/s.

in which g′ ≡ g(ρa − ρ�)/ρa is the reduced gravity based upon the ambient and lock-fluid densities,
ρa and ρ�, respectively. The Froude number based upon the relative current depth is

Frh =
√

(1 − δ)(2 − δ)

1 + δ
, (2)

in which δ ≡ h/H.
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FIG. 6. (a) Horizontal time series of rightward velocity taken 0.9 cm above the bottom of the tank and (b) time series of the
upslope velocity taken along a diagonal line parallel to the slope and 0.9 cm to the right of the slope. The images are extracted
from the same experiment for which snapshots are shown in Fig. 5.

Additionally assuming conservation of energy, Benjamin17 found that the depth of the gravity
current should span half the depth of the tank, in which case δ = 1/2, and so Frh = 1/

√
2.

In full-depth lock-release experiments the head height is indeed found to span half the depth
of the ambient: h = H/2. This is observed even if mixing occurs at the front between fresh and salt
water. The explanation is that, while there is some energy loss due to mixing, it is negligibly small
compared to the energy associated with the gravity current and ambient.13

For currents released from partial-depth locks, a variety of formulae have been proposed for
the current speed, expressed through Frh. For gravity currents in an ambient of effectively infi-
nite depth, von Kármán16 and Benjamin17 predicted Frh = √

2. This result follows by taking the
limit δ → 0 in (2). The experiments of Huppert and Simpson10 suggested a somewhat smaller
value of Frh = 1.19. However, this was based upon estimates of the current height behind the
nose, which was difficult to measure accurately due to turbulent mixing between the current and
ambient.

In their experimental and theoretical investigation of partial-depth lock-release currents, Shin
et al.13 extended Benjamin’s theory17 by considering the return flow of the ambient into the lock
as well as the advancing flow of the current into the ambient. Assuming that the global energy
loss due to mixing processes was negligible, they found that the depth of a current released from
a partial-depth lock of height D was h = D/2. The corresponding speed of the energy conserving
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current is given by (1) but with Frh replaced by

Frhe = √
1 − δ. (3)

Here the subscript emphasizes that the Froude number is based upon the current head height, h,
and it results from assuming energy conservation. For currents released from full-depth locks for
which δ = 1/2, (3) predicts Frhe = 1/

√
2, consistent with Benjamin’s energy conserving solution.17

However, different from Benjamin’s (dissipative) solution for shallow currents, Shin et al.13 predict
the speed of a shallow energy-conserving gravity current is given by Frhe = 1, not

√
2.

Through the examination of a wide range of full-depth and partial-depth lock-release experi-
ments, Shin et al.13 showed that the depth of the current was indeed approximately half the depth of
the lock-fluid and that the speed was well predicted by (3).

As a gravity current approaches a slope, it is no longer valid to assume that the flow is steady
and energy conserving. The current must slow down as it moves into a shallower region. Either
the head height must decrease as it becomes geometrically constrained or the ambient flow on the
slope beneath the head must increase its downslope speed. Either process acts to reduce the speed
of advance of the current. In the extreme case of a gravity current over a slope approaching a corner,
both processes must act in tandem.

Though effective in predicting the position of a gravity current in wide-ranging circumstances,4

shallow water theory cannot be applied to the problem of a gravity current approaching a corner
because, as demonstrated in Figure 2, the head height becomes comparable to the ambient depth.
Instead, we first take a simple-minded approach to the problem of predicting the motion of a surface
gravity current over varying bottom topography.

Consider the circumstance sketched in Figure 7(a). Here, a gravity current with depth h in the
lee of the nose moves over a slope whose height changes by a small amount over the horizontal
distance between the current nose and its constant-depth tail. We suppose the Froude number is
fixed as the current begins to slow down. Explicitly, denoting the Froude number by F0, (3) gives a
relationship between the head height and ambient depth: h = Ha(x)(1 − F0

2). The position of the
current is thus given by solving the differential equation

dx

dt
= −F0

√
g′h = −F0(g′(1 − F0

2)Ha(x))1/2. (4)

In particular, suppose Ha = sx, which describes topography with constant slope descending down-
ward and to the right from the surface at x = 0. Taking x = x0 as the initial position of the leftward

h
Ha(x)

(a) Gravity Current Over Gradual Slope

η(x)

Ha − η
Ha(x)

(b) Gravity Current Approaching a Corner

FIG. 7. Schematics representing the approach of a gravity current (a) over a gradual slope and (b) as it approaches a corner.
In (a) h represents the (constant) depth of the current far downstream and Ha(x) is the upstream ambient depth. In (b) the
current depth η and total fluid depth Ha are both considered to be functions of horizontal distance x from the corner.
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propagating surface current, the solution of (4) gives the quadratic

x(t) = 1

4
F0

2(1 − F0
2)g′s t2 − U0t + x0, (5)

in which U0 is the initial leftward speed.
Equation (5) predicts the current has a constant rightward acceleration of

a0 ≡ 1

2
F0

2(1 − F0
2)g′s. (6)

In particular, for currents released from a full-depth lock, F0 = 1/
√

2 and the deceleration has
magnitude g′s/8. Shallower incident currents have a smaller rightward acceleration. In the limit
of very shallow incident currents (δ → 0, hence F0 → 1 according to (3)), there is no predicted
acceleration because the topography is assumed to be so far below the current as to be infinitely far
away.

As the current approaches the corner, the assumptions of the theory leading to (5) become
invalid. The shape of the current nose must change in response to the ambient flow moving against
the head. This flow becomes faster as the local depth of the current head becomes comparable to
the local total depth of the fluid. The Froude number is not constant. Our experiments have shown
that the head evolves to form a wedge shape in which the interface between the current and ambient
has the same slope as the topography beneath (e.g., see Figure 2). This circumstance is represented
schematically in Figure 7(b). Here the increase of the current depth with distance from the nose at a
fixed time is represented by η(x). The total depth of the fluid is again represented by Ha(x).

In the representation of the incident current as a wedge, it is no longer meaningful to cast the
dependence of speed upon the head height, h, in the lee. Instead, we take advantage of the observation
that, at a fixed time, the depth of the ambient flow beneath the current, Ha − η, is approximately
constant between the current nose and its far lee before flow separation occurs. At a fixed horizontal
position, the ambient depth decreases in time as the product of the current speed and the interfacial,
hence topographic, slope s. Explicitly,

d�

dt
= s

Ha

dx

dt
, (7)

in which we have defined � ≡ 1 − δ = 1 − η/Ha to be the relative lower layer depth above the slope.
As with Shin et al.,13 we assume that Benjamin’s use of Bernoulli’s principle applied along the

length of the interface is valid even in the presence of turbulent mixing. But we do not assume the
flow is energy conserving. Also, because the advance of the current is slow relative to the ambient
flow speed on the slope, we can make a WKB-like approximation and assume that (1) and (2) hold
with h replaced by η at each horizontal position along the current. In terms of �, the local leftward
speed of the current where the total fluid depth is Ha is

U = 1√
2

√
g′ Ha

[
�(1 − �2)

1 − �/2

]1/2

.

Combining this with (7) and setting Ha = sx gives

d�

dt
= −

√
g′s
2x

[
�(1 − �2)

1 − �/2

]1/2

. (8)

So at a fixed horizontal position, we can determine how the relative depth of the lower ambient
layer changes in time

I (�) = −
√

g′s
2x

t, (9)

in which

I (�) ≡
∫ �

0

[
�̃(1 − �̃2)

1 − �̃/2

]−1/2

d�̃ (10)
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and it has been assumed t = 0 corresponds to the time when the current has reached the corner and
entirely fills the domain (i.e., η = Ha everywhere).

Now consider the time at which the nose first reaches an arbitrary position x along the
slope. In this case � = 1 and I� = I(1) � 2.2873, as determined by numerical integration
of (10). (An analytic solution is given in terms of hypergeometric and Gamma functions:23

I (1) =
√

π3/2 F(−1/2, 1/4; 3/4; 1/2)/[	(3/4)]2.) So, from (9), we have a relation for the nose
position as a function of time

x = 1

2I�2 g′s t2. (11)

The deceleration of the nose is thus predicted to be

a� ≡ 1

I�2 g′s � 0.1911 g′s. (12)

This is about 50% larger than the acceleration, g′s/8, predicted for a full-depth lock-release, energy-
conserving gravity current approaching a gradual slope far from the corner.

Unlike the prediction (6) for currents over a gradual slope, (12) is independent of the Froude
number associated with the incident gravity current. Whether released from a full-depth or partial-
depth lock, the predicted deceleration is the same.

The assumptions leading to (12) are not rigorously well-founded, however. It relies on the
Froude number definition (2), which itself is derived for a steady gravity current with a well-defined
downstream head-height. To what extent this result can be adapted to a decelerating gravity current
with uniformly changing head-height will be tested in Sec. V by comparing the prediction to the
experimental results.

V. QUANTITATIVE RESULTS

We begin by examining the speed of the incoming gravity current generated in full- and partial-
depth lock release experiments. From horizontal time series taken just below the surface, we observe
that the current attains constant speed shortly after release from the lock and it maintains this speed
even as it begins to pass over the slope.

For energy-conserving gravity currents in a rectangular domain, through (1) and (3), the speed
is predicted to be U = √

g′h(1 − δ), in which δ = h/H is the relative depth of the current head and
h = D/2 is the predicted head depth given in terms of the depth, D, of the lock fluid.

Figure 8 compares the observed speed, |U0|, with the predicted speed, U, computed for several
experiments with full-depth and partial-depth lock-release surface gravity currents. The data include
experiments with relative lock-depths as low as D/H = 0.25. At leading order, the theory well-
predicts the speed, as indicated by the proximity of the points to the one-to-one dashed line. The
best-fit line through the data (not shown) gives a slope of 1.05 ± 0.02. This result provides good
confirmation that the prediction of Shin et al.13 well describes the propagation speed of partial as
well as full-depth lock-release gravity currents.

In all experiments, we observed that the leftward-propagating current decelerated as it ap-
proached a corner. We measured the deceleration by finding the best-fit quadratic through points
identified with the front in horizontal time series of the experiments, as shown in Figures 3 and 4.
The magnitude of the deceleration was taken to be twice the coefficient the t2 term in the best-fit
quadratic. In some experiments, the turbulence at the front and the positioning of the camera made
it difficult to measure accurately the front position versus time. Our analysis was applied only to
those experiments for which the deceleration could be measured within 10% errors.

The measured magnitude of the deceleration, |U̇ |, is plotted in Figure 9. According to the
heuristic theories resulting in the predictions (6) and (12), the current’s deceleration over a slope s
is predicted to be proportional to g′s. In practice, we find that most data plotted against g′s indeed
collapse onto a line, although the slope of the line, 0.31 ± 0.01, is about 50% larger than the value
predicted by (12) and is significantly larger than the coefficient appearing in (6). In Simpson,2

similar experiments found U � 0.45g′s. However, those experiments were performed apparently at
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Speed of Approaching Current

FIG. 8. Measured gravity current speed, |U0|, versus the predicted speed for an energy-conserving gravity current in a channel
of depth H released from a partial-depth lock of depth D. As indicated in the legend, full-depth lock-release experiments
are indicated by solid triangles, partial-depth experiments with lock-depth larger than H/2 are indicated by open squares and
partial depth experiments with lock-depth less than H/2 are indicated by open circles. The dashed line indicates where the
measured and predicted speeds would be equal.

low Reynolds numbers so that turbulence between the current and ambient was inhibited. It is likely
that the larger observed acceleration was significant influenced by viscosity.

Whereas the heuristic theories in Sec. IV serve as a guide to intuition, clearly the modeling
assumptions are insufficient to capture the magnitude of the deceleration and the dependence of the
deceleration upon incident current depth. However, (12) does correctly predict the dependence of
|U̇ | upon g′s and its independence from D.

The time at which deceleration begins is determined by the time when the best-fit line through
data tracking the incident current position versus time is tangent to the best-fit quadratic through
data tracking the decelerating current. From this time, we determined the distance, xd, of the nose
from the slope corner where deceleration begins and, from this, we determined the corresponding
depth, hd, of the fluid below the nose at this position. This value, relative to the predicted depth of
the upstream current, h = D/2, is plotted in Figure 10.

In Figure 10(a), values of hd/h are plotted against (Ls − xd)/Ls, in which Ls is the horizontal
extent of the slope. The abscissa represents the relative distance between the start of the slope
and where the deceleration begins. In all cases deceleration begins after the current is already well
over the slope. In many of the full-depth lock-release experiments (solid triangles), the deceleration
begins when the nose has passed halfway over the slope in which case the vertical distance between
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|U̇
|
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slope: 0.31 ± 0.01

Deceleration of Current Nose

FIG. 9. Measured deceleration of the current nose as it approaches a corner plotted against g′s. The best-fit line through the
origin is indicated by the dashed line with the slope indicated. Symbols are the same as those in Figure 8. The typical error
bar for each data point is shown in the top-left corner of the plot.
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(a) Location of Deceleration Commencement
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FIG. 10. Relative depth of fluid beneath nose of gravity current when it first begins to decelerate plotted against (a) the
relative horizontal distance from the start of the slope and (b) the Reynolds number based upon the upstream current speed
and depth, Re=U0h/ν. Symbols correspond to those in Figure 8. Error bars are indicated for each point.

the nose and the slope equals the depth, h = H/2, of the incident upstream current. However, other
full-depth and all of the partial-depth lock-release experiments exhibit no such dependence.

Better insight into what sets the location at which the deceleration begins is provided by
Figure 10(b). This plots values of hd/h versus the Reynolds number, which is based upon the
upstream gravity current speed and depth. Provided the Reynolds number is sufficiently large,
Re � 4000, the gravity current begins to decelerate where the depth of the ambient between the
nose and slope approximately equals the upstream current depth, hd � h. This holds for partial-
depth as well as full-depth lock-release gravity currents. This dependency of deceleration location
upon relative ambient depth beneath the nose is expected because the deceleration of the current is
ultimately determined by the speed of the opposing return-flow of the ambient beneath the current.

For Re � 4000, deceleration begins when the depth below the head is deeper. Although the
Reynolds number is so large that viscosity is expected to be negligibly important, the determination
of the deceleration rate involves determining the best-fit quadratic to position versus time data right
up until the time that the current stops. In lower Reynolds number circumstances, the gravity current
slows at a faster rate over a wider distance from the corner due to turbulence-enhanced viscous
effects at the interface between the current and ambient. By extrapolation of the best-fit quadratic
to earlier times, the tangent of the quadratic to the linear position versus time plot occurs at earlier
times and further upstream positions.

VI. DISCUSSION AND CONCLUSIONS

We have performed experiments to examine the propagation of gravity currents in an ambient
of uniformly decreasing depth. Consistent with a heuristic extension of the theory for steady gravity
currents in a uniform-depth ambient, we find that the currents exhibit a constant deceleration as they
approach a corner. The deceleration is predicted empirically by 0.31g′s with the deceleration starting
where the depth of the ambient between the nose and slope is approximately equal to the upstream
current depth provided the Reynolds number is sufficiently large.

Attempts to predict the advance of a shoaling gravity current based upon the along-slope
Bernoulli flow in the ambient, rather than the horizontal flow over the current head, have failed
to predict the observed constant-deceleration behaviour. Presumably, this is because of the strong
turbulence that develops between the current head and ambient as the current approaches the slope,
which renders invalid the assumption that streamlines in a two-dimensional plane can predict the
upstream pressure. Planned numerical simulations in two and three dimensions may better elucidate
these dynamics.

This fundamental study is intended as a first step toward examining the behaviour of gravity
currents and, by extension, large-amplitude internal solitary waves in non-uniform depth ambients. In
the limit in which the upper ambient depth leading a solitary wave of depression is small compared
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to the wave amplitude, its behaviour is expected to be similar to a gravity current (in which the
leading upper ambient depth is zero). However, at time of writing the theoretical frameworks used
to describe internal solitary waves and gravity currents differ qualitatively. The former relies upon
steady or quasi-steady theory expressing a balance between nonlinearity and wave dispersion;24–28

the latter relies either upon Bernoulli’s principle, which relates upstream and downstream pressure
along streamlines,13, 17 or upon shallow water theory, which requires a front condition specified
empirically from experiments or theoretically Bernoulli-derived energy conserving theories.4, 12

Both approaches start with the assumption that the flow is steady, although WKB-like analyses have
been employed to consider slowly varying background conditions.

Laboratory experiments in a two-layer fluid of solitary waves shoaling upon a shelf and
slope22, 29–32 have focused upon breaking dynamics upon the slope. By setting the upper-layer depth
to zero, we have been able to identify the front of the disturbance clearly and so have characterized
the propagation leading up to the point of breaking.

Future work will aim to synthesize the modeling approaches for gravity currents and large-
amplitude internal solitary waves in order to provide a broader understanding of the phenomenon of
solitary wave and gravity current dynamics in non-uniform ambients.
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