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Abstract Previous experiments that have examined the

generation of internal gravity waves by a monochromatic

source have been restricted to small amplitude forcing in

Boussinesq stratified fluids. Here we present measurements

of internal waves generated by a circular cylinder oscil-

lating at large amplitude in a non-Boussinesq fluid. The

‘synthetic schlieren’ optical measurement technique

(Sutherland et al. in J Fluid Mech 390:93–126, 1999) is

extended to stratifications in which the index of refraction

of the fluid may vary nonlinearly with density. The method

is applied to examine disturbances in approximately uni-

formly stratified ambient fluids consisting either of sodium

chloride (NaCl) or sodium iodide (NaI) solutions whose

concentrations increase to near-saturation at the bottom of

the tank. In particular, we report upon the first extensive

measurements of the optical properties of NaI solutions as

they depend upon concentration and density. Applying the

results to experiments, we find that large amplitude forcing

generates a patch of oscillatory turbulence surrounding the

cylinder, thereby increasing the effective cylinder size and

decreasing the amplitude of the waves in comparison with

the predictions of linear theory. We parameterize the

influence of the turbulent boundary layer in terms of an

effective cylinder radius and forcing amplitude.

1 Introduction

Internal gravity waves propagate horizontally and vertically

in a density stratified fluid due to buoyancy restoring forces.

They are an important medium for energy and momentum

transport in the atmosphere and oceans, acting to modify the

mean flow and to mix the ambient fluid in regions of wave

breaking. The present parameterization of internal wave

dynamics in General Circulation Models for the atmosphere

is based largely upon linear theory. These use heuristics to

predict the amplitude at which waves are generated and the

height at which they break, either as a result of encountering

a critical level or due to anelastic growth. The latter refers to

increase in wave amplitude as the waves move upward into a

substantially less dense ambient. In the atmosphere this

distance is measured by the density scale height, on the order

of 8 km. Recent numerical and theoretical work (Sutherland

2006) has called these linear theory heuristics into question

by pointing out that weakly nonlinear effects can either

enhance or retard the amplitude growth of an internal

wavepacket.

Experimental research into internal wave dynamics so far

has exclusively focused on waves in Boussinesq fluids

resulting from salt stratifications of NaCl solutions that can

be made with relative ease and inexpense in the laboratory.

Here we use the term Boussinesq to describe flows in which

background density variations are small over the vertical

scale of the motion. While the Boussinesq approximation is

valid for the description of oceanic internal waves, it is less

accurately applied to atmospheric waves that propagate over

vertical scales larger than the density scale height (Ogura

and Phillips 1962; Batchelor 1953; Lipps and Hemler 1982).

This paper reports on a non-intrusive technique that has been

extended to allow the study of the structure and amplitude of

non-Boussinesq waves in laboratory experiments, in which
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case the background density profile varies significantly over

the fluid depth.

The generation of internal waves from a small amplitude

monochromatic localized source has been studied exten-

sively in theory (Makarov et al. 1990; Voisin 1991). In

particular, Hurley and Keady (1997) presented an approx-

imate solution for Boussinesq waves generated by a

cylinder oscillating at small amplitude in a viscous fluid.

Theory predicts that four wave beams emanate from the

cylinder at a fixed angle to the vertical in a ‘St. Andrew’s

Cross’ pattern (Voisin 1991). The angle is set by the fre-

quency of oscillation of the cylinder relative to the

buoyancy frequency, which in the Boussinesq approxima-

tion is given by

N ¼ � g

q0

d�q
dz

� �1
2

: ð1Þ

Here g is the acceleration due to gravity, q0 is a charac-

teristic density, and d�q=dz is the background density

gradient. The beams are predicted to exhibit a bimodal

amplitude structure near the source, and a unimodal

structure evolves far from the cylinder due to viscous

attenuation (Makarov et al. 1990).

Using a newly developed experimental technique called

synthetic schlieren, Dalziel et al. (2000), Sutherland et al.

(1999, 2000), and Sutherland and Linden (2002) investi-

gated the validity of the theory in predicting the internal

wave pattern generated by an oscillating cylinder.

Although the qualitative features of the evolution were

captured, they found that in comparison with theory, the

beam width was larger and the wave amplitude was smaller

due to the development of a viscous boundary layer sur-

rounding the cylinder.

Synthetic schlieren is an optical method that takes

advantage of the change in refractive index with density to

visualize disturbances and, for perturbations with simple

geometric structure, measure their amplitudes (Sutherland

et al. 2000; Flynn et al. 2003; Decamp et al. 2008). This

cited work was restricted to weak and moderately stratified

fluids consisting of NaCl solutions so that one could

assume the refractive index varied linearly with density.

This assumption cannot be made if the solution approaches

saturation, and it is unclear what modifications are required

for concentrated solutions of other salts.

In order to visualize and to measure the internal wave

field we use a modified form of synthetic schlieren that takes

into account the nonlinear variation in the index of refraction

with the fluid density over the tank depth. For this extension

of schlieren techniques we have performed the first mea-

surements of the index of refraction as a function of density

for NaI solutions. Using this modified schlieren method, we

present preliminary results from experiments with large

amplitude oscillations of a cylinder in a non-Boussinesq

fluid consisting of either NaCl or NaI solutions that approach

saturation near the bottom of the ambient. The forcing of the

waves was influenced by the presence of a turbulent region

that developed around the cylinder. As a result, internal

waves were launched from the oscillatory turbulence rather

than directly from the solid boundary of the cylinder. We

treat the turbulent patch as a source with an effective radius

and effective amplitude that differ from the known values

for the cylinder used in the experiment. The ‘effective’

forcing parameters are obtained by comparing the experi-

mentally observed internal waves with theoretical

predictions.

In Sect. 2 we review the linear, Boussinesq theory of

Hurley and Keady (1997) for internal waves generated by

vertical oscillations of a circular cylinder in a viscous fluid.

A description of the experiments studied in this work is

given in Sect. 3 where we also present the modifications to

synthetic schlieren for a non-Boussinesq stratification, and

we provide measurements of the properties of NaI solu-

tions. In Sect. 4 experiment results are provided as a

demonstration of the modified technique. The measure-

ments are then compared with theory, through which we

characterize the effective source radius and oscillation

amplitude. The results are summarized in Sect. 5.

2 Theory

Although our experiments are performed in non-Bous-

sinesq fluid, the cylinder radius is much smaller than the

density scale height, H, so that the wave generation may be

considered Boussinesq. Non-Boussinesq effects modify the

amplitude of waves as they propagate away from the

source over vertical distances comparable to H. Here we

briefly review the results of Hurley and Keady (1997) for

the approximate solution of waves generated by small

amplitude oscillations of a circular cylinder in a viscous

Boussinesq fluid. This theory is expected to deviate from

our experimental results because it neglects boundary layer

separation and the formation of turbulence. However, we

will use the analytic results as a means for characterizing

the experimental observations in terms of an idealized

generation mechanism.

A circular cylinder of radius Rc with its central axis

aligned in the y-direction is assumed to oscillate vertically

with velocity given by the real part of W exp(-ixct). This

produces two-dimensional waves in the x–z plane. The

wave disturbance field can be characterized by a stream-

function of the form w(x, z) exp(-ixct), so that the fluid

velocity is given by

u ¼ �ow
oz

e�ixct; w ¼ ow
ox

e�ixct: ð2Þ
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With the assumptions that the fluid is Boussinesq, that the

flow is laminar and free-slip over the cylinder, and that

the oscillation amplitude is small in comparison with the

cylinder size, the resulting equation for w(x, z) is (Voisin

1991; Hurley and Keady 1997)

N2o
2w

ox2
� xc

2r2wþ ixcmr4w ¼ 0; ð3Þ

where m is the kinematic viscosity.

A new coordinate system defines the along-beam coor-

dinate r and cross-beam coordinate r for the wave beam

propagating upward and to the right of the source in terms

of the (x, z) coordinates as

r ¼ �x cos Hþ z sin H; r ¼ x sin Hþ z cos H; ð4Þ

where H ¼ cos�1ðxc=NÞ is the angle at which the wave

beam emanates from the vertical. The boundary-layer

approximation (Thomas and Stevenson 1972) allows one to

simplify (3) in the (r, r) system by neglecting high-order

derivatives with respect to r in comparison with derivatives

with respect to r. The resulting equation is

� o2w
oror

þ im
2xc tan H

o4w
or4
¼ 0: ð5Þ

The solution to (5) for the wave beam in the first quadrant

of the (x, z) coordinate system is given by

w ¼ �iWRc

2
eiH

Z1

0

J1ðKÞ
K

exp �K3k
r

Rc
� iK

r
Rc

� �
dK

2
4

3
5;

r [ 0;

ð6Þ

where

k ¼ m

2Rc
2xc tan H

ð7Þ

and J1 is the first-order Bessel function of the first kind.

Synthetic schlieren measures changes to the background

density gradient due to waves. The perturbation is more

intuitively quantified as the rate of change of the local

squared buoyancy frequency, Nt
2. Thus, for comparison

with experiments we will use (6) to compute Nt
2 using

linear theory (Sutherland and Linden 2002):

N2
t ’ N2 cos H sin H

o2wðr; rÞ
or2

: ð8Þ

Thus from (6), we obtain

N2
t ¼

iW

2Rc
eiHN2 cos H sin H

�
Z1

0

KJ1ðKÞ exp �K3k
r

Rc
� iK

r
Rc

� �
dK

2
4

3
5:

ð9Þ

At any distance, r, from the cylinder centre, the across-

beam structure can be computed from (9) using Fast Fou-

rier Transforms. Indeed this shows the transition from

bimodal waves, whose amplitude envelope peaks near

tangents to the cylinder parallel to the beam, to unimodal

waves, whose amplitude envelope peaks along a line

through the cylinder centre which is parallel to the beam.

Because the theory assumes flow around the cylinder is

laminar and free-slip, it underestimates the observed beam

width. An estimate of the thickness of the viscous boundary

layer surrounding the cylinder accounts for the expected

discrepancy between the theoretically predicted beam

width and the experimentally observed value (Sutherland

et al. 1999).

In our experiments the forcing amplitude is on the order

of the cylinder radius so that a thick turbulent layer

develops around the cylinder. This causes many of the

assumptions made in the derivation of (9) to break down. A

calculation of the viscous boundary layer thickness alone

significantly underestimates the expected discrepancy

between theoretical predictions and observations.

3 Experimental set-up and analysis

For all experiments an acrylic tank measuring

Wt = 122.3 cm by Lt = 15.5 cm in the horizontal was filled

to a depth of Ht ^ 55 cm, as shown in Fig. 1. The wall

thickness was Lp = 1.7 cm. The tank was filled with strat-

ified salt solutions composed of either NaCl or NaI. To

enhance non-Boussinesq effects, the fluid at the bottom of

the tank was near saturation and the fluid at the top was

nearly fresh. NaI solutions have the advantage of achieving a

much higher maximum density than that of NaCl solutions.

At saturation NaI solutions have a density of approximately

1.8 g/cm3 whereas NaCl solutions have a maximum density

of 1.2 g/cm3. However, the cost by weight of NaI crystals is

significantly greater than that of NaCl, with prices of

approximately $100 and $0.25 kg-1, respectively.

A standard double bucket apparatus (Oster 1965) was

used to produce the NaCl stratifications with a near-satu-

ration density at the bottom of the tank. For NaI solutions,

2 cm deep layers of decreasing density from bottom to top

were successively manually poured through a sponge float

and the system was allowed to diffuse overnight. The

dilution for each layer was performed with the target

density calculated to result in an exponential decrease. In

the experiments reported upon here, the maximum density

at the tank bottom was approximately 1.5 g/cm3. With both

solutions, the resulting density profile was established such

that the fluid could be treated as an approximately uni-

formly stratified non-Boussinesq fluid, for which the

Exp Fluids (2009) 47:183–193 185

123



background density profile, �qðzÞ; decreased exponentially

with height:

�qðzÞ ¼ q0 exp½�ðz� z0Þ=H�; ð10Þ

where z0 is a reference height at which the density, q0, is

known, and the e-folding depth H is the density scale

height.

The non-Boussinesq form of the squared buoyancy

frequency is

N2ðzÞ ¼ �g

�q
d�q
dz
: ð11Þ

Given a background density profile of the form of (10), the

stratification is uniform with a constant background

buoyancy frequency N0, given by N0
2 = g/H.

A conductivity probe was used to traverse the upper

45 cm of the tank, making approximately 40 measurements

of the fluid density per vertical centimetre between 52 and

10 cm above the tank bottom. The data were fitted with an

exponential function of the form of (10) using a least-

squares method.

A circular cylinder of length 0.2 cm smaller than the

tank width and radius Rc was suspended in the fluid from a

thin vertical rod, as shown in Fig. 1b. The rod was attached

to a motor that produced sinusoidal vertical oscillations of

the cylinder with a range of amplitudes, Ac, and angular

frequencies, xc. In this study of upward-propagating

waves, the cylinder centre was located approximately

40 cm from one side of the tank and 12 cm above the

bottom. We have calculated the Reynolds number, Re,

using a velocity scale of Ac xc and a length scale of 2Rc.

Measurements of the viscosity of NaI solutions at a tem-

perature of 20.005�C were performed using an Anton Paar

DMA 500 density meter, with densities between that of

fresh water and approximately 1.6 g/cm3. We find that for

these densities the kinematic viscosity, m, lies in the range

of 0.01–0.016 cm2/s. If we assume similar viscosities for

solutions of NaCl up to saturation densities, we may cal-

culate Re for two experiments that will be presented in

detail in the subsequent sections of this paper. We obtain

Re ^ 1,600 for the experiment that used stratified NaCl

and Re ^ 1,800 for the case that used NaI. Assuming the

viscosity of fresh water, m = 0.01 cm2/s, for both experi-

ments introduces errors in Re of approximately 15 and 30%

for NaCl and NaI stratifications, respectively.

A Cohu CCD video camera positioned 465 cm from the

front of the tank was focused on an image of horizontal

black lines situated Ls = 15.5 cm behind the rear tank wall

(Fig. 1a). The image screen was back-illuminated by a set

of regularly spaced fluorescent tubes. The field of view was

a region spanning the depth of the tank and approximately

70 cm in the x-direction with the cylinder situated near the

bottom corner of the image. The video images were

recorded on SVHS tape at a rate of 1 frame per 1/30 s and

were subsequently digitized with a spatial resolution of

approximately 0.12 cm using the software package Dig-

Image (Dalziel 1992). The images were then processed to

determine the amplitude of generated waves through a

technique known as synthetic schlieren. This method and

its adaption for non-Boussinesq fluids is described below.

3.1 Synthetic schlieren

Here we briefly review quantitative synthetic schlieren and

indicate where modifications should be made for a non-

Boussinesq density stratification. Propagating waves dis-

place the isopycnal surfaces resulting in variations of the

local density gradient. This changes the local index of

refraction in space and time, thereby affecting the degree to

which light passing through the tank is deflected. By

measuring the apparent displacements of objects (lines or

dots) in the image behind the tank, one can calculate the

perturbation density gradient associated with spanwise-

uniform waves. From this other wave fields may be

determined.

(a)

(b)

Fig. 1 a Schematic (not to scale) of the experimental apparatus using

the synthetic schlieren measurement technique. The dashed line
indicates the path of a light ray. b A circular cylinder oscillates at a

fixed frequency, xc, and half peak-to-peak amplitude, Ac, in the tank

of density stratified fluid
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To perform this calculation, we assume that the index of

refraction is a quadratic function of the density of the salt

solution and we form an expansion about a reference

density q0:

nðqÞ ¼ n0 þ a1ðq� q0Þ þ
1

2
a2ðq� q0Þ2; ð12Þ

where

a1 ¼
dn

dq

����
q0

and a2 ¼
d2n

dq2

����
q0

ð13Þ

are empirically measured constants. Taking q0 =

0.99823 g/cm3 to be the density of fresh water at room

temperature, the reference index of refraction is

n0 = 1.3330.

As a light ray traverses the width of the tank at a small

angle from the horizontal, it encounters a vertical gradient

in the index of refraction, so that the light ray follows an

approximately parabolic path according to equation (2.9) of

Sutherland et al. (1999). The curvature of the path is pro-

portional to the density gradient at that vertical level in the

fluid. By measuring the vertical deflection Dz of an image

one can compute the density gradient and thus the change

to the squared buoyancy frequency,

DN2 ’ �Dz
1

c
1

2
L2

t þ Ltn
Lp

np
þ Ls

na

� �� ��1

; ð14Þ

in which np = 1.49 and na = 1.0 are the refractive indices

of Perspex and air. Here we have expressed the vertical

gradient in the index of refraction in terms of the buoyancy

frequency as

on

oz
¼ dn

dq
oq
oz
¼ � 1

g

q
n

dn

dq

� �
nN2 ¼ �cnN2; ð15Þ

so that the quantity c in (14) is given by

c ¼ 1

g

q
n

dn

dq
¼ 1

g

q
n
½a1 þ a2ðq� q0Þ�: ð16Þ

The calculation of DN2 from Dz differs from previous work

(Sutherland et al. 1999; Dalziel et al. 2000) in the defini-

tion of c. In that work it was assumed that c ¼ 1
g

q0

n0
a1; a

constant. Here, to account for significant variations of the

background density and index of refraction with height, q
and n are taken to be functions of z. The quadratic variation

of n with q, through the nonzero value of a2 in (12), is also

included. Further discussion of these modifications to

synthetic schlieren can be found in Sect. 3.2.

The vertical displacement Dz is determined using

changes in pixel intensities of the digitized image in the

same manner as reported in Sutherland et al. (1999).

By measuring Dz variations between small times (typically

2/30 s), the time derivative can be estimated. From this,

using (14) with Dz replaced by oz=ot; one can measure the

rate of change of the buoyancy frequency, Nt
2, due to the

stretching and compressing of isopycnals by waves.

3.2 Optical properties of NaI solutions

Conventional experiments with stratified fluids use NaCl

solutions of varying density, the properties of which are

well documented (Weast 1981). In particular, the dashed

lines in Fig. 2 plot the dependence of n on q and of q on

concentration of solution c. For NaCl the curves extend to

densities of q ^ 1.2 g/cm3, at which the solutions are

saturated at 20�C. Using tabulated data of n and q from

Weast (1981) for solutions of NaCl we find that for a

profile of the form of (12), a1 = 0.2458 cm3/g and a2 =

-0.1208 cm6/g2. These values are used in (14) and (16) for

the calculation of DN2 and Nt
2 in experiments with strati-

fications established using NaCl. Assuming a stratification

such that q [ [0.99823, 1.2] g/cm3, the variation in c over

depth is approximately 5%. For the value of c calculated

using the maximum density and the corresponding index of

refraction, the a2 term contributes 11% of the total.

Thus the inclusion of the nonlinear term in (12) has a

(a) (b)Fig. 2 a The measured index of

refraction (solid circles) as a

function of density of NaI in

solution. The quadratic fit is

shown as a solid line.

b Measurements of density

(solid circles) as a function of

concentration. The data for

NaCl (dashed lines) have been

included in a, b for comparison
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non-negligible effect for solutions of NaCl as saturation

densities are approached.

While there are well-tabulated data of the optical prop-

erties of NaCl solutions, to the knowledge of the authors

there is no analogous information for NaI available in the

literature. We have therefore performed measurements

relating the concentration, density, and index of refraction of

NaI solutions. A series of solutions of NaI with known

concentrations were analysed using a Bausch & Lomb

Abbe-3L refractometer and an Anton Paar DMA 4500

density meter. All measurements of n were taken at a sample

temperature of 21.0 ± 0.5�C, as read from the thermometer

component of the refractometer. The density meter reports

measurements at a temperature of 20.00�C. However, we

assume that temperature variations on the order of 1�C will

not affect the index of refraction at the level of accuracy of

our measurements. The results are shown as the solid circles

in Fig. 2 for densities ranging up to approximately 1.8 g/cm3,

which is near saturation. These have been fit with quadratic

functions, shown as solid lines.

Using (12) with n0 = 1.3330 and q0 = 0.99823 g/cm3,

we find that the coefficients in the index of refraction as a

function of density, (12), for NaI solutions are

a1 ¼ 0:1894� 0:0002 cm3=g and

a2 ¼ �0:0086� 0:0006 cm6=g2:
ð17Þ

Note that the nonlinear variation of the index of refraction

with density is much weaker for NaI solutions than NaCl

solutions, even for near-saturation concentrations.

Although a2 is small in comparison with a1, the correction

to c, (16), that is made by retaining the a2 term is up to 4%

for NaI solutions. This maximum contribution was calcu-

lated assuming a density of q = 1.8 g/cm3 and using the

corresponding index of refraction. For stratified solutions

of NaI, the variation in c due to z dependence is the

dominant effect of the modifications to the previous syn-

thetic schlieren formulation. Using q [ [0.99823, 1.8] g/cm3,

we may compare the resulting values of c with a constant

value given by c0 ¼ 1
g
q0

n0
a1; where q0 = 0.99823 g/cm3 and

n0 = n(q0). We obtain a total variation in c of 56% of c0 by

retaining the vertical dependence of q and n for a saturated

NaI stratification. Density variations of *0.02 g/cm3 from

the characteristic value q0 produce variations in c of

approximately 1%. The results of the preceding calcula-

tions depend only minimally on the value of q0.

Due to the typical practice of constructing solutions of

known concentration rather than density, we also provide

the functional relationship between these properties for

NaI solutions. Assuming a quadratic dependence of the

form

qðcÞ ¼ q0 þ b1cþ 1

2
b2c2; ð18Þ

where c is the solute concentration in g/ml and

q0 = 0.99823 g/cm3, we find b1 = 0.7564 ± 0.0001 and

b2 = -0.0348 ± 0.0002. Experimental data are shown

with the fit curve in Fig. 2b. These new results allow for

the quantitative measurement of non-Boussinesq fluid

phenomena through the implementation of synthetic

schlieren over a much larger range of ambient density

variation than has been accessible previously.

4 Experiment results

Experiments have been performed examining internal

waves in two different stratified solutions of NaCl and NaI.

The density profiles, as measured by the traversing con-

ductivity probe, are shown as the solid lines in Fig. 3. The

plot also shows best-fit exponential curves as dashed lines.

For our characteristic NaCl stratification the density scale

height was H = 266.7 ± 0.3 cm, resulting in a calculated

background buoyancy frequency of N0 = 1.917 ±

0.001 s-1 from (11). Given the larger maximum density of

approximately 1.5 g/cm3 in the NaI stratification we

obtained a smaller density scale height of H = 131.7 ±

0.1 cm and a larger buoyancy frequency of N0 = 2.728 ±

0.001 s-1.

For NaCl and NaI stratifications, experiments were

performed with one of three cylinders having radii

Rc = 2.1, 2.98, and 4.43 cm and oscillation amplitude, Ac,

between 1.5 and 3.0 cm depending on the cylinder size. In

contrast with most previous experiments (e.g., Mowbray

and Rarity 1967a; Sutherland et al. 1999), the half peak-to-

peak amplitude of oscillation was comparable to the cyl-

inder radius in all cases. Here we focus upon two

experiments with Rc = 2.98 cm and Ac = 2.0 cm. In one

experiment the stratification established with NaCl had a

Fig. 3 Vertical fluid density profile for characteristic experiments

using NaCl (thin solid curve) and NaI (thick solid curve). Dashed
curves are the exponential fits to experimental data

188 Exp Fluids (2009) 47:183–193

123



background buoyancy frequency of N0 = 1.917 s-1 and

the cylinder oscillation frequency was xc = 1.53 s-1, so

that xc/N0 ^ 0.8. In the other experiment we used NaI to

establish a stratification with N0 = 2.728 s-1, and the

cylinder oscillation frequency of xc = 1.96 s-1 resulted in

a relative frequency of xc/N0 ^ 0.7. Each experiment

began at time t = 0 with the cylinder moving upward

through its equilibrium position. Due to the large cylinder

size and forcing amplitude, the region surrounding the

cylinder quickly became turbulent once the oscillations

began. Nonetheless in qualitative agreement with theory,

we observed a cross pattern of internal wave beams ema-

nating from the oscillating turbulent patch at a fixed angle

to the vertical.

In the experiments the cylinder was positioned closer to

the right side of the tank rather than to the left side as

shown in Fig. 1. The video recordings of the experiments

were focused on the signal in the second and third quad-

rants of the (x, z) coordinate system. However, for clarity of

discussion we have reflected the processed images about

the z-axis, and we present all of the results as if the beam

emanated from a cylinder to the left and propagated

upward into the first quadrant. The symmetry of the ana-

lytic solution presented in Sect. 2 about the vertical axis

allows for direct comparison between the experimental

observations and theoretical predictions in the first

quadrant.

Figure 4 shows a close-up of the raw and processed

images before and two periods after the cylinder oscilla-

tions began in the experiment with NaI stratification.

Figure 4a shows an unprocessed image of an experiment at

time t = 0, just before the cylinder begins to oscillate. A

portion of the side of the cylinder is visible because the

camera was focused to capture optimally the distortions in

the region dominated by internal waves. This required

focusing off-centre of the cylinder, but as a result visual

errors were minimized in the region of primary interest.

The cylinder centre was situated initially 11 cm above the

bottom of the tank. After two oscillatory periods of the

cylinder (t = 2Tc = 2(2p/xc)), the turbulent region sur-

rounding the cylinder was visible as the blurred region

extending approximately 2 cm radially away from the

circumference in the unprocessed snapshot of the experi-

ment (Fig. 4b). Figure 4c shows the vertical displacement

Dz of lines in the object image computed between frames

(a) and (b). In order to reduce signal noise the results have

been Fourier filtered to eliminate signals with vertical

wavenumber greater than 1.0 cm-1. The amplitude of the

signal is somewhat reduced by the filtering process, so that

the resulting uncertainty in Dz is approximately 0.01 cm. In

(c) a drawing of the cylinder has been added using the true

radius of the cylinder. The surrounding hatched region

approximately coincides with the turbulent patch seen in

(b) to indicate that the contour values displayed there are

not meaningful. Quantitative synthetic schlieren cannot be

performed where density perturbations are completely

three-dimensional, in areas such as within the turbulent

mixing region around the cylinder.

The DN2 field is calculated from the Dz field according

to (14). We calculate Nt
2 by finding the change DN2 over a

small number of pixels (typically 2) in the time series

image and dividing this result by the corresponding small

time interval. By computing the time derivative we effec-

tively filter long time scale variations such as changes in

the ambient laboratory conditions. Figure 5 shows the DN2

and Nt
2 fields computed after two periods of oscillation, and

normalized by N0
2 and N0

3, respectively. The top panels

correspond to an experiment using a NaCl stratification and

the bottom panels correspond to a NaI stratification. A

drawing of the cylinder, shown by the solid quarter-circle,

and the approximate extent of the turbulent patch that sur-

rounds it, shown by the hatched region, are superimposed

(a) (b) (c)

Fig. 4 Raw images of a the initial state and b the state after two periods of oscillation of the cylinder, shown centred at (x, z) = (0, 0), in a NaI

stratification. c Vertical displacement field at t = 2Tc calculated using synthetic schlieren from the difference between a and b
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on the wave field in each panel. The uncertainty in the

contour values has been estimated in each case as 0.05,

0.07, 0.02, and 0.03 for (a) through (d), respectively.

Smaller error bars for the waves in the stratified solution of

NaI are a result of normalization by the larger background

buoyancy frequency. Before normalization the uncertain-

ties in the DN2 and Nt
2 fields for both experiments were

approximately 0.2 s-2 and 0.5 s-3, respectively, compared

to the wave amplitudes on the order of DN2 ’ 1 s�2 and

Nt
2 ^ 3 s-3.

In Fig. 5 we see the qualitatively expected pattern of a

beam of internal waves propagating at a fixed angle to the

vertical, with the peak in wave amplitude near the cylinder.

After two oscillation periods the beam is found to be in

steady state up to a distance of 4Rc in (a), (b) and

approximately 5Rc in (c), (d) radially from the cylinder.

Beyond this distance the signal fades because energy can

be transported only as fast as the group velocity.

In panels (a) and (c) the signal of another disturbance is

evident near z = 0 cm, while this feature is filtered out of

panels (b) and (d) through the operation of taking the time

derivative. This suggests that the additional disturbance is

slowly evolving in comparison with the phase structure of

the beams. There are several possible sources of this signal.

After a sufficient time in the experiment, the downward

propagating beam in the fourth quadrant becomes visible in

the first quadrant following a reflection from the bottom of

the tank. The front from this beam propagates at the group

velocity. At t = 2Tc the signal of the reflected beam begins

to appear in our field of view. Another effect that is par-

ticularly relevant after a number of oscillations is the

intrusion of mixed fluid near z = 0 cm. The large ampli-

tude oscillations of the cylinder cause significant mixing of

the surrounding fluid, which then spreads at its level of

neutral buoyancy. Diffusive mixing also occurs at the

curved surface of the stationary cylinder before the

(a) (b)

(c) (d)

Fig. 5 Grayscale contours of

normalized a DN2 and b Nt
2 for

internal waves in NaCl

stratification with xc=N0 ¼ 0:8;
at t = 2Tc. The same fields are

shown in c, d, respectively, for

waves in a NaI stratification

with xc=N0 ¼ 0:7: The dashed
lines in b, d correspond to the

location of Nt
2 profiles taken in

the cross-beam (r) direction at a

radial distance of r = 5Rc. The

solid quarter-circle centred at

the origin indicates the position

of the cylinder. The hatched
region denotes the approximate

extent of the turbulent patch

surrounding the cylinder where

quantitative schlieren

measurements are unreliable
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experiment (Phillips 1970), resulting in an intrusion of fluid

regardless of cylinder oscillations, although such diffusive

effects are much smaller than those resulting from turbu-

lence. In all cases, the structure of the beam on its upper

flank is unaffected by such disturbances. We therefore

focus upon this region in our analysis of the waves.

4.1 Comparison with theory

We have computed the amplitude envelope of the waves as

measured by the Nt
2 field, and denote it by hNt

2i. This is

constructed from the root mean square of 16 evenly spaced

snapshots in time of the Nt
2 field between t = 3Tc and

t = 4Tc. Here we are using the same analysis technique as

Sutherland et al. (1999), who calculated the rms field to

measure the structure and amplitude of the wave beams.

The range of time was chosen so that the wave signal had

propagated sufficiently far away from the turbulent region,

but also such that interference from the reflected downward

propagating beam was minimized. For comparison with

theory, (9), across-beam cross-sections of hNt
2i were taken

at a fixed radial distance r from the cylinder centre, as

shown in Fig. 5b, d.

For the experiments considered here, at a radial distance

of approximately 15 cm the centre of the wave beams are

situated approximately 10 cm above the source. Over this

distance, with a scale height of H = 131.7 cm, non-

Boussinesq effects may produce amplitude growth of

approximately 4%. Based on the *10% uncertainty in our

experimental peak of hNt
2i, we assume that non-Boussinesq

effects are negligible for the current comparison with

Boussinesq theory. This will not be the case for future

studies of waves that propagate vertically over distances

that are a larger fraction of the density scale height.

Figure 6a shows the theoretical profile of hNt
2i in the

cross-beam (r) direction calculated from (9) at a radial

distance of r = 5Rc for a cylinder of radius Rc =

2.975 cm, oscillating with amplitude Ac = 2.0 cm at fre-

quency xc = 0.8 N0. These parameters correspond to the

NaCl stratification experiment. In (7) the kinematic vis-

cosity of the fluid was assumed to be a characteristic value

of m = 0.01 cm2/s. We have examined the sensitivity of the

analytic solution to the viscosity by using the measure-

ments described in Sect. 3 and a characteristic density to

estimate m for both the NaCl and NaI stratifications. For

comparisons with the theoretical profile of hNt
2i, we find

that the results are insensitive to the choice of m within

experimental error bars. We have therefore used the same

characteristic viscosity for all of the comparisons that are

described here. In the numerical solution we have used,

positive values of r correspond to the upper half of the

beam as indicated in Fig. 5b. The theoretical envelope

exhibits a symmetric bimodal structure with peaks in

amplitude occurring near the tangents to the cylinder that

form an angle H to the vertical. Contained within the

envelope, the thin solid, dotted, and dashed curves in

Fig. 6a show Nt
2 at successive phases of oscillation. The

lines of constant phase move in the negative r-direction,

corresponding to a negative component of the phase

velocity in the z-direction, as expected for an upward

propagating beam.

Due to the large amplitude oscillations of the cylinder,

and the consequent generation of an oscillating turbulent

patch that surrounds it, we do not expect (9) to predict

accurately the observed hNt
2i profile. Instead we allow the

cylinder size and oscillation amplitude in the theoretical

formulation to be free parameters that we adjust so that the

analytically predicted peak amplitude, which we denote by

(a) (b) (c)

Fig. 6 a Theoretical prediction of hNt
2i (thick solid curve) as a function

of cross-beam coordinate for stratification of NaCl with xc=N0 ¼ 0:8;
calculated at along-beam distance of r = 5Rc = 14.875 cm. Instanta-

neous values of Nt
2 are shown at successively larger phase,

corresponding to times t = Tc/2 (thin solid curve), t = 3Tc/4 (dotted
curve), and t = Tc (dashed curve). Results from experiment

(long-dashed curve) shown with theoretical prediction (thick solid
curve) using ‘effective’ cylinder parameters for stratifications of b NaCl

and c NaI. Only the envelope calculated in the upper half of the beam is

shown. The short-dashed lines correspond to the locations of

Rc = 2.975 cm and Reff
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AN2
t
; and location match the experimental observations.

Using this method we have determined the effective cyl-

inder size Reff and effective oscillation amplitude Aeff.

In Fig. 6b, c the long-dashed lines show the experi-

mentally measured profiles of hNt
2(r)i on the upper flank of

the beam at r = 5Rc. These were determined after rotating

the image of hNt
2(x, z)i clockwise by p-H0 so that the

resulting beams propagated horizontally (in the r-direction).

In these experiments we found H0 � H ¼ cos�1ðxc=N0Þ;
consistent with linear theory. The hNt

2(r)i profiles were

then extracted from vertical profiles of hNt
2(r, r)i at

r = 5Rc. The results were compared with the prediction of

(9) using the corresponding ‘effective’ cylinder parameters

for NaCl and NaI stratifications, respectively. We observe

the qualitatively predicted bimodal structure of the ampli-

tude envelope at a radial distance of r = 5Rc. Explicitly,

we find that for the NaCl stratification with xc/N0 = 0.8,

the oscillations of the cylinder and the resulting turbulent

patch may be considered an effective source with radius

Reff = 4.6 ± 0.1 cm and amplitude Aeff = 1.5 ± 0.1 cm,

resulting in Reff/Rc = 1.54 ± 0.04 and Aeff/Ac = 0.75 ±

0.09. The experiment in a stratified NaI solution with

xc/N0 = 0.7 had effective cylinder radius and oscillation

amplitude of Reff = 5.1 ± 0.1 cm and Aeff = 0.37 ±

0.04 cm, respectively, yielding Reff/Rc = 1.71 ± 0.04 and

Aeff/Ac = 0.19 ± 0.03.

In each case the theoretical cylinder size required to

produce peaks at the observed location in the r-direction is

significantly larger than the actual cylinder size. This is

consistent with an increase in effective experimental cyl-

inder size due to the surrounding turbulent region. The

increase in radius is on the order of 2 cm, consistent with

the observed size of the turbulent patch in Fig. 4b. Linear

theory overestimates the wave amplitude given

Ac = 2.0 cm because of the interaction between the cyl-

inder and the turbulence. Forcing energy is lost to turbulent

mixing in the boundary region, thereby reducing the cou-

pling of the forcing to the generation of the internal wave

beams. The oscillating turbulent patch rather than the

cylinder acts as the effective source for internal gravity

waves. The peak value, AN2
t
; and location are matched

within error by adjusting Reff and Aeff. However, the

experimentally observed peak width is not reproducible

using the theory presented in Sect. 2. The turbulent patch

surrounding the cylinder has a non-stationary boundary,

and thus the tangent curves to the effective source are not

well defined. Although the value of Reff provides an esti-

mate of the spatial extent of the turbulence, our

parameterization does not account for the absence of a

solid boundary. Thus we should expect a discrepancy

between the experimentally observed and theoretically

predicted upper-flank beam width.

The significant difference in the value of Aeff/Ac

between the NaCl and NaI experiments is not easily

explained. As stated in Sect. 3, the Reynolds numbers for

the experiments shown here are comparable, at *1,600

and *1,800 for the NaCl and NaI experiment, respec-

tively. Similar qualitative features are observed in both

experiments, regardless of the stronger stratification for

NaI, as both are well within the turbulent regime. From

preliminary analyses of more experiments with NaI strati-

fications we find that the vertical displacement amplitude,

An, is not determined by the forcing parameter Ac. This

result is consistent with previous studies of internal wave

generation by turbulence (Dohan and Sutherland 2003;

Aguilar and Sutherland 2006), in which it was observed

that the value of An/kx, where kx is the wavelength in the

x-direction, saturates at approximately 0.02. For the current

experiments we also find that an estimate of the Ozmidov

length does not account for significant differences between

these two experiments because the relative oscillation

frequency, xc/N0, is similar for both cases. An explanation

for the large discrepancy between the experiments pre-

sented here requires further comparisons over a range of

experimental parameters. A full analysis of a greater

number of experiments is the subject of future work.

5 Conclusions

We have presented a set of modified equations for synthetic

schlieren in a non-Boussinesq stratified fluid and have used

these together with new measurements of the dependence

of the index of refraction of NaI solutions on the density to

measure the amplitude and structure of internal gravity

waves generated by an oscillating turbulent patch sur-

rounding a vertically oscillating circular cylinder in non-

Boussinesq uniformly stratified fluid.

Qualitative similarities exist between experiments and

the predictions of linear, Boussinesq theory in that mono-

chromatic beams are excited that have a bimodal structure

near the cylinder. We do not expect quantitative agreement

because the source of the waves is not free-slip flow over

the cylinder. Viscous effects result in boundary layer sep-

aration and, ultimately, turbulence. Nonetheless, the

experiments demonstrate that we can estimate an effective

cylinder size and oscillation amplitude through comparison

with existing theory. The observed beam width and peak

amplitude are reproduced with a significant increase in

effective cylinder radius and a decreased forcing amplitude

in the theoretical formulation.

This work has focused upon two experiments as a

demonstration of the effectiveness of the technique in

measuring turbulently generated waves. Future studies will

192 Exp Fluids (2009) 47:183–193
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analyse waves generated from a wide range of the

parameters Ac, Rc, and xc. Also, these studies will examine

the breaking dynamics of upward propagating internal

waves generated by an oscillating cylinder in a non-

Boussinesq fluid. The wave amplitudes are predicted to

grow exponentially with height, which may lead to over-

turning at later times. The studies will parameterize

breaking conditions based on cylinder size, frequency, and

oscillation amplitude in non-Boussinesq stratifications of

NaCl and NaI.
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