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Cluster formation during particle settling in stratified fluid
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To gain insight into the microscopic processes leading to the observed collective settling
of particles from the base of a particle-bearing fresh water layer overlying salt water,
we perform numerical simulations of the settling of weakly inertial particles through
uniform density, uniformly stratified and nonuniformly stratified fluids. Intuition is gained
first through simulations of a descending horizontal row and planar arrays of particles.
These show that stratification acts to reduce cluster sizes and to slow the relative descent
speed of clusters as a result of upward flows that develop around the clusters. This occurs
even for a descending vertical planar array: in unstratified fluid, the ambient fluid rises
laterally around the particles with the flow in the plane of the particles being predominantly
downward; in stratified fluid, upward as well as downward motion is evident in the plane
of particles. For a random three-dimensional particle array with concentration by volume
between 0.1% and 1%, upflows in the ambient fluid likewise retard cluster formation and
descent speeds. The mean horizontal displacement of the particles is reduced, resulting in
more small clusters with more closely packed particles. The particles become more verti-
cally aligned in lower diffusivity (higher Schmidt number) fluid, although such clustering
takes longer to develop. The results suggest that both stratification and relative diffusivity
play a crucial role in the collective settling behavior observed in laboratory experiments.
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I. INTRODUCTION

Accurate modeling of particle settling rates is important for several industrial problems (e.g.,
tailing ponds and waste water treatment plants [1]) and in natural environmental processes (e.g.,
descending ash from volcanic eruptions [2,3] and the influence upon the marine carbon pump
of sinking deceased diatoms after an algal bloom [4]). Of particular interest, which ultimately
motivated the present study, is the transport and deposition of clay, silt, and possibly microplastics
by a muddy river entering the ocean [5]. In most circumstances the concentration of relatively dense
particles is so small that the particle-bearing river plume is buoyant with respect to the saline ocean
and so forms a hypopycnal current, which intrudes along the ocean surface. From this overlying
flow, suspended dense particles gradually rain out of the current, eventually settling onto the ocean
floor. Correct predictions of the transport and settling behavior is key to predicting where sediments
and microplastics are ultimately deposited.

While descending below the river plume, the settling speed of particles can be reduced in regions
of strong stratification resulting in the particles accumulating at higher concentrations [6,7]. If the
concentrations become sufficiently high, then the particles may interact, possibly clustering to form
effectively larger particles that collectively fall at faster speeds than that of an individual particle.
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Indeed, it is observed that collective settling speeds may be orders of magnitude faster [8–10].
These dynamics are readily apparent in laboratory experiments in which a layer of fresh water
mixed with dense particles overlies a stationary saline ambient fluid [11–14]. Very fine particles
slowly settled within the fresh water, accumulating at the interface between the fresh and salt
water. Thereafter, particles were observed to descend not as a uniform cloud, but in individual,
small-scale fingers and so-called “leaky ducts” [11]. This organization of particles resulting in rapid
collective settling has been attributed to double-diffusive fingering and Rayleigh-Taylor (convective)
instability [13,15,16]. In developing these models for instability the suspended particles were treated
as a continuous scalar field. This is valid when the particles are small with negligible inertia, and
having low concentration. However, as will be reviewed below, it is known that weakly inertial
particles in stratified fluid can be drawn together. Consequently, such microscopic dynamics may act
to influence the macroscopic formation, for example, of leaky ducts as the particles pass through the
relatively thick interface separating particle-bearing fresh water and the underlying saline ambient
fluid.

As a step toward gaining insight into the microscopic dynamics involved with the settling of
weakly inertial particles, here we perform particle-resolving numerical simulations to examine
particle interactions, clustering, and enhanced/hindered settling in a Boussinesq fluid. Our focus
is upon particle settling in uniform stratification in contrast with settling in uniform density fluid.
However, we also consider settling from a uniformly stratified layer overlying a uniform density
fluid.

There have been several experimental and numerical studies that focused on the settling of
an individual weakly inertial particle passing through either a sharp density interface [17–21] or
descending in uniform stratification [22,23]. These studies showed that the particle decelerated not
just because the background density increased with depth (so reducing the negative buoyancy of the
particle with respect to its surroundings) but also because the particle carried less-dense fluid in its
wake. Hence, not only did stratification influence the particle, but the particle adjusted the stratifi-
cation through either mixing or transport of density and possibly biogeochemical components [23].

Even in uniform density fluid, the settling of a pair of particles can be quite complex, depending
upon their relative size and density [24–26]. In particular, for two equal-sized noninertial spherical
particles, Kynch [24] predicted that the pair settles only in the vertical if they are vertically or
horizontally aligned. Otherwise, the pair drifts laterally as they descend. These dynamics were
likewise observed for a particle pair crossing a density interface [27]. In uniform stratification a
vertically aligned pair approach each other and then separate; horizontally aligned particles move
toward each other [28].

A handful of theoretical-numerical studies exist examining the settling of more than two particles,
though most of these have assumed a uniform density ambient fluid. Although stable configurations
exist for up to six particles situated at the vertices of a regular polygon [29,30], in most cases the rela-
tive orientation of the particles change as they descend. Ganatos et al. [31] showed that the settling of
three particles typically form into a leading pair and a trailing orphan. In a theoretical-experimental
examination of a one-dimensional horizontal row of equally spaced particles initialized at rest,
Crowley [32] demonstrated that the settling particles form clusters through an instability caused
by viscous fluid forces. The fastest growing mode consisted of four particles in which one particle
was slightly below the others and acted as an attractor for the nearest neighbors. Gradually this
instability grew into a cluster of three particles settling faster than the one left behind. This form
of clustering was consistent over the entire row. He went on to extend this work to a horizontal
planar array of particles, demonstrating that the interaction between all particles, not just nearest
neighbors, must be accounted for when a sizable distribution of particles are present [33,34].

Building upon the foundation of Crowley and others, here we include the influence of strati-
fication to investigate the sedimentation sequentially of a row, a plane, and a three-dimensional
distribution of particles to examine the particle interactions at these increasing levels of complexity.
Section II describes the numerical formulation and model. We go on to present in Sec. III the settling
of a row of particles, in Sec. IV the settling of a two-dimensional horizontal and vertical plane of
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particles, and in Sec. V the settling of a three-dimensional suspension. Discussion and conclusions
are given in Sec. VI.

II. METHODS

So as to evaluate the microdynamics of the interactions between particles and between the
particles and background stratification, numerical simulations were performed to examine the sedi-
mentation of initially stationary monodisperse, spherical particles in a uniformly and nonuniformly
stratified fluid. We used the numerical model developed by Eckart Meiburg’s group at UC Santa
Barbara using the Immersed Boundary Method (IBM) [35]. This code has been used to simulate
the consolidation of settling sediment [36], interfacial mixing due to migrating swimmers [37], and
the settling of a particle pair through a sharp interface [27]. Model validation was demonstrated by
these authors through comparison of model results to laboratory measurements of the settling of an
individual particle.

A. Governing equations

A stratified, Boussinesq, incompressible fluid is governed by the following equations:

Du
Dt

= − 1

ρ0
∇p + ρ

ρ0
g + ν∇2u + fIBM, (1a)

∇ · u = 0, (1b)

Dρ

Dt
= κ∇2ρ, (1c)

where u = (u, v,w) is the velocity vector with w being the vertical velocity, p is the total pressure, ρ
is the local fluid density, ρ0 is a reference density (the background density at depth z = 0), g = −gk
is gravity acting opposite to the upward vertical direction k, ν is the kinematic viscosity, κ is the
diffusivity of the fluid, and fIBM are the forces caused by the particles [35,38].

The motion of an individual particle of density, ρp, and diameter, Dp, is governed by

mp
dup

dt
=

∮
�p

T · ndA + Vp(ρp − ρ0)gk + Fc, (2a)

Ip
dωp

dt
=

∮
�p

r × (T · n)dA + Tc, (2b)

in which T ≡ −pI + ρ0ν[∇u + (∇u)T ]/2 is the hydrodynamic stress tensor, Vp is the volume of
the particle, mp = Vpρp is its mass, Ip = πρpD5

p/60 is its moment of inertia, and r is the radial
vector from the center of the particle. The outward pointing normal of the surface, �p, of each
particle is n. The forces and torques arising due to particle collisions are denoted by Fc and Tc.
These involve models accounting for lubrication forces as well as normal contact and tangential
collisions, as described in Biegert et al. [35]. In addition to the collision forces, the IBM method
directly couples the fluid and particle phases through the stress tensor, T .

The natural explicit length and velocity scales of the problem, respectively, are the particle
diameter, Dp, and the Stokes settling velocity for noninertial particles, ws:

ws = 1

18

ρp − ρ0

ρ0

gD2
p

ν
. (3)

The corresponding characteristic timescale is τ = Dp/ws. In addition, the strength of the back-
ground stratification is given in terms of the buoyancy frequency, N = √

gγ /ρ0, in which γ is
the magnitude of the background density gradient (taken to be the largest value in nonuniformly
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stratified fluid). Using these scales, the importance of stratification, viscosity and relative diffusivity
are expressed, respectively, in terms of the following nondimensional numbers:

Fr = ws

NDp
Froude Number, (4a)

Re = wsDp

ν
Reynolds Number, (4b)

Pe = ScRe = wsDp

κ
Péclet Number, (4c)

in which Sc = ν/κ is the Schmidt number.
The settling of small suspended particles in marine coastal environments is typically slow, with

Reynolds numbers ranging from 1 for fine sand to 7 × 10−6 for clay. In most cases, we suppose
the particles are weakly inertial by setting the Reynolds number to be 1/4. This relatively large
value is chosen to reduce computational cost. However, as we show in Appendix B, the value
is sufficiently small to capture the particle-interaction dynamics of even smaller (lower Reynolds
number) particles.

Using a particle of diameter of 80 μm, a particle Reynolds number of 1/4, and the viscosity
of water, Eq. (3) gives the relative particle density to be ρp/ρ0 � 1.9, which is comparable to that
of clays, sand and the silicon carbide, silica and glass microsphere particles used in laboratory
experiments [11,13,14]. In Appendix B, different particle densities are used in studies of the
influence of the Reynolds number upon particle settling.

Also to reduce computational cost, in most simulations a constant Schmidt number of Sc = 7
was used. Though much smaller than values characteristic of the ratio of viscosity to salinity
diffusion in water, it is a suitable choice for thermally stratified fluids. That said, because this work
is motivated by laboratory experiments using salt-stratified fluid, a limited number of simulations
were performed with Sc = 70 to examine the influence of lower diffusivity on particle settling
and clustering. Lower diffusivity is known to have a nonnegligible influence on single-particle
settling through the development of a vertically asymmetric wake in strong stratification [39]. Its
influence upon particle-particle interactions for weakly inertial particles (Re � 1) has not been so
well studied.

B. Numerical method

Within the IBM method employed, an indicator function

χ =
{

1 if x ∈ 
 f

0 if x /∈ 
 f
(5)

denotes the locations of fluid and particles phases, with particles contained in volumes denoted by

 f . The discretization of the domain results in some grid cells containing both phases which results
in the average indicator function for that cell to lie between 0 and 1. The particles were cohesionless,
solid, and impermeable spheres with a no-slip velocity boundary condition on their surface. There
was no flux of density through the particles, consistent with our conceptual model of Sc representing
relative substance, not heat, diffusivity.

The rectangular domain had extent Lx and Ly in the horizontal, and Lz in the vertical. The specific
values of these lengths depended upon the number of particles and their geometric configuration.
In the horizontal, periodic boundary conditions were used to remove the influence of wall drag.
The upper and lower boundary conditions were free-slip for velocity and the values of density at
the top and bottom were kept fixed. The domain was discretized into a uniformly spaced grid with
equal grid sizes in each dimension: �x = �y = �z. As confirmed by tests of settling velocity as it
depended on grid resolution (see Appendix A), the particles were sufficiently resolved with at least
16 grid points across the particle diameter.
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In most simulations with a horizontal row or planar array of particles, the top of the domain
was situated at z = 10Dp; in simulations with a three-dimensional array of particles the top of the
domain was at z = 30Dp. Particles were initialized close to the top of the domain with the lowest
particles initially around z = 0 where the background density was ρ0. The lower boundary was
situated sufficiently below the initial position of particles so as to allow the particles to settle and
interact before reaching the bottom.

The governing equations were evolved using a three-step Runge-Kutta scheme for convective
terms and a second-order Crank-Nicholson scheme for the viscous terms. The particle motions were
evolved using the method of Kempe and Fröhlich [40] who made improvements on the algorithm
of Uhlmann [38]. Particle-particle interaction forces were composed of a hydrodynamic lubrica-
tion force and direct contact forces. Spatial derivatives were performed using second-order finite
differences. An in-depth presentation of the numerical model can be found in Biegert et al. [35].

C. Single-particle deceleration

Given a sufficiently deep domain with uniform stratification, particles will eventually settle to
their equilibrium depth where the surrounding fluid density is equivalent to the particle density.
From the definition of the Reynolds and Froude numbers, this distance, zeq, below the reference
height at z = 0 is

zeq/Dp = 18
Fr2

Re
. (6)

With Fr = 2 and Re = 1/4, this puts the equilibrium depth at zeq = −288Dp, well below the bottom
of the domain in all simulations reported upon here. Although the particles are negatively buoyant
through the duration of simulations, the gradual increase in background density nonnegligibly
reduces the magnitude of the particles’ buoyancy as they settle, contributing to a slowing of their
settling speed. This slowing is accounted for in our analysis of the influence of clustering and
induced ambient motion upon settling speeds.

Neglecting wake effects, the depth-dependent velocity of a single particle can be estimated
assuming an individual particle settles at speed αws when the background density is ρ0 (at z = 0).
The constant, α, accounts for change from the Stokes settling speed for a weakly inertial particle.
In particular, simulations of single-particle settling in uniform density fluid give α � 0.93 for
Re = 1/4. Neglecting the possible influence of buoyancy associated with fluid carried in a particle’s
wake, the settling velocity for a particle at depth z is

ws1(z) = −α
1

18
g
ρp − ρ(z)

ρ0

D2
p

ν
= −αws − z/τ , (7)

in which

τ  =
[

α

18

N2D2
p

ν

]−1

= 18

α

Fr2

Re
τ. (8)

Writing ws1 = dz/dt in Eq. (7) and solving the differential equation for particle position, z(t ), gives

z(t ) = −αwsτ
(1 − e−t/τ 

) + z0e−t/τ 

, (9)

in which we have assumed the particle is situated initially at height z0. Hence, the speed of the
descending particle decreases exponentially in time with e-folding scale τ  according to

ws1(t ) = −(αws + z0/τ
)e−t/τ 

. (10)

In uniform density fluid, τ  → ∞. As expected, in this limit Eq. (9) reduces to z(t ) = −αwst and
Eq. (10) reduces to ws1(t ) = −αws.
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FIG. 1. Tracks of the particle positions in simulations with (a) Fr = ∞ and (b) Fr = 2. White crosses
denote the particle positions at t/τ = 50; black dots denote particle positions at t/τ = 10 and 30. Horizontal
yellow lines indicate the depths of a single particle at times t/τ = 10, 30, and 50, as determined using Eq. (9).
The color field shows the vertical velocity at y = 0 and t/τ = 50.

III. HORIZONTAL ROW OF PARTICLES

As the starting point before examining more complex settling configurations, we examine the
descent of an initially nearly equally spaced horizontal row of particles aligned along the x axis about
y = z = 0. The particles spanned the entire horizontal length of the domain, Lx = sNp, where Np is
the number of particles and s is the mean distance between adjacent particles. Using the periodicity
of the horizontal boundary, the particles and boundary were positioned so that the unperturbed
distance between particles across the periodic boundary was also s. The spanwise length of the
domain was Ly = 20Dp. Although domains with greater spanwise extent led to increased settling
speeds, the dynamics of the settling row remained unchanged. The height of the domain ranged from
z = −70Dp to 10Dp. The particles were randomly perturbed from a regular center-to-center spacing
of 2Dp both vertically and laterally in the x-z plane with Gaussian noise of amplitude 0.3Dp. The
initial positions of the particles calculated in this way were used in all simulations with different
Froude numbers. Here we focus upon the result of simulations with Np = 22 particles settling in
unstratified fluid (Fr = ∞) and in stratified fluid with Fr = 2, as shown in Fig. 1.

In unstratified fluid, the particles segregated as they settled either to form clusters containing
three to five particles or to become isolated, consistent with Crowley [32]. Variations in the number
of particles in the clusters were due to the relatively sizable initial perturbations of the particles from
equally spaced positions. As expected, the vertical velocity of fluid surrounding particle clusters was
more negative and the clusters settled faster than the isolated particles. Furthermore, the clusters
and isolated particles settled faster than the settling speed of a single particle. For example, all the
particles at t/τ = 50 lie below the lowest yellow line in Fig. 1(a), indicating the depth of a single
particle at this time. At t/τ = 50 the speed of the leading cluster was 1.8 times the speed of an
individual particle.

While similar observations are made for the simulation with stratified fluid [Fig. 1(b)], there
are several qualitative differences. Even for a single particle, its settling speed becomes smaller as
it descends into more dense ambient fluid. Neglecting wake effects, its predicted speed is given
by Eq. (10). Particle clusters were found to descend faster than the speed predicted for a single
particle. In particular, in the simulation with Fr = 2, the speed of the leading cluster at t/τ = 50
was 1.6 times that of a single particle at this time. Unlike the simulation with unstratified fluid,
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trailing particles descended more slowly than the predicted speed of a single particle. The relative
reduction in these settling speeds is attributed to the ambient fluid having upward velocity between
and in the lee of the particle clusters.

This pair of simulations reveals an important qualitative difference between settling in unstrati-
fied and stratified fluid. Whereas in unstratified fluid the ambient response to the settling particles
is to rise laterally around flanks of the particles, in stratified fluid the ambient fluid rises in between
the descending particle clusters, slowing their advance and separating trailing particles from leading
particle clusters.

Both simulations show that clusters of three to five particles form. In a much deeper domain, it
seems likely that a secondary aggregation stage could occur whereby neighboring clusters combine
due to their mutual interaction, similar to that between individual particles at early times. Because
the spacing of these clusters is larger than the initial particle spacing, this would take longer than the
initial cluster stage and would require much greater depths to observe. A study of this continuing
aggregation lies beyond the scope of the work presented here.

IV. HORIZONTAL AND VERTICAL PLANAR ARRAYS OF PARTICLES

Here we examine the settling of particles situated initially either in a horizontal or vertical planar
array. A horizontal array of Np = 400 particles were initially situated about z = 0 on a 20 by 20 grid
in a domain of size Lx = 40Dp and Ly = 40Dp. In the vertical, the domain ranged from z = −50Dp

to z = 10Dp. The mean particle separation in the x and y directions was s = 2Dp. So that the initial
condition was truly two-dimensional, the initial positions of the particles were randomly perturbed
horizontally but not vertically using a Gaussian random variable with standard deviation 0.3Dp.

To examine particle clustering, the horizontal cross-section of the domain was discretized into
a coarse grid of 20 × 20 cells and the depth of the lowest particle within each cell in time was
recorded. Figure 2 shows snapshots of this map at two times for simulations with unstratified fluid
(Fr = ∞) and uniformly stratified fluid with Fr = 2. In both simulations the particles grouped into
clusters interspersed with areas of few or no particles. However, in unstratified fluid the deepest
clusters were larger and fewer, each containing more particles than the deepest clusters that formed
in the simulation with Fr = 2. This is particularly evident in plots showing the vertical velocity
in a horizontal cross-section taken 3Dp above the lowest particle superimposed with the horizontal
positions of particles situated vertically within 3Dp of this level [Fig. 2(c) and 2(f)]. As with the case
of a row of particles, the ambient stratified fluid responded to the downward motion of the leading
clusters by creating broad regions of upward flow between the clusters. In stratified fluid this had
the effect of slowing the relative descent of clusters and inhibiting their aggregation to larger size.
In both simulations the lowest particles descended much faster than the speed of a single particle
at the same depth, as predicted by Eq. (7). At t/τ = 24, the mean speed of the lowest particles in
unstratified fluid was 2.4 times that of a single particle, whereas in simulations with Fr = 2, the
mean speed of the lowest particles was 1.8 times the single-particle speed.

To quantify the growth of clusters in time, we adapted the analysis method of [41], who examined
the clustering statistics of a three-dimensional suspension. Here we compute the horizontal radial
pair distribution function, defined by

Gh(r) = LxLz

Np(Np − 1)

Np∑
m=1

Np∑
n=1,m 	=n

1

�A(r)
H

(
�r

2
− |r − rh,mn|

)
, (11)

in which �A(r) = π [(r + �r/2)2 − (r − �r/2)2] is the area of the circular annulus of radius r,
rh,mn =

√
(xm − xn)2 + (ym − yn)2 is the horizontal distance between particle m and n, and H is

the Heaviside function. The distance rh,mn includes the contribution of particles across the periodic
boundaries through a mirroring of the time-evolving particle positions. An appropriate value of the
radial bin size was found to be �r = Dp/2 so that the distributions were independent of �r but
were adequately partitioned to observe pairwise structures.
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FIG. 2. Location of particles for a horizontal array of 400 particles setting in simulations with Fr = ∞ (top
row) and Fr = 2 (bottom row) shown at times t/τ = (a, d) 12 and (b, e) 24. Circles indicate the horizontal
position of each particle and colors indicate the depth of the lowest particle in each cell. The rightmost plots
(c, f) show the normalized vertical velocity at t/τ = 24 with the horizontal cross-section taken 3Dp above the
lowest of all particles [at z/Dp = −33.6 in (c) and at z/Dp = −23.0 in (f)]; superimposed white squares show
the horizontal position of particles lying vertically within 3Dp of the cross-section. The vertical velocity is
normalized by the velocity of a single particle according to Eq. (7).

Figures 3(a) and 3(b) show the space-time plots of Gh for the horizontal array of particles
shown in Fig. 2, corresponding to Fr = ∞ and Fr = 2, respectively. At early times the near-uniform
initial particle spacing is evident as vertical bands, with each band corresponding to successive
nearest-neighbor distances of particles on a square grid. Particle clustering becomes evident after
time t � 8τ , when Gh is dominated by a single peak near r/Dp ≈ 1. Importantly, after t/τ � 15,
Gh was statistically stationary and the clusters did not grow in horizontal extent. The average,
Ḡh, of Gh from t = 20τ to 25τ is shown in Fig. 3(c). In the statistically stationary state, the
mean extent of the clusters is measured using the first local minimum after the peak of Ḡh. For
Fr = ∞, this was � 6.8Dp, moderately larger than the extent of 5.3Dp measured in the simulation
with Fr = 2.

In separate simulations (not shown), increasing the initial particle separation resulted in the
particles behaving more independently, resulting in an increase in the time for cluster formation
and a reduction in the settling speed of the lowest particles. Compared to the time of 8τ for clusters
to begin to form given an initial particle separation of s = 2Dp (Fig. 3), for s = 4Dp, clustering in
unstratified fluid did not begin until t � 40τ , a fivefold increase in time.

Whereas upward ambient motion through the particle pack necessarily must occur for a hori-
zontal array, the ambient flow can rise laterally around a vertical array. Furthermore, through the
process of drafting, a leading particle can capture a trailing particle in its wake, as has been studied
for a particle pair at moderate [O(10)] Reynolds number [25,26]. Both processes have the potential
to enhance particle cluster settling speeds. The initial array in our study consisted of 4 vertically
stacked rows of 11 particles with mean horizontal and vertical spacing of s = 2Dp and lying in
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FIG. 3. From simulations shown in Fig. 2, time series of the radial distribution function, Gh, in simulations
with (a) Fr = ∞ and (b) Fr = 2, and (c) the corresponding radial dependence of Gh averaged in time for
20 � t/τ � 25 for Fr = ∞ (blue) and Fr = 2 (red).

the vertical plane at y = 0 between z = −3Dp and z = 3Dp. From a regularized grid, each particle
was perturbed in the x-z plane by a random number from a Gaussian distribution with standard
deviation 0.3Dp. No perturbations were made in the spanwise direction so that the particles started
and remained in the plane y = 0 as they settled. The domain size was Lx = Ly = 22Dp in the
horizontal and ranged from z = −70Dp to 10Dp in the vertical. Although the top row of particles
was initially closer to the upper boundary than in the simulations with a single row of particles, the
proximity of the upper boundary was found to have little effect on the settling dynamics.

Figure 4 shows a pair of snapshots of particle positions from each of two simulations, one with
unstratified fluid and the other with uniform stratification given by Fr = 2. The vertical velocity
field in the particle plane at both times is also shown. In both simulations, shortly after the particles
descended, a particle front was observed to compactify [Figs. 4(a) and 4(c)]. Rapidly the lower
particles came into contact and, over time, the front became horizontally nonuniform [Figs. 4(b)
and 4(d)] eventually forming clusters. As anticipated, owing to the higher particle concentrations in
the lowest clusters, they settled even faster compared with a single particle than in the simulations
with a row or horizontal plane of particles. In uniform density fluid the lowest clusters settled �
2.6 times faster and in stratified fluid with Fr = 2 they settled � 2.2 times faster than a single
particle at the same depth.

In unstratified fluid, the vertical velocity in the plane of the particles was predominately
negative with the ambient flow rising laterally around the clusters (not shown). Consequently,
even the trailing particles descended faster than a single particle, as in the case of a settling
row of particles. However, in stratified fluid with Fr = 2, regions of upward velocity developed
between the particle clusters, and the trailing particles moved more slowly than a single particle.
This opposing motion restricted the amalgamation of particles into the lowest clusters. Whereas
the largest cluster in the case with Fr = ∞ had 10 or 11 particles, in the stratified case it
was 6–8.

V. THREE-DIMENSIONAL PARTICLE ARRAY

The results of the previous sections have provided an intuition for the settling of particles in
a variety of idealized configurations. In particular, we have shown that in stratified fluid upflows
develop between particles which restricts the growth of clusters and slows their descent speed
relative to what occurs in unstratified fluid. These observations set the stage for the focus of this
study, which is the examination of the settling of a randomly dispersed, three-dimensional array
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FIG. 4. Snapshots of the settling of a vertical planar array of particles in simulations with Fr = ∞ at t/τ =
(a) 10 and (b) 20, and in simulations with Fr = 2 at t/τ = (c) 10 and (d) 20. The initial position of particles
is indicated by gray circles in panels (a) and (c). Colors show the vertical velocity of the ambient fluid in the
y = 0 plane at both times, with values for Fr = ∞ indicated to the right of panel (b) and values for Fr = 2
indicated to the right of panel (d). Yellow lines indicate the predicted depth at the corresponding times of a
single particle settling initially from z = 0 (solid) and z = ±4Dp (dotted).

of particles, a problem which is relevant to most industrial and environmental problems. Although
Doostmohammadi and Ardekani [41] previously studied the settling of a suspension of particles
through linearly stratified fluids, their analysis was concerned with particles situated throughout
the entire fluid. Here we examine a localized settling particle layer because this better represents
the initial process of settling from particle-bearing fluid overlying a more dense particle-free
layer.

Two suites of simulations with three-dimensional arrays are presented here, one in which the
ambient fluid is uniformly stratified or has uniform density, and the other in which a uniformly strat-
ified layer overlies a uniform density later. The latter study is intended to explore the microscopic
dynamics associated with particle-driven convective instability at the base of a stratified layer, as
in experiments and simulations of particles passing through a stratified interface overlying uniform
density fluid [13–15].

In most simulations the domain had a horizontal extent of Lx = Ly = 30Dp and a vertical extent
ranging between −70Dp and 30Dp. Using a uniform probability distribution, the initial positions
of the particles was set by randomly distributing particles between z = 0 and z = Hp ≡ 30Dp.
Overlapping particles was forbidden. Here the number of particles was characterized by a prescribed
volume fraction, φ, so that the number of particles was Np = �φLxLzHp/Vp�, in which Vp is the
volume of a single particle, and the symbol �� denotes the round-to-the-nearest-integer operator.
Explicitly, the number of particles was Np = 52 and 258 for the volume fractions φ = 0.001
and φ = 0.005, respectively. Because of the high computational cost of cases with φ = 0.01,
the horizontal extent was Lx = Ly = 20Dp, and Np = 229. Although the domain was narrower,
the increase in particle density still allowed for sufficient particle interactions to occur. Once
a set of initial particle positions was created for a given volume fraction, that set of positions
was used for all following simulations with that volume fraction. In most simulations, the rel-
ative diffusivity was set by Sc = 7. However, some computationally intensive, higher resolution
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FIG. 5. Snapshots of particle positions at t/τ = 50 in simulations of a settling three-dimensional particle
layer with (a, b) Fr = ∞ and (c, d) Fr = 2. Solid black circles indicate particles lying within 2Dp of the
midplane at y = 0. In (a, c) open circles become lighter gray toward the front and back of the domain in the y
direction, with circles being larger toward the front and smaller toward the back. The colored fields show (a, c)
the vertical velocity and (b, d) the vertical displacement of fluid in the midplane at y = 0. Yellow lines in panels
(a) and (c) indicate the predicted depth at the corresponding times of a single particle settling initially from
z = 15 (solid) and z = 0 and 30Dp (dotted). In both simulations the initial volume concentration of particles is
φ = 0.005.

simulations were performed with Sc = 70 to examine the influence of reduced ambient fluid
diffusivity.

A. Settling in unstratified and uniformly stratified fluid

As in the previous sections, we begin by comparing results from simulations of particle settling in
unstratified fluid and in stratified fluid with Fr = 2. Figure 5 shows snapshots from these simulations
taken at t/τ = 50. Though all the particle positions are shown in Figs. 5(a) and 5(c), we focus
upon the particles lying within 2Dp of the y = 0 plane (plotted as black circles in all plots). The
colored fields show the relative vertical velocity, w/ws, and relative fluid displacement, ξ/Dp, in
the y = 0 plane at t/τ = 50. In Fig. 5(b), ξ represents the vertical displacement of fluid from its
initial position; in Fig. 5(d), ξ represents the vertical displacement of fluid from its neutral buoyancy
level. Particularly striking in the case of uniform density fluid [Figs. 5(a) and 5(b)] is the descent
of particles near y = 0 mostly in a single plume in the midplane where the vertical velocity and
fluid displacement are both downward. On either side of this plume the vertical velocity and fluid
displacement is upward. In contrast, there is less coherence in the vertical velocity and displacement
fields in the simulation with Fr = 2 [Figs. 5(c) and 5(d)]. While most particles near y = 0 lay
in regions of downward-displaced fluid, the vertical velocity is upward in some of these regions,
indicating a rebound in response to the fluid’s relative buoyancy. As found in the previous sections,
this acts to separate and disperse coherent clusters.

Because the particles are vertically stacked as well as horizontally distributed, one might expect
the lowest particles to settle relatively faster than in the case of a horizontal planar array. However,
the simulations of a three-dimensional layer show that the mean speed of the lowest particles
(laying within 6Dp of the particle at greatest depth) is only 1.5 times faster than a single particle in
unstratified fluid and 1.1 times faster than a single particle at that depth in stratified fluid. Even
in the simulation with unstratified fluid, the uppermost particles descended less quickly than a
single particle, as evident from the particles lying above the top dotted yellow line in Fig. 5(a).
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FIG. 6. As in Fig. 5 but for simulation snapshots at t/τ = 50 with Fr = 1 and (a, b) Sc = 7 and (c, d)
Sc = 70. In both simulations the initial volume concentration of particles is φ = 0.005.

This demonstrates that the upflows surrounding descending clusters act to disperse the particles
vertically and to slow their descent.

In simulations with Fr = 1, we further explored the influence of the relative diffusivity of the
fluid, as expressed by the Schmidt number. As in Fig. 5, Fig. 6 shows snapshots of the vertical
velocity and vertical displacement in the midplane (y = 0) as well as the particle positions near the
midplane in simulations with the standard setting of Sc = 7 [Figs. 6(a) and 6(b)] and with Sc = 70
[Figs. 6(c) and 6(d)]. Having a larger Schmidt number means that relatively less dense fluid carried
downward in the viscous boundary layer surrounding each particle and in their trailing wake takes
longer to diffuse into the surrounding denser ambient fluid. Consequently, the effective density of the
particle including this surrounding and trailing fluid is reduced. In comparison with the simulation
with Sc = 7, the influence of lower diffusivity is evident in the lower vertical velocity magnitudes
surrounding the particles [Fig. 6(c)] and the greater vertical displacement of fluid from its neutral
buoyancy level [Fig. 6(d)]. These results are consistent with the simulations of Doostmohammadi
et al. [22] who found that an increase in the Schmidt number led to greater deformation of isopycnals
due to reduced diffusion of the deformation. Although Fig. 19 of Ref. [22] demonstrates that the
deformation remains within a narrow wake above the settling particle, the presence of many particles
passing through the deformed stratification may widen this deformation, so attracting neighboring
particles.

We now present diagnostics aimed to quantify the settling and clustering behavior of particles in
a range of simulations with varying particle concentration (φ), stratification (set by Fr), and relative
diffusivity (set by Sc). We first explore the influence upon the relative settling speed of the particles
as a whole as well as of the lowest particles, lying with 6Dp of the bottom-most particle at each
time. These analyses are shown in Fig. 7. The descent of the particles as a whole is determined by
the speed of the center of mass of all the particles. This is plotted relative to the predicted (time-
dependent) speed of a single particle, given by Eq. (10). In simulations with strong stratification,
the center-of-mass speed rapidly became 20% smaller than the speed of a single particle, though
it gradually increased in time. The volume concentration, φ, had little influence upon the center of
mass speed, at least for concentrations below 0.01 [Fig. 7(a)]. However, the clusters at the bottom
descended faster if φ was larger, owing to stronger particle-particle interactions occurring when the
particles initially were in closer proximity [Fig. 7(c)].

Stratification had the strongest influence upon the settling speed of both the center of mass and
the lowest particles, as shown in Figs. 7(b) and 7(d). In a uniform density fluid (Fr = ∞), the
center of mass gradually accelerated over time, whereas its speed remained close to that of a single
particle in simulations with Fr = 4 and Fr = 2. In the case with strong stratification (Fr = 1), the
particles first collectively slowed down relative to a single particle before gradually increasing in
speed. A stronger wake effect in fluid with lower diffusivity (Sc = 70) is evident from the relatively
slower speed. At t/τ = 5, the relative center of mass speed is 0.73 compared to the simulation with
Sc = 7 for which the relative speed is 0.83. Acceleration of the lowest particles was evident in all
simulations with Sc = 7. However, in the simulation with the strongest stratification (Fr = 1) and
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FIG. 7. Particle center-of-mass relative settling speed over time for (a) different volume fractions with Fr =
1 and (b) different Froude numbers with φ = 0.005, and the relative mean settling speed of the particles within
6Dp of the lowest particle for (c) different volume fractions with Fr = 1 and (d) different Froude numbers with
φ = 0.005. Speeds are normalized by the time-dependent speed, ws1, predicted for a single particle by Eq. (10).

with Sc = 70, the lowest particles settled at near-constant speed, approximately 0.8 of the speed
of a single particle. This is a result of these particles carrying buoyant fluid down with them in
their wake and, because the diffusivity was lower, this provided a significant retarding force on the
particle clusters.

The settling speed of particle clusters was also examined by Doostmohammadi and
Ardekani [41], who likewise noted a decrease in the mean settling speed with increasing Froude
number, although their study involved larger Froude numbers (Fr � 12) and generally a smaller
number of particles (Np = 8 to 64) distributed throughout a triply periodic domain. Notably, they
found that the mean settling speed became near-constant after a transient startup time, as opposed
to our study that shows a gradual increase in the descent speed over time in all cases with Sc = 7.
We attribute this to the presence of a settling front in our simulations whereby the lowest particles
descend without the influence of wake-effects induced by underlying particles. This is why the mean
descent speed of the leading particles [Fig. 7(d)] is faster than the mean speed of all the particles
[Fig. 7(b)].

One measure of the formation of clusters is through computing their horizontal displacement
from their initial positions while settling. Specifically, at each time we compute the root-mean-
square horizontal displacement of all the particles:

〈dp〉 =
√∑

Np

{[xn − xn(t = 0)]2 + [yn − yn(t = 0)]2}. (12)

This is plotted in Fig. 8 as it depends upon the change in depth, z̄ − z0, of the center of mass
of the particles from the initial position of the center of mass, at z0. In all cases the rate of
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FIG. 8. Root-mean-square horizontal displacement of particles as it depends upon the depth below the
initial location, z̄ − z0, of the particles’ center of mass in simulations with (a) φ = 0.005 and different Fr, as
indicated, and (b) Fr = 1 and different φ, as indicated. (c) The magnitude of the rate of change of 〈dp〉 with
depth measured between z̄ − z0 = −4 and −6 (solid symbols) and between −24 and −26 (open symbols) as
it depends upon the inverse Froude number and initial concentration with φ = 0.01 (red circles), φ = 0.005
(black circles), and φ = 0.001 (blue circles). The gray symbols correspond to Fr = 1, φ = 0.005, and Sc = 70.

change of 〈dp〉 with depth was largest in unstratified fluid, being smaller in simulations with larger
stratification or smaller particle concentration, and as the particles descended to greater depth.
In particular, in simulations with Fr = 1, the mean displacement was approximately half that of
particle in unstratified fluid by the time the particles descended by 50Dp. The mean displacement
was relatively larger if the volume concentration was larger, owing to stronger particle-particle
interactions [Fig. 8(b)].

Except in some simulations with φ = 0.001, the rate of change of 〈dp〉 with depth became smaller
as the particles descended. The early-time influence of stratification upon 〈dp〉 is measured by
computing the rate-of-change of 〈dp〉 with z̄ when the particles’ center of mass was situated 5Dp

below its initial location. This is plotted as solid symbols for a range of simulations in Fig. 8(c).
The rate of change was also computed when the particles’ center of mass was situated 25Dp below
its initial location, with these values being plotted as open symbols in Fig. 8(c). As anticipated,
the displacement increased more with depth if the particle concentration was larger, allowing
for stronger particle-particle interactions. At fixed concentration, the increase was 50% larger in

FIG. 9. Particle horizontal radial distribution function for particles within 6Dp of the lowest particle,
computed from simulations with φ = 0.005, Sc = 7 and (a) Fr = ∞, (b) Fr = 2, (c) Fr = 1, and with
(d) φ = 0.005, Fr = 1 and Sc = 70. The color scale is arbitrary.
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FIG. 10. Cross-sections of vertical velocity at t/τ = 30 from simulations with (a, d) uniform stratification
with Sc = 7 and Fr = 2, (b, e) nonuniform stratification with Sc = 7 and Fr = 2 above z/Dp = −5 with
uniform density below, and (c, f) as in panels (b, e) but with Sc = 70. The top row of plots shows horizontal
cross-sections at z/Dp = −20 with circles denoting the horizontal position of particles lying vertically within
2Dp of the cross-section; the dashed lines indication the location of the vertical cross-section in panels (d–f).
The bottom row of plots shows vertical cross-sections at y = 8Dp with circles denoting the positions of particles
lying within 2Dp of the cross-section; the dotted lines in panels (e, f) indicate the location of the base of the
stratified layer and the dashed lines indicate the location of the horizontal cross-section in panels (a–c). The
color scale for all plots is shown to the right. In all simulations φ = 0.005.

simulations with unstratified fluid compared with simulations having Fr = 1. Increasing Sc from 7
to 70 had little effect upon the initial rate of horizontal displacement although it resulted in relatively
smaller displacements at shallower depths and larger displacements at greater depths.

As another measure of the formation of clusters over time, we computed the horizontal radial
distribution, Gh. Unlike this analysis applied to a horizontal array of particles (Fig. 3), here it
was applied only to particles lying within 6Dp of the lowest particle. This allowed us to focus
on the clustering of the lowest descending particles. A separate analysis of the three-dimensional
radial distribution, as performed by Doostmohammadi and Ardekani [41], was found to be less
effective at characterizing clustering. This is because the vertical extent of the particle layer
decreases in strongly stratified fluid largely as a consequence of the negative buoyancy of particles
becoming smaller with depth, as in Eq. (7). Consequently, the three-dimensional radial distribution
is dominated by the vertical, rather than horizontal, consolidation of particles.

The horizontal radial distributions computed for four simulations is shown in Fig. 9. In un-
stratified fluid after t/τ � 15, the distribution peaks for radial separations between 3Dp and 6Dp

[Fig. 9(a)]. In contrast, the simulations of settling in stratified fluid gives narrower peaks at smaller
radial separations. In simulations with Sc = 7 and Fr = 2 and 1, the distributions peak between
Dp/2 and 2Dp these peaks becoming pronounced after t/τ ∼ 30 [Figs. 9(b) and 9(c)]. The main
peaks at low radial separation are associated with particles in a single cluster. Additional peaks
at larger radial separations corresponding to particle separations between neighboring clusters. In
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FIG. 11. For the simulations shown in Fig. 10, the root-mean-square of the horizontal particle displacement
plotted against the depth of the center of mass of the particles. The horizontal dotted line indicates the depth of
the transition from stratified to unstratified fluid at z/Dp = −5.

the simulation with Sc = 70 and Fr = 1 the peak takes longer to develop and is significant for
smaller separation distances between 0 and Dp. This is consistent with observations of the particles
becoming more vertically aligned if the background diffusion is small.

The comparison between these simulations demonstrates that stratification delays the formation
of particle clusters, consistent with the delayed horizontal displacement shown in Fig. 8. Rather than
enhancing cluster formation, stratification reduces particle descent speeds and retards long-range
particle-particle interactions.

B. Linear-homogeneous background stratification

Here we put our work in context of previous simulations and experiments examining the settling
from an upper particle-bearing surface layer into an underlying fluid of uniform density [13–16,42].
Although in those studies the interstitial fluid in the upper layer had uniform density, the interface
between the two layers was not infinitesimally thin. Hence, our focus is upon settling through the
stratified interface into the underlying uniform density fluid. This was modeled with the background
density profile

ρ̄ = ρ0 − γ

{
z z � −5Dp,

−5Dp z < −5Dp.
(13)

The transition between uniform stratification and uniform density fluid was placed 5Dp below the
lowest particles, situated at z = 0, to allow the particles time to accelerate from rest to quasi-steady
state within the stratified layer before reaching the uniform density layer. In the studies reported
upon here, the volume concentration was taken to be φ = 0.005. For comparison to results in
Sec. V A, the domain size and initial particle positions were initially the same as in those simulations
with unstratified and uniformly stratified fluid.

For three simulations at t/τ = 30, Fig. 10 shows horizontal cross-sections of the vertical velocity
at z = −20Dp (15Dp below the bottom of the interface) and vertical cross-sections of the vertical
velocity at y = 8Dp. Particles lying within 2Dp of these cross-sections are also plotted. In com-
parison with the uniformly stratified simulation, the cross-sections show there are larger connected
regions of downward velocity correlated with the particles near z = −20Dp, and the upward velocity
between the particle clusters is larger.

The differences between the nonuniformly stratified simulations with Sc = 7 and Sc = 70 are
more subtle. While particles in the lowest clusters are situated in similar locations, the particles
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still in the upper stratified fluid are more vertically aligned in fluid with smaller diffusivity, as is
particularly apparent in the vertical cross-sections near (x, z) = (−12Dp, 2Dp).

As in Fig. 8, the root-mean-square of horizontal displacement of particles as their center of
mass descends in depth was computed in these simulations, and are plotted in Fig. 11. As before,
in uniform stratification the rate of horizontal displacement decreases significantly with depth.
However, in nonuniform stratification the rate changes little after the particles pass into uniform
density fluid. In the simulation with Sc = 70 the rate changes even less than in the case with
Sc = 7 which can be attributed to the interface between stratified and uniform-density fluid diffusing
vertically at a slower rate.

VI. DISCUSSION AND CONCLUSIONS

This study was originally motivated by observations of laboratory experiments in which micron-
sized particles in a fresh water layer overlying salt water were observed to descend into the saline
ambient fluid not as a cloud, but in discrete particle plumes [11–14]. It was hypothesized that
particles passing through the continuously stratified interface between the fresh water and saline
layers interacted so as to form clusters that then settled collectively into the underlying ambient
fluid. Running realistic particle-resolving simulations of these dynamics is presently infeasible due
to the large domain size and fine resolution required to capture the motion of thousands of particles
at low Reynolds numbers and large Schmidt numbers. For example, modeling 10-micron-diameter
glass microspheres settling in salt water would require Re � 0.01 and Sc � 700.

Our approach has been to gain insight into possible collective settling processes by focusing upon
the influence of stratification. The Reynolds number was fixed at Re = 1/4, which is representative
of the weakly inertial settling of fine sand in water. In test simulations with larger Reynolds numbers
(and corresponding larger Froude numbers), there was insignificant difference in settling and
displacement rates if Re = 1, though initial displacements grew substantial more quickly initially
if Re = 4 (see Appendix B). This suggests that the choice of Re = 1/4 is sufficient to capture the
essential dynamics of noninertial settling. In most of our simulations, the Schmidt number was
fixed at Sc = 7, with corresponding Péclet number of Pe = 1.75. In these simulations, any fluid
carried to depth in the wake of the descending particle would rapidly diffuse into the surrounding
ambient fluid. These neglect the potentially important dynamics of particles being slowed by the
buoyant fluid in its wake [39] as well as enhanced particle interactions whereby a trailing particle
can be drafted into the wake of a leading particle [25,26]. Consequently, we also performed a small
number of computationally intensive simulations having Sc = 70.

To gain insight into the influence of stratification upon the interactions of settling particles, we
examined the evolution of an initially horizontal row of particles and a horizontal and vertical
planar array of particles. In all cases the particles eventually gathered into clusters with isolated
particles trailing behind. The main influence of stratification was to create upflows between the
clusters which reduced the size of clusters and retarded the advance of both the lowest clusters
and trailing particles relative to the descent of a single particle. Similar dynamics were observed in
simulations of a three-dimensional layer of particles. For these, clustering was quantified through
the consideration of the root-mean-square horizontal displacement of particles as a function of
their mean depth as well as the horizontal radial distribution of the particles in the lowest clusters
as a function of time. These showed that particles in strong stratification, with Fr = 1, deviated
horizontally at approximately half the rate of particles in unstratified fluid and that this rate became
smaller as the particles descended. While the horizontal radial distribution of the lowest particles
in unstratified fluid peaked around 4 particle diameters, the particles were more closely clustered
in strong stratification, peaking around 1 particle diameter in simulations with Sc = 7. Lower
diffusivity resulted in particles being more vertically aligned, reminiscent of the drafting phenomena
that has been observed for particle pairs in stratified fluid at moderate Reynolds numbers [25,26].
The clustering of particles into near-vertical alignment in fluid with Sc = 70 took longer (t � 60τ )
than clustering in more diffusive fluid. For this reason, there was little difference in the settling
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of particles from a stratified layer into an underlying uniform density fluid because, in these
simulations, most of the particles had rained out of the stratified layer by t/τ = 20.

The results presented here suggest that stratification alone is insufficient to explain the observed
collective settling behavior in laboratory experiments. Several additional factors should be consid-
ered: the low diffusivity of salt water must be better represented with larger Schmidt numbers; the
vertical domain size must be sufficiently large to allow for particles to interact within a deep enough
stratified layer potentially leading to their columnarization; the horizontal domain size must be
larger, and the number of particles correspondingly greater, to capture the horizontal scale of fingers
and “leaky ducts” observed in laboratory experiments [11–14]. Based on these experiments, we
estimate the minimum vertical and horizontal scales to capture the formation of a leaky duct should
be on the order of 1 cm. And so a simulation of particles with diameter Dp = 10 μm, would require
a 1000Dp × 1000Dp × 1000Dp domain containing on the order of 106 particles at concentrations
as low as φ = 0.001. As prohibitive as such simulations would be, particularly with Sc = 700, it
is hoped that insights into the microscopic dynamics associated with the development of collective
particle settling behavior can be gained first by increasing the Schmidt number in smaller domains
and then increasing the domain scale.
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APPENDIX A: RESOLUTION TESTS

To determine the necessary grid resolution for accurate numerical simulations, two sets of
simulations with various resolutions were compared: the first corresponds to the settling of a row
of particles; the second corresponds to a random, three-dimensional array of particles. Simulations
with background stratification were completed to account for the associated effects, such as drag.

In the the first study, an initially horizontal row of particles at z = 0 were all equally spaced
except for the center particle that was displaced downward. Figure 12(a) shows the settling velocity
of this center particle, which exhibited the fastest descent and was the most likely to be influenced by
the grid resolution. The settling speed was very similar between the two resolutions with a maximum

FIG. 12. (a) Settling speed of the center, downwardly perturbed particle and (b) the relative particle
positions for a horizontal row of 11 particles with Fr = 2.
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FIG. 13. (a) Mean particle settling speed (the dashed lines are one standard deviation away from the mean).
(b) particle volume fraction at t/τ = 75.

difference of 1.5%. The particle positions relative to an unperturbed row are also similar between
the two resolution cases [Fig. 12(b)]. Because the difference between the two resolutions was small,
the smaller resolution of �x/Dp = 1/16 was deemed suitable.

Because the majority of our simulations were completed with a random, three-dimensional array
of particles for which the settling dynamics were more complex than that of the horizontal row, we
present a resolution test for this configuration as well. The evolution of the mean particle settling
velocity and the horizontally averaged particle volume fraction at t/τ = 75 are shown for the case
with Fr = 1, φ = 0.005, and Re = 1/4 (Fig. 13). The maximum difference in the mean settling
speed was 1% between the low resolution and high resolution simulations, indicating that at grid
size of �x/Dp = 1/16 is suitable. Further justification for this resolution is found in Vowinckel
et al. [36], who used a resolution of �x/D50 = 1/18.25 in their study on the sedimentation of
polydisperse, cohesive sediments.

APPENDIX B: REYNOLDS NUMBER EFFECT

Thus far, a Reynolds number of 1/4 has been used to model weakly inertial sedimentation.
However, particles settling in environmental and industrial flows can have wide-ranging Reynolds
numbers. Consequently, an investigation on the effect of Reynolds number is needed.

For fixed particle size, the Reynolds number is changed by varying the density ratio ρp/ρ0

and, hence, the settling velocity. Changing the Reynolds number results in a change in the particle
equilibrium depth [as given by Eq. (6)]. To ensure that the changes are a result of inertia and not
the variation in settling distance, we fix the settling distance by simultaneously adjusting the Froude
number. We set the equilibrium depth to zeq/Dp = 72 and varied the Reynolds number between
1/4 and 4.

Although the range of Reynolds number varied from near the Stokes regime (at low Re) to
inertial settling, this range had little effect on the characteristics of the sedimentation (Fig. 14). Even
with slight variations in the mean settling speed and mean horizontal displacement, the settling at
Re = 1/4 was representative of a wider range of Reynolds numbers.

The similarity in these plots may be understood from the relative strengths of stratification
to viscosity, as expressed by the ratio Fr2/Re. Although the viscous component weakened with
increasing Re, so did the role of stratification at an equal rate. Although the ratio Fr2/Re = 4 was
greater than one, Fig. 14(a) shows that stratification still dominated due to the exponential decay
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FIG. 14. Reynolds number dependence on (a) mean particle settling speed, (b) RMS particle horizontal
displacement, and (c) particle layer volume fraction.

in settling velocity. For Re = 1/4 the transition from stratification-dominated to inertial-dominated
motion occurred in the range of Fr = 2 − 3 corresponding to Fr2/Re = 16–36.

APPENDIX C: BOUSSINESQ APPROXIMATION

The strong stratification case of Fr = 1 used in Sec. V resulted in a fluid density difference
of �ρ/ρ0 ≈ 1 which is outside the Boussinesq limit. However, Doostmohammadi et al. [22] had
investigated the settling of an individual particle through a linear background density profile and
found that there was less than 0.5% deviations between simulations with and without the Boussinesq
approximation for stratifications down to Fr = 0.829. Although the numerical method of their model
was different from the immersed boundary method used here, comparison of the settling velocity
of an individual particle at Fr = 0.829 was comparable, being 13% different at maximum velocity.
Furthermore, although this comparison was made for an individual particle, the addition of multiple
particles will not change the applicability of the Boussinesq approximation.
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