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Internal waves generated from a turbulent mixed region
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Using two nonintrusive visualization methods, laboratory experiments are performed to examine the
internal wave field underlying a turbulent region generated by a vertically oscillating grid. The first
method uses dye-lines to mark the vertical motions of isopycnal layers and the second uses
‘‘synthetic schlieren’’ to visualize the entire wave field. In a range of experiments, the strength of the
stratification is varied so that the buoyancy frequencyN50.33– 1.40 s21. In all cases, large
tank-scale standing wave modes are established which last throughout the experiment. The
amplitudes of the isopycnal lines,Aj , follow a power law relationAj;N21.5. The synthetic
schlieren technique allows us to visualize turbulent eddy-scale waves and to isolate the properties of
the strongest downward propagating waves at the base of the turbulent layer. These waves have a
surprisingly narrow range of frequencies and vertical wavenumbers. The angles of wave
propagation from the vertical for the dominant waves lie in the rangeQ542° – 55°. The amplitudes
in the wave field follow a relationAj;N21.68. These waves are of large amplitude: their vertical
displacement is from 2% to 4% of their horizontal wavelength, a significant fraction of the breaking
amplitude. © 2003 American Institute of Physics.@DOI: 10.1063/1.1530159#
i
cu
n
e
v
e

v

i
ng
re
n

e
r t
a

us
os

te
te
u

ro
g
b

a
ca

at
nd

e
n-

ded
n of
ere
the

the

ce
een

-
ed
ave

ea-
rnal
ge-

We
he
d.

in-
of
ve-

ma
I. INTRODUCTION

Turbulent regions adjacent to stably stratified regions
which internal waves may propagate are a common oc
rence in geophysical flows. For example, the oceanic bou
ary layer is a turbulent layer overlying the seasonal th
mocline and it has been suggested that internal wa
generated at the base of this region may act as a sourc
energy driving deep ocean equatorial currents.1 There has
been recent interest in the observed high rates of mixing o
rough topography. Measurements by Ledwellet al.2 have in-
dicated that internal tides play a major role, although it
uncertain as to where in the water column the mixi
occurs.3 The turbulence over rough topography may be
sponsible for additional generation of internal waves a
may add to the enhanced mixing.

Mixing box experiments4 are useful in understanding th
properties of turbulence without a mean shear in orde
isolate the effects of turbulence alone. The experiments
performed in an enclosed tank and are supplied continuo
with turbulent kinetic energy generated by rapid vertical
cillations of a horizontal grid of bars.

In two classic laboratory experiments, Linden5 and E
and Hopfinger6 examined the deepening of a grid-genera
turbulent mixed layer. In both studies, the entrainment ra
were compared for two-layer and continuously stratified fl
ids, and the internal wave properties were measured f
trajectories of suspended particles viewed by slit lightin
Linden found that the deepening rates were reduced
10%–50% when the region adjoining the mixed layer w
stratified and could therefore support internal waves. He

a!Author to whom correspondence should be addressed; electronic
bruce.sutherland@ualberta.ca
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culated that a significant portion of the energy available
the turbulent interface could be lost to internal waves. E a
Hopfinger considered the variation in entrainment rate,E,
with the local Richardson number, Ri5gDr l / r̄u2, whereDr
is the density jump across the interface,r̄ is the density in
the mixed region, andl and u are the integral length-scal
and rms velocity of the turbulence. They found that the e
trainment rate followed a power law relation ofE
5K Ri2n, with K'3.8 andn'1.5, for both two-layer and
continuously stratified experiments, and thereby conclu
that the entrainment rate was not affected by the radiatio
energy by internal waves. In both cases internal waves w
observed, although the conclusions on the significance of
internal wave radiation of energy to the deepening of
mixed layer differed.

The properties of waves generated in the thin interfa
between a turbulent layer and the adjoining region have b
studied experimentally7–9 and theoretically.10 There has been
some theoretical work by Carruthers and Hunt11 and numeri-
cal studies by Briggset al.12 studying the propagating inter
nal waves from a turbulent region into an adjoining stratifi
region, but few experimental measurements of the w
properties have been made.

The purpose of this paper is to use new laboratory m
surement techniques to analyze the properties of inte
waves that are generated below an approximately homo
neous layer of turbulence that overlies a stratified fluid.
examine a series of mixing box experiments in which t
frequency and amplitude of the grid oscillations are fixe
Only the strength of the stratification is varied.

In this investigation we use two techniques, both non
trusive, to visualize the internal wave field. The first set
experiments involves the use of dye-lines to track the mo
il:
© 2003 American Institute of Physics
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ment of isopycnal layers. The second set of experiments
ploys a new technique called synthetic schlieren13,14 that vi-
sualizes and measures amplitudes of individual w
packets. This method has not been used previously to m
sure internal waves generated from turbulence. An advan
of this technique is the ability to record information on t
entire wave field for the duration of the experiment. T
majority of previous mixing box experiments have been p
formed in tanks with a square horizontal cross section.
facilitate the use of the synthetic schlieren technique we
port on experiments performed in a tank with a large~5:1!
aspect ratio. As a consequence of this geometry, we find
mean circulations develop in the mixing region that exc
relatively large amplitude internal wave modes on the sc
of the tank.

The paper is organized as follows: in Sec. II we descr
the experimental configuration and the dye-line and schlie
analysis techniques; the qualitative experimental obse
tions are described in Sec. III; the frequency spectra and
amplitudes of isopycnal layers in the dye-line experime
are examined in Sec. IV A; the frequencies, vertical wa
numbers, and amplitudes of wave packets propagating f
the turbulent layer, measured by synthetic schlieren, are
vided in Sec. IV B; we discuss the results in Sec. V; in t
Appendix we describe the basic equations used for propa
ing and standing internal gravity waves.

II. EXPERIMENTAL SET-UP AND ANALYSIS
TECHNIQUE

A. Apparatus

Experiments are performed in an acrylic tank of horizo
tal dimensionsW59.7 cm, L547.6 cm, and of heightH
549 cm, as shown in Fig. 1~a!. This geometry allows us to
record wave motions that are quasi-two-dimensional~in the
x–z plane!. The two-dimensional nature has been verifi
with experiments using slit lighting to illuminate the interio
of the tank over only a small fraction of the width.

The tank is initially filled up to 2 cm from the top of th
tank with uniformly salt-stratified water using the standa
‘‘double-bucket’’ technique. The strength of the stratificati
may be represented by the~constant! buoyancy frequency,N,
which is defined by

N252
g

r0

dr

dz
, ~1!

wherer(z) is the background density profile,r0 is a refer-
ence density~'1.0 g/cm3!, andg is the gravitational accel
eration. The initially constant buoyancy frequency ranges
tween 0.33 and 1.40 s21. A stainless steel mixer is inserted
cm from the top of the tank, and 5 cm below the free surfa
of the water. The mixer is a ladder-shaped square grid
hollow cylindrical bars of diameter 0.6 cm spaced 3.2
apart. Rungs extend 2 cm beyond the struts of the ladde
the ends of the bars extend to within 3 mm of the walls
order to minimize the development of a secondary fl
along the tank walls.6,15 When switched on, the mixer move
vertically with a frequency of 7 Hz and with a peak-to-pe
stroke length of 2.6 cm.
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A digital camera is positioned a distanceLcamera'4 m
from the tank. The recorded images in thex–z plane are
analyzed using the image processing software pack
DigImage,16 and are described further in Secs. II B and II

A conductivity probe traverses downward through t
tank, measuring the density profile before and after an
periment. Figure 1~a! shows the typical results. The dotte
line, the density profile after the experiment is comple
shows the extent of the interface between the mixed reg
and the stratified region.

FIG. 1. The experimental configuration for the two methods. In~a! are the
tank dimensions. The tank is filled with uniformly salt-stratified fluid and
turbulent mixed layer is created at the top~shaded region! of the tank by the
oscillating grid. A sample density profile before and after an experimen
included. The dye-line experimental configuration in shown in~b! and the
synthetic schlieren configuration in~c!.
IP license or copyright, see http://ojps.aip.org/phf/phfcr.jsp
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B. Dye-line technique

In the first set of experiments, rhodamine dye is adde
the sponge float three times during filling in order to ma
three isopycnal layers. This dye is illuminated throughout
interior of the tank by a bank of fluorescent lights on t
right-hand side of the tank. A sheet of black paper is faste
to the back of the tank. The plan view of the configuration
shown in Fig. 1~b!. A pearlescent dye~Mearlmaid Natural
Pearl Essence! is distributed across the top of the tank pri
to the start of the experiment. This dye is composed of
reflective plates which highlight shear motions. Details
using this dye to measure turbulence time- and length-sc
are described in Dohan and Sutherland.17

The time evolution throughout an experiment of the v
tical position of the three dye-lines can clearly be seen i
vertical time series, shown in Fig. 2 for the first 150 s of
experiment in whichN50.79 s21. Also evident from the
lower extremity of the top dark region in this image is t
position of the base of the mixing region. The time series
constructed from the digitized images of the experiment
storing the pixel column atx529.9 cm ~29.9 cm from the
left-hand side of the tank! at successive time steps in a sing
image. The temporal resolution is limited by the stand
NTSC video frame rate and can be as small as 1/30 s.
resolution of the image shown in Fig. 2 is 0.3 s. In all o
experiments 23 vertical time series are taken simultaneo
at 23 evenly spaced horizontal positions betweenx51.4 and
x546.2 cm.

The image in Fig. 2 has been enhanced with a false-c
gray scale. The intensities of the rhodamine dye-lines
related to the dye-layering process and are not significan
our investigation. There is negligible diffusion of the dy
lines for the duration of the experiment. The bottom of t

FIG. 2. A sample false-color vertical time series image for an experim
with N50.79 s21. The horizontal location of the time series is atx
529.9 cm from the left-hand side of the tank. The bottom of the turbu
region is approximately atz528 cm. The vertical motions are tracked b
the three dye-lines~dark bands! at isopycnal layers with mean vertical po
sitions 5.4, 12.7, and 20.5 cm above the bottom of the tank.
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mixed layer is marked by the vertical extent of th
pearlescent-dyed region. This dye, which is initially in
layer at the level of the mixer, is quickly distributed throug
out the mixed region in the initial deepening process~the
first 10 s! and subsequently marks the base of the region~to
within 0.5 cm!.

By matching contours to the dye-lines in such time s
ries, the amplitudes and frequencies in the wave field can
measured.

C. Synthetic schlieren technique

The technique of synthetic schlieren13 is the second
method used to visualize the internal wave field. This meth
exploits how the index of refraction varies with salinity
measure very small wave amplitudes. Under ideal con
tions, in our experiments displacements as small as 0.001
can be detected.

The experimental configuration is shown in Fig. 1~c!. A
45345 cm translucent screen of horizontal black and wh
lines is placedLs551.2 cm behind the long side of the tan
The lines are 0.25 cm thick and spaced 0.25 cm apart. A b
of fluorescent lights is placed 25 cm behind the screen
illuminates the screen through the tank. A digital camera
positioned a distanceLcamera5420 cm in front of the long
side of the tank. The field of view is set to include the ent
image of the screen as seen through the tank. In synth
schlieren, no dye-lines are introduced.

The synthetic schlieren technique is based on the de
of deflection of light as it travels through a stratified mediu
The stronger the stratification, the greater the deflection.
they pass through a continuously stratified fluid, intern
waves stretch and compress isopycnal surfaces thereb
cally adjusting the stratification. Thus the image of the tra
lucent screen becomes distorted as viewed through the
by the digital camera. By measuring the distortion of t
image, that is, by determining the apparent local vertical d
placement,Dz, of the horizontal lines in the image, synthet
schlieren indirectly measures the amplitudes of the inter
wave field. Explicitly, assuming the waves are uniform a
plitude across the width of the tank, the changes in the d
sity gradient are related toDz according to

DN2 .2aDz. ~2!

HereDN2 is the change in the squared buoyancy freque
due to changes of the vertical density gradient induced
internal waves. In our experiments, the proportionality co
stanta57.4 s22 cm21 is based on the tank width, the dis
tanceLs , the relative position of the bottom of the tank wit
respect to the camera, and physical constants such as gr
and the indices of refraction of air, water, and salt water.@For
more details on the determination of this constant see S
erlandet al.13 Eq. ~2.11!.#

As well as measuring the apparent displacement,Dz, of
a point on the image from its original position, it is ofte
useful to measure the displacement of a point after a sm
time stepDt. In this way the time derivative of theDN2

field, Nt
2, is measured:

Nt
2.2aDz/Dt, ~3!

t

t
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whereDz is now the relative displacement of a point on t
image between successive times.

Formulas~2! and~3! are exact only for two-dimensiona
internal waves having constant amplitude across the widt
the tank. In our experiments, we find the horizontal scale~in
the x direction! of the internal waves generated by turbule
jets to be on the order of 10 cm, comparable to the width
the tank. Hence we anticipate that the waves are quasi-
dimensional and that the amplitudes we measure reason
represent the spanwise average.

From theDN2 field, one can use linear theory to es
mate the vertical and horizontal velocity fields. Likewise, t
vertical displacement field,j, can be determined from theNt

2

field. Because the latter field can be determined consiste
even for large amplitude perturbations, typically theNt

2 field
is computed. We setDt50.3 s, much smaller than the buo
ancy period but large enough to give a substantial sig
from the wave field.

Vertical time series are used to examine the tempora
well as spatial behavior of the wave field. An example o
time series of theNt

2 field is shown in Fig. 3. The image i
enhanced with a false color representation. The temp
resolution is 0.3 s and the duration of the time series is 15
Because synthetic schlieren is sensitive enough to de
slight thermal variations the image is further enhanced w
bandpass filtering to remove high and low frequency ther
variations and high frequency electronic noise. The bas
the turbulent region is traced by the descending white reg
near the top of the image which extends to approximately
cm. The frequencies,v, and vertical wavenumbers,kz , of
the internal waves below the mixing region can be measu

FIG. 3. A sample vertical time series of aNt
2 field for an experiment with

N51.06. The horizontal location of the time series is atx536.9 cm from
the left-hand side of tank. The bottom of the turbulent region is appro
mately atz527 cm. The color scaling is provided. The amplitudes of t
field lie in the range20.2,Nt

2,0.2 s23.
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directly from these images with the use of Fourier tran
forms.

III. QUALITATIVE OBSERVATIONS

At the start of an experiment, the turbulent region dee
ens rapidly within approximately the first 10 s. Dependi
upon the strength of the stratification, it continues to dee
approximately another 5 cm over the next 2–3 min. Expe
ments with homogeneous fluid17 have shown that the mixed
region will extend to the entire depth of the tank after a
proximately 40 s. Thus, the dynamics of the first 150 s c
ture the process of both the initial establishment of a mix
layer as well as the evolution of the nearly statistically stea
state. In all experiments two counter-rotating vortices
established within the turbulent region. The vortices are o
ented with rotation vector out of the front of the tank~along
the y-axis in Fig. 1! with upwelling at the sides, and down
welling in the center of the tank. This overall circulation
believed to be a consequence of the high aspect ratio of
tank because turbulent motions with length-scales gre
than W are confined to thex–z plane.17 Embedded within
these vortices are fast time-scale and small length-scale
dies. The base of the region is deformed by 5- to 10-cm-w
turbulent jets that push vertically down into the stratifi
region at random positions along the length of the tank.

Large tank-scale waves are generated below the mix
region within seconds of the start of the experiment. T
waves resemble ‘‘mode 1’’ or ‘‘mode 2’’~in the horizontal!
standing waves in the tank, with mode 2 most frequen
observed. Both modes are quasi-two-dimensional, exhibi
negligible variation across the width of the tank. Figure
shows typical tank-scale internal wave dynamics. The d
line contours are synchronized for the first 40 s of the ti
series; such motion is characteristic of internal wave mod
After 40 s transient wave packets destroy this regular
These wave packets travel down through the th
rhodamine-dyed isopycnal layers, a feature which is see
many experiments. The transient wave packets have hori
tal wavelengths on the order of one-quarter of the tank len
and are observed to be generated from the above-desc
smaller scale turbulent jets.

The particular modal structure to the wave field can
seen in Fig. 4, which plots the vertical displacement o
dye-line over 100 s for both a strongly stratified and
weakly stratified experiment. In both cases initially the ov
all structure to the wave field is mode 1 (lx52L with node
in the center of the tank!. For the strongly stratified experi
ment@Fig. 4~a!#, after approximately 1 min the modal struc
ture switches to mode 2~with horizontal wavelengthlx5L
and nodes atx5L/4,3L/4). Traveling waves are observed
both experiments@for example, beginning att550 s in Fig.
4~b!#, but the overall standing wave structure can be s
throughout the duration of the time series.

The standing waves are on the scale of the coun
rotating vortices in the turbulence. The vortices, althoug
permanent feature in the turbulence, are not perfectly stat
ary and irregularly force the fluid beneath on the scale of
tank. The standing waves persist for the duration of the

i-
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periments with amplitudes that are maintained through
the experiment and damp down on a time-scale on the o
of 50 buoyancy periods after stopping the mixer. This sho
that these waves do not develop as a consequence of
sient start-up dynamics. Rather, they are continuously
vigorated by the action of the counter-rotating vortices pu
ing down on the bottom of the mixed region.

IV. QUANTITATIVE RESULTS

A. Tank-scale internal waves

To plot displacement as a function of time at three v
tical levels, we fit a contour to the bottom flank of the tim
series image of each dye-line. Each contour is decompo
in a Fourier series and from this the average amplitude of
vertical displacement is determined as a function of f
quency. The results determined from a moderately strati
experiment are shown in Fig. 5, which plots the amplitud
of the three dye-line contours in Fig. 2 along with the a
plitude of the base of the mixing region. The amplitudes
calculated from the full 150 s of the time series. The first
of plots, Figs. 5~a!–5~d! are calculated from a single tim
series, taken atx529.9 cm, a location chosen to avoid th
locations of the nodes of the first two horizontal modes of
tank ~the dominant tank-scale motions in all experiment!.
The vertical displacement spectrum is spread throughout
range of allowable wave frequenciesv,N.

FIG. 4. Horizontal time series of the vertical displacement from start p
tion of the middle dye-line for~a! a strongly stratified experiment,N
51.40 s21 and ~b! a weakly stratified experiment,N50.46 s21. The color
scale for both time series is provided at the side panel and is given in
of centimeters.
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The base of the mixing region@Fig. 5~a!# exhibits a
broad band of frequencies including those well above
buoyancy frequency. No distinct peaks appear except fov
'0. Because the location of the mean position of the bas
the turbulent region changes gradually with time and
mean position of the dye-line contours is arbitrary, the me
value, corresponding tov50, has been removed in all plots

The turbulent motions excite both propagating (v<N)
and evanescent (v.N) waves. In Figs. 5~b!–5~d! ampli-
tudes are peaked at distinct frequencies and there is relat
little energy in motions with frequencies greater thanN.
The vertical dotted line indicates the value of the buoyan
frequency for this experiment,N50.79 s21. The equations
for the modes of the tank are described in the Append
The vertical dashed lines in Figs. 5~b!–5~d! indicate the pre-
dicted frequencies of the lowest modes of the tank w
wavenumbers given by~A3! using (n,m,p)5(1,0,0),
~2,0,0!, and~1,0,1!, and depthH527 cm.

The second set of plots, Figs. 5~e!–5~h!, show the aver-
age of the amplitude measurements for the 23 time se
across the tank. These plots are typical of all the exp
ments. The spectrum, though broad, has dominant peaks
decays forv.N and forv close to zero. The frequencies o

i-

its

FIG. 5. Average amplitudes of contours of the dye-lines from the vert
time series in Fig. 2 as calculated from the Fourier series components.
amplitudes are given for~a! the base of the mixing region,~b! the top,~c!
the middle, and~d! the bottom dye-line. The plots on the left-hand sid
@~a!–~d!# are the amplitudes calculated from the single time series of Fig
taken at the horizontal positionx529.9 cm. The plots on the right-hand sid
@~e!–~h!# are the average amplitudes for 23 time series taken across the
The dotted vertical line denotes the value ofN and the dashed vertical line
denote the value ofv corresponding to the first three modes of the tank,
indicated in~d! and ~h!.
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the first three standing wave modes, indicated by the do
lines, are not coincident with the dominant observed frequ
cies. The peaks are likely associated with a superpositio
modes with comparable amplitudes or with modes havin
more complex vertical structure.

Because the spectrum is spread over a range of freq
cies, an alternate description of the amplitude of the inter
waves is used. Root-mean-square amplitude measurem
of the contour lines in each of the 23 time series across
tank are calculated for timest520– 150 s. This eliminates
the time lag in establishing the waves. The modal structur
reconstructed by measuring the variation of the rms am
tude as a function of the horizontal position from which t
time series is extracted for each dye-line. For example,
rms amplitude has a minimum at the center of the tank
two maxima at the sides of the tank for experiments w
dominant mode 1 standing waves. The approximate am
tude of the wave motion itself is found by multiplying th
rms amplitude by 21/2. For perfectly sinusoidal waves of th
form A sin(vt), the procedure of finding the rms amplitud
and multiplying by 21/2 gives the amplitudeA.

Figure 6~a! plots the measured maximum amplitude
the middle dye-line plotted against the buoyancy freque
for a range of experiments. In general, we find a decrea
trend in the amplitude with increasing buoyancy frequen
Figure 6~b! plots the same results on a logarithmic scale. T
slope of the best-fit line has a value of21.5060.08. The
same analysis is performed on the top and bottom dye-li
using either the average amplitude across the 23 time s
or the maximum amplitude, and starting fromt50 or t
520 s. In all cases the slope of the best-fit line ranges
tween 21.29 and21.54 with an average value of21.5
60.2. If only the maximum value is used, the slopes

FIG. 6. ~a! The variation in amplitude,Aj , of vertical isopycnal fluctua-
tions, j, with buoyancy frequency across all experiments, and~b! log–log
plot of the data. The best-fit line to the logarithmic data is included, and
a slope of21.5060.08.
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between21.45 and21.54, for all dye-lines and for both
temporal ranges. This suggests a power law relation of
form

Aj;N21.5, ~4!

whereAj denotes amplitude of the vertical displacement
isopycnal lines.

B. Synthetic schlieren results

In contrast to the dye-line observations, the stand
waves are not the dominant feature captured by the synth
schlieren images. This is because synthetic schlieren is
sitive to small-scale variations. For example, the synthe
schlieren image in Fig. 3 is dominated by turbulent jet-sc
downward propagating waves. The modal large-amplitu
waves are seen as the superimposed regular chevron s
tures in theNt

2 field throughout the background of the imag
It is the transient wave packet bursts that have the stron
signal. The ability to resolve the transient waves from t
tank-scale modes is another advantage to the synth
schlieren technique. TheNt

2 field captures the signal due t
downward propagating waves generated from the base o
turbulent region: the corresponding phase lines move upw
in time.

Fourier transforms are used to determine the vert
wavenumbers and frequencies of the internal waves.
power spectra results of theNt

2 field in Fig. 3 are determined
from the squared discrete Fourier coefficients and are gi
in Fig. 7~a!. The transform is computed from a window o
the field ranging betweent50 – 150 s andz517– 27 cm.
This range is chosen to maximize the temporal range w
limiting the vertical range to below the base of the mixin
region. We find that the amplitudes of the wave packets
crease as they travel downward away from the mixing reg
and the signals from the standing waves rival the sign
from the transient wave packets near the bottom of the ta
Attenuation of the signal from the downward propagati
wave packets is likely due to both viscous and dispers
effects since time-scale calculations of both effects rev
values on the same order as those for wave propagation
order to measure the properties of the transient downw
propagating waves, the bottom of the stratified region
therefore excluded from the Fourier series.

The most notable feature of the spectrum in Fig. 7 is t
the frequencies and wavenumbers are localized arounv
50.5860.02 s21 andkz520.760.3 cm21. To characterize
the overall frequencies in the field, rather than simply tak
the maximum value of the peak, the power spectra are a
aged over all vertical wavenumbers. The result is given
the dashed line in Fig. 7~b!. The plot illuminates the broad
spectral nature of theNt

2 field, but clearly shows a drop-of
of frequency after the buoyancy period, indicated by the v
tical dotted line, and a peak aroundv50.59 s21. To deter-
mine the approximate peak of the frequency spectrum,
averaged data are smoothed by a Gaussian running ave
with a bin size of 0.1 s21. The results of the smoothing ar
given in Fig. 7~b! as the solid line, and give a peak frequen
of 0.61 s21.

s
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A similar method is applied to the wavenumber spec
the results of which are given in Fig. 7~c!. The vertical wave-
lengths of the internal waves are approximately the size
the transform window and thus the Fourier series cannot w
resolve those values. The smoothing operation gives a m
reliable estimate of the vertical wavenumber. Here the
size for the Gaussian smoothing is 0.5 cm21, approximately
the extent of the vertical wavenumber resolution. The ma
mum of the smoothed curve occurs atkz520.68 cm21.
Though the errors are comparable to the value ofukzu itself,
this analysis at least reaffirms that the spectral analysis
tures downward propagating waves.

For a statistically more accurate measure of the frequ
cies present throughout the entire wave field, rather than
single horizontal position, the power spectra are calcula
for eachNt

2 field and then averaged across all 23 time ser
resulting in the single power spectra given in Fig. 8~a!. The
same averaging and smoothing method is applied to the
eraged spectra, the results of which are in Figs. 8~b! and 8~c!,
and shown on the same scale as Fig. 7. The averaging
cess does not increase the breadth of the spectrum. How
the profiles exhibit less pronounced peaks. For this partic
experiment we findv50.62 s21 andkz520.61 cm21.

The power spectra analysis is performed on all exp
ments, and the peak values for the averaged spectra are
in Fig. 9, plotted againstN. In Fig. 9~a! the measured fre
quencies follow an increasing trend, and in Fig. 9~b! the
measured vertical wavenumbers, although difficult to

FIG. 7. The frequencies and wavenumbers present in Fig. 3. In~a! is the
power spectra of the vertical time series in Fig. 3 for the ranget
50 – 150 s andz517– 27 cm. The contours are every 631025. Thekz–v
spectra is averaged over allkz values, and the resultingv profile is given as
the dashed curve in~b!. The solid line is the Gaussian smoothing to thev
profile. The vertical dotted line indicates the buoyancy frequency. In~c! is
the kz profile from thekz–v spectra averaged over allv values, as well as
the smoothed data.
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solve, seem to follow a decreasing trend. To eliminate a
bias between experiments based on transform box size
fields are Fourier transformed fromt50 to 150 s and from
the base of the mixing region to 10 cm below the mixi
region. Figure 9~c! shows the corresponding horizont
wavenumber,kx , calculated from the measured valuesv, kz ,
andN, and using the linear dispersion relation~12!.

To measure the amplitudes of the waves in the tank,
rms average of theNt

2 field is calculated fort530– 150 s and
the result is multiplied by 21/2. The first 30 s is not included
in the average in order to ensure a fully developed wa
field. For example, the results for the experiment in Fig
are given in Fig. 10. In Fig. 10~a! are the amplitude result
for the singleNt

2 field. The wave amplitudes, although fluc
tuating, tend to decrease with distance away from the tur
lent region~approximately atz527 cm). The average of al
23 time series across the tank is given in Fig. 10~b!. The
dashed lines indicate the standard deviation of the 23 t
series.

To characterize the overall amplitude of the waves
each experiment, a best-fit line is taken throughz
514– 25 cm@dotted line in Fig. 10~b!# and the amplitude a
the base of the turbulent region is calculated based on
best-fit line. The results of this calculation over all expe
ments is given in Fig. 11~a!. For Boussinesq linear plan
waves in a uniformly stratified fluid, the amplitude of theNt

2

field, AN
t
2, is related to the vertical displacement,Aj , by13

AN
t
25kzvN2Aj . ~5!

FIG. 8. Average frequency and wavenumber information for the experim
in Fig. 3.~a! The individual power spectra are calculated for each of 23 ti
series across the tank, then averaged. The individual frequency and ve
wavenumber profiles are calculated as in Figs. 7~b! and 7~c!, respectively,
from the averaged spectra in~a!. All plots are on the same scale as Fig. 7
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In Fig. 11~b! is the calculated vertical displacement amp
tude determined in each experiment based on the prev
results forv, kz , andN. The amplitude measurements ge
erally have a decreasing trend. To compare these result
turbulent jet-scale waves with those of tank-scale wa
@Fig. 6~b!#, the best-fit line to the logarithmic plot of th
vertical displacement is shown in Fig. 11~c!. The slope of the
best-fit line suggests a power law relationship of the form

Aj;N21.68. ~6!

To illustrate the significance of the vertical displaceme
amplitude of these waves, in Fig. 12Aj is divided by the
corresponding horizontal wavelength,lx ~as calculated from
kx), and plotted against the angle of propagation of
waves with respect to the vertical,Q. Explicitly, Q
5tan21(ukzu/kx)5cos21(v/N). Linear theory predictsAj /lx

andAN
t
2 are related by

Aj

lx

5

AN
t
2

N2kzv

1

2p
A kz

2v2

N22v25
1

2p

1

N2AN22v2
AN

t
2

~7!

so that the calculation of relative amplitude does not invo
the measured values ofkz andkx .

FIG. 9. The trend in dominant internal wave frequencies and wavenum
with experimental parameterN calculated from the peaks of the averagev
andkz profiles such as in Figs. 8~b! and 8~c!. Horizontal wavenumbers,kx ,
are calculated fromkz , v, andN. The best-fit line to the frequency data an
the origin, (v,N)5(0,0), is shown in~a! and has a slope of 0.7160.05.
This trend corresponds to waves with an angle of propagation to the ve
of Q545°.
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Surprisingly, we find that across all experiments t
properties of the dominant small-scale waves collapse on
narrow range of relative amplitude and angles of propa
tion.

Included in Fig. 12 are the critical amplitudes for tw
types of internal wave instabilities. For plane internal wav
to become statically unstable, relatively dense fluid is lift
by the waves to the extent that it overlies less dense fl
The critical relative amplitude for this instability is given b

Aj

lx
[AOT5

1

2p
cotQ, ~8!

where ‘‘OT’’ denotes overturning. The second instability
one in which waves interact resonantly with the wav
induced mean flow. The critical amplitude, when the ma
mum horizontal velocity of the wave-induced mean flo
matches the horizontal group velocity of the waves, is giv
by

ASA5
1

2p&
sin 2Q. ~9!

The ‘‘SA’’ denotes self-acceleration condition. Details can
found in Sutherland.18

Our analyses show that the waves generated below
turbulent mixing region are large in that their vertical di
placement amplitude is 2%–4% of their horizontal wav
length and approximately one-quarter of the amplitude
which they would break.

The angles of wave propagation to the vertical all
within Q542° – 55°, with an average value of 50°. Thu

rs

al

FIG. 10. Amplitude measurements of theNt
2 field. In ~a! the amplitude of

the Nt
2 field in Fig. 3 is calculated from the rms average across times 3

150 s resulting in a value for the field as a function ofz. In ~b! is the average
and standard deviation~dashed lines! of the profiles for the 23 time series
across the tank. The best-fit line used to calculate the overall value fo
amplitude at the base of the turbulent region is included~dotted line!. The
base of the turbulent region extends toz527 cm and is marked by the
horizontal line.
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although turbulent eddies can excite a broad frequency s
trum, the largest amplitude waves have a frequency that i
approximately constant function ofN.

Although the amplitude of the waves is large enough t
nonlinear effects may become important, it is unlikely th
such weakly nonlinear effects as wave–wave interactions
come significant during the course of an experiment. C
roborating evidence is given by experiments by McEwa19

designed to examine interactions between free wave mo
and a forced standing wave. He found that the growth
secondary modes depended on the amplitude of the fu
mental modes and the buoyancy frequency such that foN
between 0.35 and 1.69 s21 the critical~nondimensional! am-
plitude Aj /lx ranged from 0.01 to 0.03. Indeed, the amp
tudes of the strongest waves observed in our experiment
within this range. However, even in the ideal circumstance
the monochromatically forced experiments, the evolution
secondary waves required times on the order of 40 buoya
periods, longer than the duration of our experiments.

V. DISCUSSION AND CONCLUSIONS

Dye-line and schlieren analyses reveal two scales of
ternal wave motions. The large-scale motions have a mo
~tank-scale! structure and small-scale transient wave pac
bursts are observed on the scale of the turbulent jets. T

FIG. 11. The overall amplitude measurements of the schlieren experim
as a function of the stratification,N. In ~a! is the amplitude of theNt

2 field.
In ~b! is the vertical displacement amplitude,Aj calculated using~5!. In ~c!
is the vertical displacement amplitude,Aj on a logarithmic scale and the
best-fit line with slope21.6860.04.
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results suggest that there are two mechanisms for gener
internal waves from the turbulence in our experimental s
ation. One generation mechanism appears to be the
counter-rotating vortices in the turbulence. The other is fr
‘‘bursts’’ of turbulent jets that break into the stratified regio
These bursts are not on the scale of the smallest eddies
rather on an intermediate scale between the smallest ed
and the tank-scale circulation. Our observations suggest
the two wave excitation phenomena are decoupled.

A high aspect-ratio tank has necessarily been used
these experiments in order to visualize and measure qu
two-dimensional waves. Even in mixing box experimen
performed in tanks with square horizontal cross sectio
large-scale circulations are observed to develop in the mix
region. An advantage of the high aspect ratio geometry
that we can analyze the structure of the circulation and
tank-scale internal wave modes it generates. We are also
to measure the scale of turbulent jets that excite downw
propagating waves. Because the scale of these jets is on
order of the tank width, we are able to measure the w
characteristics, such as frequency and amplitude, using
thetic schlieren.

Although a range of frequencies may potentially be e
cited by the turbulence, the wave spectra exhibit a limi
frequency range. The dominant frequencies depend on
strength of stratification. However, the angle of propagat
of the dominant waves occurs in a narrow range across
experiments.

There are two possible explanations: instability and re
nance. To demonstrate the former, the line labeled ‘‘SA’’
Fig. 12 is the line of maximum relative amplitude of th
waves for each angle before they become unstable in
sense of self-acceleration instability. Waves with angles
45° can have the largest relative amplitudes before becom
unstable. Because the observed amplitudes are app

FIG. 12. The relative amplitudesAj /lx of the downward propagating in-
ternal waves plotted against their angle of propagation to the verticalQ.
The curve denoted ‘‘SA’’ is the critical relative amplitude at which th
waves at that angle should become unstable by self-acceleration. The
denoted ‘‘OT’’ is the relative amplitude at which the waves should overtu

ts
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mately 25% of that required for breaking, this explanati
seems unlikely.

It is more likely that the waves are excited through re
nant feedback with the turbulence. For example, consider
vertical flux of horizontal momentum, given by the Reynol
stressr0^uw& ~where the angular brackets denote averag
over one period!, which can be written for small-amplitud
waves in terms ofAj by

r0^uw&5 1
4r0N2Aj

2 sin~2Q!. ~10!

The maximum transport by internal waves occurs whenQ
545°. Likewise, the vertical energy flux per unit horizont
area carried by waves of amplitudeAj can be expressed by

Fz5
1

2

r0Aj
2N3

kx
sinQ cos2 Q. ~11!

The maximum vertical energy flux occurs forQ535°, the
angle at which the vertical group velocity is greatest. Sin
waves transport energy and momentum away from the
bulent region, waves withQ in the range 35°–45° may ac
most efficiently to modify the turbulence in a way that e
hances their excitation.

The observation of a narrow frequency spectrum of
ternal waves generated by turbulence has often been
served, though not quantitatively examined. For example
the experiments of Linden5 the internal waves typically
propagated at an angleQ.35° to the vertical.

The amplitudes of both the large- and small-scale in
nal waves are observed to scale with buoyancy frequenc
Aj;N2p with p51.50 for large-scale waves andp51.68
for small-scale waves. This power law scaling can largely
explained if we assume that the vertical energy flux, given
~11!, is constant in all experiments, in which caseAj

;N23/2. Indeed, this is a reasonable assumption since
ergy is supplied to the waves by the turbulence, and
dynamics of the mixed region are unaffected by the stren
of the stratified fluid beneath.17

Langmuir circulations20 are wind-driven flows that are
characterized by counter-rotating cells in the surface mi
region of the ocean. Though Langmuir cells also exh
shear along the length of the cells, these circulation cells
span the depth of the mixed layer and border the underly
stratified thermocline. Thus, the existence of large amplit
internal waves generated from counter-rotating cells emb
ded in a turbulent layer in our experiments illustrates a
tential new mechanism for internal wave generation in
surface mixed region of the ocean.
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APPENDIX: STANDING WAVE EQUATIONS

We assume an inviscid Boussinesq fluid in the abse
of any shear. For plane periodic waves, the linear disper
relation is given by
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v5NA kx
21ky

2

kx
21ky

21kz
25N cosQ, ~A1!

where kx , ky , and kz are the along-tank, across-tank, a
vertical wavenumbers, respectively,v is the wave frequency
andQ is the angle of propagation to the vertical.

The largest scale internal waves observed in the exp
ments typically are a superposition of standing wave mod
In a bounded domain the range of wavenumbers is limited
a discrete number of modes. Requiring no normal flow ou
the bottom or side walls of the tank, the vertical displac
ment field is given in a coordinate system with the origin
the bottom corner of the tank as follows:

j5Aj cos~kx
nx!cos~ky

my!sin~kz
pz!e2 ivt. ~A2!

Here Aj is the amplitude and the wavenumber compone
now hold the discrete values

~kx
n ,ky

m ,kz
p!5S n

p

L
,m

p

W
,~p11/2!

p

H D , ~A3!

with n, m, andp being non-negative integers. HereL andW
are the length and width of the tank, respectively, as sho
in Fig. 1. The top of the stratified region, atz5H, is
bounded by a turbulent region. In deriving~A2! and ~A3! it
is assumed that the amplitude of the waves with respectz
is largest at the base of the mixing region, the source of
internal wave energy.
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