CHOW RING OF GENERICALLY TWISTED
VARIETIES OF COMPLETE FLAGS

NIKITA A. KARPENKO

ABSTRACT. Let G be a split simple affine algebraic group of type A or C over a field k,
and let E be a standard generic G-torsor over a field extension of k. We compute the
Chow ring of the variety of Borel subgroups of G (also called the variety of complete flags
of G), twisted by E. In most cases, the answer contains a large finite torsion subgroup.
The torsion-free cases have been treated in the predecessor Chow ring of some generically
twisted flag varieties by the author.
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1. INTRODUCTION

Let G be a split semisimple affine algebraic group over a field k£ and let B be its variety
of Borel subgroups (also called the wvariety of complete flags of G). A rational point on
B is given by a Borel subgroup B C G. Picking up such a point, one establishes an
isomorphism of B with the quotient variety G/B. The Chow ring CHB of B is well-
studied and understood.

The situation changes dramatically when we twist B by a G-torsor (i.e., a principle
homogeneous space) E over a field extension F' D k. The F-variety Y thus obtained is
isomorphic to the quotient variety F/B. It is not reasonable to hope to understand CHY
in general.

If the torsor F is split, the situation is easy because Y ~ Br. Whatever viewpoint is
applied to measure how far is a given torsor E from the split one, the standard generic
torsors are always among the winners. A standard generic torsor E is, by definition, the
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generic fiber of the quotient map GLy — GLy /G for an imbedding of G into the general
linear group GLy for some N > 1. In particular, E is a G-torsor over the function field

F = k(GLy /G) D k.

The Chow ring of the corresponding F-variety Y does not depend on the choice of the
imbedding G — GLy and is the main object of study in the paper.

A standard tool of studying CHY for an arbitrary smooth variety Y is the canonical epi-
morphism CHY — GK(Y'), where K(Y') is the Grothendieck ring of Y endowed with the
topological filtration (also called geometrical filtration as well as filtration by codimension
of support) and GK(Y) is the associated graded ring. The kernel of this epimorphism
is contained in the torsion subgroup Tors CHX of CHX ([B, Example 15.3.6]) and is
controlled by differentials of the Brown-Gersten-Quillen spectral sequence ([I8]).

For our particular Y, the ring CHY is generated by its component CH' Y (@, Example
2.4]). As a consequence, the topological filtration for our Y coincides with the gamma
filtration ([I, Remark 2.17]). The latter is the filtration generated by K-theoretical
Chern classes, introduced by A. Grothendieck for arbitrary smooth varieties as an (at
least theoretically) computable approximation of the topological filtration.

Here is the short version of the main result of the paper (see §@ and §8 for the proof):

Theorem 1.1. Let G be a split simple affine algebraic group of type A or C and let Y
be its variety of complete flags twisted by a standard generic torsor. Then the canonical
epimorphism CHY — GK(Y') is an isomorphism.

By [, Theorem [ also holds for the type Ga; moreover, the standard generic torsor
can be replaced by an arbitrary non-split torsor for this type. It would be interesting to
know if Theorem I holds for other types.

Theorem I means that the relations, satisfied by the images of the elements of CH' Y’
in GK(Y), are satisfied in CHY by the original elements themselves. In fact, in the
course of the proof we provide a complete explicit computation of the corresponding ring
(see Proof of Theorem I for type A (in §A) with Corollaries BI8 and B22 as well as
Examples B17, BIX, B19, B20, B21). And this is new even for the associated graded
Grothendieck ring: although the gamma filtration (for Y as above, for X as below or
similar) has been studied a lot during the last two decades (see, e.g., [8], [[D], [B], [ET],
[@]), only partial results were available so far.

Our answer contains a large (finite) torsion subgroup in most cases. Therefore we get
a rare (resp., a first) example of a complete computation of Chow ring with torsion for a
family of projective homogeneous varieties of arbitrary large dimension under anisotropic
semisimple algebraic groups (resp., with indecomposable Chow motives). The torsion-free
cases have been detected in the predecessor [[]; the remaining cases seemed to be out of
reach at the time of [@].

Type A constitutes the main part of Theorem [, whereas type C is a byproduct. A
split simple affine algebraic group G of type A over a field £ is isomorphic to the quotient
SL,, /tm (the special linear group modulo the central subgroup of mth roots of unity) for
a divisor m > 1 of an integer n > 2. The rank of such G is n — 1 so that the precise type
of G is A,,_1. The variety of Borel subgroups B is the classical variety of complete flags
in the n-dimensional k-vector space k"; it does not depend on m. As to the variety Y, it
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depends on E depending on m. This Y can be identified with the variety of complete flags
in a vector bundle of rank n — 1 over the Severi-Brauer variety X of the central simple
F-algebra A given by E. The algebra A, arising here, is a standard generic central simple
algebra of degree n and exponent m. The variety X is the projective space of dimension
n — 1 over F', twisted by FE it has much lower dimension and is much simpler than Y in
several other aspects. Theorem [T for type A is equivalent to injectivity of the canonical
epimorphism CH X — GK(X). Because of all this, we work with X, not with Y, most of
the time. Also, we reduce the problem to the case, where n is a power of a prime number,
and work with this case most of the time.

2. SPECIALIZATION

Let G be a split semisimple affine algebraic group over a field k and let E be a standard
generic G-torsor over a field F' D k. By definition, E is the generic fiber of the quotient
map GLy — S := GLy /G for an imbedding G <— GLy for some N > 1.

For any field extension F’/k and an arbitrary G-torsor E’ over F’, there exists an F'-
point z: Spec F' — S of S such that E’ is isomorphic to the fiber of GLy — S over x, |2,
§5.3]. The variety S being smooth, the image of x is a regular point s on S. Fixing a system
of local parameters around s, we connect the field F' = k(S) with the subfield F(s) C F’
by a finite chain of discrete valuation fields, where each next field is the residue field of the
previous one. Using the specialization homomorphism on Chow rings as in [B, Example
20.3.1] (and the change of field homomorphism of the field extension F’/F(s)), for any
subgroup P C G (we are only interested in parabolic subgroups here, so, let us assume
from the beginning that P parabolic), we get a (respecting gradings) homomorphism of
Chow rings CHX — CH X' (which we also call a specialization homomorphism) of the
quotient varieties X := F/P and X' := E’/P. Similarly, we get a ring homomorphism of
Grothendieck rings K(X) — K(X'). Let us list the properties of these homomorphisms,
used in the paper.

Let L/F be a splitting field of £ and let L'/F’ be a splitting field of E’. The rings
CH X and CH X}, are canonically isomorphic (to CH(G/P)). The triangle formed by
the homomorphism CH X — CH X’ and the change of field homomorphisms CH X —
CH X, CHX' — CH X}, commutes, [, Lemma 4.3]. In particular, the homomorphism
CHy X — CHgy X’ preserves degrees of 0-cycles.

Given a second parabolic subgroup ) C G, containing P, we have morphisms f: X —
Y :=F/Qand f': X’ - Y':=E'/Q. The squares

CHX - cHY CHX <! — CHY

l Lo ] l

CHX' —I cHy CHX' <L cHY
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commute. In particular, the squares

CH(X xY) 25 CHY CH(X xY) <%~ CHY
| | and | |
CH(X' x Y') - CHY’ CH(X' x Y') <Z CHY’

commute, where from now on () C G is an arbitrary parabolic subgroup (not necessarily
containing P), and pr: X xY — Y, pr': X' x Y’ — Y’ are the projections. As a
consequence, given a correspondence « : X ~» Y, the square

CHX -2 CHY

l |

a/

CHX' —— CHY"
commutes, where o/ : X’ ~» Y is the specialization of «, i.e., the image of o under the
specialization homomorphism CH(X x Y) — CH(X’ x Y”’). (See [B, §62] for definition of
a, and o/, as well as for other basic facts on correspondences.)

Similarly, the rings K(X) and K(X},) are canonically isomorphic and the triangle
formed by the homomorphism K(X) — K(X’) and the change of field homomorphisms
K(X)— K(X1), K(X') —» K(X},) commutes.

Finally, the square

K(X) —— CHX

l |

K(X') —— CHX/,
where c is the total Chern class map, is commutative.

In the sequel of the paper, we apply the above properties in the case of G = SL,, /i,
where m > 1 is a divisor of an integer n > 2. So, F gives rise to a standard generic
central simple algebra A over F' of degree n and exponent m whereas E’ gives rise to
a central simple algebra A’ over I’ of degree n and exponent dividing m. Let P be a
(maximal) parabolic subgroup whose conjugacy class corresponds to the subset of the
Dynkin diagram of G obtained by removing the first vertex. Then E/P and E’/P are the
Severi-Brauer varieties of A and A’. Removing ith vertex instead of the first one (with
i=1,...,n—1), we obtain the generalized Severi-Brauer varieties SB;(A4) and SB,(A").

3. CHOW RINGS OF SEVERI-BRAUER VARIETIES

Everywhere below, X is the Severi-Brauer variety of a central simple algebra A over a
field F. For an exposition of basic properties of Severi-Brauer varieties we refer to [0].

Theorem 3.1. If the Chow ring CHX is generated by CH' X and the Chern classes
of the tautological (of rank deg A) vector bundle on X, then the canonical epimorphism
CHX — GK(X) onto the associated graded ring GK(X) of the topological filtration on
the Grothendieck group K(X) is an isomorphism and the topological filtration on K(X)
coincides with the gamma filtration.
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Since CH X is generated by Chern classes, the topological filtration on K(X) does
coincide with the gamma filtration, [[, Remark 2.17]. Therefore, only the assertion on
CH X — GK(X) needs to be proved. The proof is given further in this section after some
preparation work is accomplished.

For any field extension L/F', the change of field homomorphism K (X) — K(X) is
injective by [Md].

Lemma 3.2. Assume that A is a division algebra of degree p" and exponent p™ for some
prime number p and some integers 1 < m < n. Let L/F be a splitting field of A. If
m =n, then

pr—1

p—1

logp([K<XL> t K(X)]) = by :=np" —
For arbitrary m, one has
log,([K(XL) : K(X)]) < by — by

Proof. By [, [K(X1): K(X)] = [1.; " ind A%". If m = n, then

log, ind A®" = max{0, n —v,(i)},
where v,(7) is the p-adic valuation of i. For arbitrary m, we have
log, ind A®" < max{0, n — v,(i)}
for any ¢ and ind A®* = 1 for ¢ with v,(7) > m. O

Let C' C CHX be the (graded) subring, generated by the Chern classes of the tauto-
logical vector bundle (of rank deg A) on X.

Proposition 3.3. Let L/F' be a splitting field of A. For anyi=0,...,deg A~1 = dim X,
the composition C* — CH' X — CH' X; = Z is injective and its image is generated by
deg A/(i,deg A), where (i,deg A) is the g.c.d. of i and deg A.

Proof. By [@, Theorem 3.7 with Remark 3.4], the statement holds in the case of m = n.
Therefore, by specialization (see §8), it holds for arbitrary m. O

Lemma 3.4. Assume that ind A = exp A and let i be an integer. If the group CHiX
is torsion-free, then it is generated by the images of the norm maps CH' X, — CH' X,
where L runs over finite field extensions of F' satisfying ind A;|i.

Proof. We may assume that 0 < ¢ < dim X. Let F be an algebraic closure of F' and
X := Xg. If CH" X is torsion-free, the change of field homomorphism CH' X — CH' X
is injective. By [@, Theorem 1], since ind A = exp A, the image of CH' X — CH' X = Z
is generated by the integer (ind A)/(i, ind A). For any L with ind A;|4, the image of the
composition CH' X, — CH' X — CH' X = Z is generated by [L : F]. And the g.c.d. of
[L : F] for L running over all finite field extensions of F', satisfying ind 4|4, is equal to
(ind A)/ (4, ind A), cf. [, §2.1V]. O

Proposition 3.5. Assume that A is a division algebra. For any finite field extension
L/F, splitting A, the image of the norm map CHX; — CHX is contained in C. For
every i > 0, the component C* is contained in the subgroup of CH' X generated by the
images of the norm maps CH X, — CHX for L running over the finite field extensions
of F" with ind Ay, dividing i.
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Proof. The second projection X x X — X is identified with the projective bundle of the
canonical bundle on X — the dual of the tautological bundle on X. Therefore we may
consider the tautological line bundle on X x X.

Let A be a standard generic central simple algebra of degree deg A and exponent deg A
over a field F D F. By [@, Corollary 3.8], the Chow ring of the Severi-Brauer variety X of
A is generated by the Chern classes of the tautological vector bundle. In particular, for
any 1 > 0, every element of &' CH, X is a polynomial in Chern classes of the tautological
vector bundle, where & € CH'(X x X) is the first Chern class of the tautological line
bundle on X x X and & € CH (X x X ) is its ith power in the Chow ring that we consider
as a correspondence &': X ~ X, [B, §62]. Since the group CHy X is torsion-free (|3,
see also [@, Corollary 7.3]), the specialization map CHy X — CH, X is surjective (see §B).
From the commutative square

CHy X —2 CH' X

! l

CHo X —2 CH'X
we deduce that ol CHy X C O, where a € CH'(X x X) is the first Chern class of the

canonical line bundle on X X X. Since for any finite field extension L /F, splitting A, the
map o' : CHy X, — CH' X of the commutative square

CHy X, — CH' X,

l l

CHy X —=» CH'X
is an isomorphism, the image of the norm map CH* X, — CH" X is contained in o CHy X
and therefore in C".

We proved the first statement of Proposition BA. To prove the second one, note that the
second projection Y x X — X, where Y is the generalized Severi-Brauer variety SB;(A)
of right ideals of reduced dimension ¢ in A, is identified with the Grassmann bundle of
i-planes of the canonical bundle on X. Therefore we may consider the tautological bundle
(of rank i) on Y x X.

Let Y be the generalized Severi-Brauer variety SB; (A) of right ideals of reduced dimen-
sion i in A. Let f € CH'(Y x X) be the ith Chern class of the tautological bundle (of
rank 7) on Y x X. It follows from [@, Theorem 3.7] and Lemma B3 that the group CH' X
is generated by the images of the norm maps CH' X ; — CH X, where L runs over finite
field extensions of F with ind A;|i. For any such L, let us consider the commutative
diagram

CH, Y~ LN CH2X~

l l

CH,V —2 CH X
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In this diagram, the upper map B,: CHy Y~ — CH'X E is surjective. Indeed, for an
algebralc closure L of L, since ind AL| i, the change of field homomorphism CHZX P
CH' X; is an isomorphism by [8, Corollary 1.3.2]. Over L, the tautological bundle on
Y x X becomes isomorphic to the tensor product of the tautological rank ¢ bundle on the
Grassmannian Y by the canonical (dual to the tautological) line bundle on the vector
space X It follows that the image under B, of the class in CH, Y~ of a rational point
on Y~ is equal over L to the zth Chern class of the canonical line bundle. And this Chern
class generates the group CH' X

We conclude that the lower map 5’*: CHoyY — CH' X of the diagram is as well surjec-
tive. It follows by specialization that the image of the map f,: CHyY — CH'X is equal
to C*. The group CHy Y is generated by the images of the norm maps CHy Y, — CHoY
with L running over the finite field extension of F' satisfying ind Ay |i. With the commu-
tative square

CH,Y, -2 CH' X,

! l

CH,Y -2 CH' X

the second statement of Proposition B3 follows. O

Taking for L in the first statement of Proposition B3 a maximal subfield of A, and
using the fact that the composition CHX — CH X; — CH X is multiplication by [L :
F] = deg A, we get

Corollary 3.6. The quotient group (CH X)/C' is annihilated by deg A. O

For any finite field extension L/F', splitting A, the change of field homomorphism
CH' X — CH' X, = Z is injective and its image is generated by the integer exp A, [O,
§2]. Let e be a generator of CH' X

Corollary 3.7. For a mazimal subfield (or, equivalently, a minimal splitting field) L of
A, the tmage N of the norm map CH X — CH X does not depend on the choice of L. For
any finite field extension L/F, splitting A, the image of the norm map CH X, — CHX
15 contained in N . O

Proposition 3.8. Assume that deg A = ind A = p" and exp A = p™ for a prime p and
some integers 1 < m <n. Then p'e? " € C for anyi=0,1,...,n—m.

Proof. We identify K (X) with a subring of K(Xy), where L/F' is a splitting field of A.
Let £ € K(X1) be the class of the tautological line bundle on the projective space X.
Then the multiple p™¢ of £ is in K(X) and is represented by the tautological bundle on
X. Since ind A®P" = 1, we also have ¢&#" € K(X). Up to a sign, the element e is the first
Chern class of &P,

Let A be a generic central simple algebra of degree and exponent p" over a field FOF
and let X be its Severi-Brauer variety. We fix a splitting field L/ F of A and identify
K(X) with a subring of K(X;). Let £ € K(X;) be the class of the tautological line
bundle on the projective space )~( . Since ind A%P™ = p"~™_ we have p""EP" € K(X)
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We have a commutative square

n—m

K(X) 2% CHX

l l

K(X) 2" CHX,

where the horizontal arrows are given by the p"~™th Chern class, whereas the vertical
arrows are given by specialization. The image of p" ™" € K(X) in K (X)is p» &/ €
K(X) and cynm(p"™ - €7") = 4¢#" " € CHX. On the other hand, the image of CH X
in CH X is the subring C'

We have proved Proposition B8 for ¢ = 0. For arbitrary ¢, we use the above commutative
square with the Chern class ¢ n-m-i in place of cn-m. We get:

( p_ _A) e
pn m—1

Since the highest p-power dividing the binomial coefficient is p’ (cf. [, Lemma 3.5]),
whereas the quotient group (CH X)/C' is annihilated by a p-power by Corollary B3, we
obtain the inclusion ple?” " € C.

Here is another proof, avoiding the specialization argument. Note that

oo = (7).

where \P": K(X) — K(X) is the p™th lambda operation. Since p"~™ is the highest
p-power dividing the binomial coefficient, p"~™&P™ is a linear combination with integer
coefficients of (p"€)P" and A\P" (p"€). Since the value of a Chern class on a lambda opera-
tion of an element in K (X) is a polynomial in Chern classes of the element, we conclude
that all Chern classes of p"~™¢P™ are polynomials in Chern classes of p™&. O

Corollary 3.9. For A as in Proposition &8, let L/F be a mazimal subfield of A and let
N C CHX be the image of the norm map CH X — CHX. Then p'e?" ™ " € N for any
1=0,1,...,n—m.

Proof. We have p'e?” ™" € C (Proposition B8) and N C C (Proposition BH). The
composition C'— CH X — CH X, is injective (Proposition B3). The image of pler" "
in CHP" ™" X, = Z is equal, up to a sign, to pt™" ™" > pm and therefore lies in the
image of N. 0
Corollary 3.10. In contrast to Corollary B, we drop here the assumption that A is a
division algebra. We only assume that ind A = p"™ and exp A = p™ for a prime p and
some integers 0 < m < n (deg A is allowed to be an arbitrary multiple of p"). Let L/F
be a maximal subfield of the underlying division algebra of A and let N C CHX be the
image of the norm map CH X, — CHX. Thenp'e?” " " € N foranyi=0,1,...,n—m.

Proof. Let D be the underlying division algebra of A. We fix an isomorphism of A onto
the tensor product of D with the matrix algebra My(F'), where d := deg A/ ind A. Tensor
product of ideals gives rise to a closed imbedding SB(D) x P4~! — X . Choosing a rational
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point on the projective space P4~!, we get a closed imbedding SB(D) < X. The pull-back
of & € K(X) to K(SB(D)) is & € K(SB(D)). By [8, Corollary 1.3.2], the pull-back
CH' X — CH'SB(D) for i < dim SB(D) is an isomorphism and remains an isomorphism
over any extension of the base field. For i = 1, it maps e € CH' X to e € CH' SB(D). So,
we get Corollary BT for A, applying Corollary B9 to the underlying division algebra D

of A. 0
Corollary 3.11. Let A and N be as in Corollary B3R and take any 7 = 1,...,dim X.
Then

piepi Cic N

for any i,7" > 0 with i + i > v,(j) — m.

Proof. By Proposition B3, we may replace CV in both formulas to prove by the norms from
a finite extension L/F with ind Ay|j. Using Projection Formula and applying Corollary
B0 over L, we get the result (taking Corollary BZ2 into account). O

Besides of the properties of C' established in the preceding paper, here is the key com-
putation:

Proposition 3.12. For A as in Proposition @8 and for any i > 1 and any j > 0, the
order of the element e'¢? mod C' in the quotient group (CH X)/C' is at most the mazimum
of 1 and

pmin{'up (4), n}—m—[log, 1] ’

where ¢ is a generator of CV.

Proof. Set r := [log,, .

If 7 > p™, then ¢/ = 0 and the statement is trivial. We assume that j < p™ — 1 below.

Let us consider the case of j = 0 first. This is the only case where min{v,(j), n} is n,
not v,(j) = +oo. If the exponent n —m — r is negative, that is to say if r > n —m we use
that e?" " € N by Corollary B™. Since p" ™ < p" < 4, it follows by Projection Formula
that e’ € N. Since N C C' (Proposition B3), the order of the class of the element ¢’ in
(CHX)/C is 1.

If n—m—r >0, then p" " "eP" € N by Corollary B3. It follows by Projection Formula
that p" ™ "¢’ € N so that the order of ¢/ mod C divides p”» ™", indeed.

Forj=1,...,p"—1,if v,(j) —m < 0, then e/ € N by Corollary BT so that ¢'c/ € N
as well.

If v,(j) —m > 0 and v,(j) —m —r < 0, that is to say r > v,(j) — m > 0, we have
e?"""" ¢ € N by Corollary B, and it follows that e‘c/ € N.

Finally, if v,(j) —m —r > 0, then p*»@)=m="eP" ¢l € N by Corollary BII. Tt follows by
Projection Formula that p*»()~™="¢icd € N so that the order of the class of the element
e'c in the quotient (CH X)/C divides p*»)~™"indeed. O

Corollary 3.13. For A as in Proposition B3, the integer b,_,, of Lemma B2 is an upper
bound on the logarithm base p of the order of the subgroup in (CH X)/C' generated by the
classes of all e'c?, i,7 > 0.
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Proof. We get this upper bound by taking the sum over all ¢ > 1 and all j > 0 of log,
of the upper bound on the order of e’/ mod C obtained in Proposition BI2. (For i = 0
the order of e’/ mod C is 1.) Below are the details of this computation.

The sum of log, of the upper bounds over all j with v,(j) > n (we only need to look
at j = 0 here) and all ¢ > 1 is

(mn=m)p—1+n-—m=1)p" —p)+-+ (" —p" ") =
—(n=m)+p+p P

Indeed, for ¢ = 1,...,p — 1, the logarithm base p of the upper bound is n — m; for
i=p,...,pP—1litisn—m —1, etc., for i = p»~™=1 .. p" ™ — 11t is 1, and, finally, it
is 0 for ¢ > p"~™.

For every j with v,(j) =n —1 (ie., for j = p" 1 2p" 1 ... (p— 1)p"'), the sum is
the same and for all such j together we get

p=D((n=—m=1)p—-1)+n-m=2)p"—p)+-+ @ —p"")) =
p-D(=n—m=1+p+p’+-+p" ") =-(n—m-1(p-1)+p"" —p.
For j with v,(j) = n — 2 all together, we obtain

P =p)(n—m=2)p—1)+(n—m=3)p*—p)+---+ (""" =p""7)) =
P =p)(—(n—m=2)+p+p°+-+p"" ) =—(n—m—2)(p> —p) +p"" —p".

And so on.
Finally, for j with v,(j) = m+1 (j with v,(j) < m do not contribute anymore), we get

(pn—m—l _ pn—m—Z)(_l 4 p) — _(pn—m—l _ pn—m—Q) 4 pn—m _ pn—m—l'
Adding everything up and canceling, we get the expression desired. U

Proof of Theorem E. Firstly, let us note that for any prime divisor p of exp A, the p-
primary part A, of A is a division algebra, i.e., v,(deg A) = v,(ind A). Indeed, any generic
central simple algebra A (over a field extension of F') of degree deg A and exponent
exp A has this property. Since CH X is generated by CH' X and the Chern classes of
the tautological vector bundle on X, any specialization homomorphism CH X — CH X,
where X := SB(A), is surjective. In particular, we have a surjection CHy X — CHy X
showing that ind A = ind A.

Secondly, let us reduce the proof to the p-primary case: the case with A = A, for
some prime number p. To show that CHX — GK(X) is an isomorphism for a non-
primary A, it suffices to show that, for any prime number p, it becomes isomorphism
after tensoring by Z,) — the localization of Z at the prime ideal (p). Using the tensor
product decomposition A = A, ®p B for B being the tensor product of the remaining
primary parts of A, and picking up a closed point of prime to p degree on SB(B), we
get a pull-back homomorphism CHX — CHX,, where X, := SB(4,) and L/F is a
finite extension of prime to p degree. By [@, Proof of Lemma 3.5], tensoring by Z,) and
composing with the divided by [L : F] norm map (CH X, 1) ® Z¢,) — (CH X)) ® Z,), we
get a graded group epimorphism CH X — CH X,. This epimorphism maps polynomials
in the Chern classes of the tautological vector bundle on X and elements of CH' X to the
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polynomials in the Chern classes of a multiple of the tautological vector bundle on X,
and element of CH' X,,. It follows that the ring CH X, is generated by its component of
codimension 1 and the Chern classes of the tautological vector bundle. So, if we dispose of
the statement of Theorem B in the p-primary case, we conclude that CH X, - GK (X))
is an isomorphism. Since the Chow motive with coefficients in Z, of the variety X is
a direct sum of shifts of the motive of X, by [@, Proof of Lemma 3.5] once again, we
conclude that CHX ® Zg,) — GK(X) ® Z,) is an isomorphism.

Thirdly and finally, let us prove Theorem B under the assumption that A = A,. If A
is split, the statement is trivial. Therefore we assume that A is a division algebra below.
So, deg A = p™ and exp A = p™ for some n > m > 1. We come to the main core of the
whole proof.

To show that the epimorphism CH X —— GK(X) is an isomorphism, we consider the
subring C' € CH X. Since C is torsion-free and the kernel of the epimorphism consists
of torsion elements, C' is mapped isomorphically onto its image in GK (X) which we also
denote by C. We have [CHX : C] > [GK(X) : C] and it suffices to check that this is an
equality. Corollary BI3 provides an upper bound p’»—= on [CH X : C]. We are going to
show that this upper bound is a lower bound on [GK(X) : C].

Let L/F be a splitting field of A. We write Im GK (X)) for the image of the change of
field homomorphism GK(X) — GK(X). In the exact sequence

0 —— TorsGK(X) — GK(X) — ImGK(X) —— 0,

the subgroup C' C GK(X) maps isomorphically onto its image in Im GK (X). Therefore
[GK(X):C)=#TorsGK(X) - ImGK(X) : C]. Multiplying the formula

[GK(Xp): ImGK(X)]

(3.14) # Tors GK(X) = K(X;): K(X)]
of [@, Proposition 2] by [Im GK(X) : C], we get the formula
. [GK(Xy) ]
RO [y wOT

An upper bound p®»~?»-m on the denominator is given in Lemma B2. The number in the
nominator depends only on the degree of A and is equal to p®». This can be seen by a
direct computation or applying formula (B4) to the Severi-Brauer variety of a generic
algebra of degree and exponent deg A (taking into account that the associated graded
ring of the topological filtration is torsion-free). O

Remark 3.15. For any prime number p and integers n > m > 1, it follows from the proof
of Theorem B that if a central simple F-algebra A with deg A = p" and exp A = p™
satisfies the condition of Theorem B, then the integer [K(Xp) : K(X)] coincides with
its upper bound from Lemma B2. Consequently ind A®P"TH = premAl I particular,

ind A®P" = p"~¥ for any i = 0,...,m — 1.

The proof of Theorem B actually provides an explicit computation of the torsion
subgroup in CH X = GK(X). First, we formulate the answer in the p-primary case:

Corollary 3.16. For a prime number p and integers n > m > 1, let A be a central simple
F-algebra with deg A = p™ and exp A = p™ satisfying the condition of Theorem B. Then



12 NIKITA A. KARPENKO

the quotient group (CH X)/C' is the direct sum of cyclic groups generated by the classes of
e‘c?, 1,5 > 0. The orders of the generators are precisely the upper bounds of Proposition
@Z13. The torsion subgroup of CH X 1is the kernel of the change of field homomorphism
(CHX)/C — (CHX})/C for an arbitrary splitting field L/F of A. In particular, the
order of the torsion subgroup in CH X is equal to [CHX : C]/[ImCHX : C|, where
ImCH X is the image of CHX in CHX; the index [CHX : C] is equal to its upper
bound of Corollary @I3. For anyi=0,1,...,p" — 1, the order of the torsion subgroup in
CH' X is equal to [CH' X : C*]/[Im CH" X : C"]. O

For any i = 0,1,...,p" — 1, the index [Im CH’ X : C"] is computed as follows: one
identifies Im CH* X with a subgroup in CH' X; = Z; then C? is generated by p"/(i, p")
and Im CH’ X is generated by C* and p™™.

Below we work out several examples with complete description of the torsion subgroup.
Some part of the torsion (in the associated graded Grothendieck ring of gamma filtration)
has been detected in [B, Corollary 2.8]; this part turns out to be the whole torsion subgroup
in Examples B0 and BTS.

Example 3.17. If m = n — 1, then the torsion subgroup in CH’X is of order p for
1 =2,...,p— 1 and is trivial for other i.

Example 3.18. If p =2 and m = n — 2, then the torsion subgroup in CH’ X is of order
2 for ¢ = 2,3 and is trivial for other .

Example 3.19. For p =2, m = 1, and n = 4, the torsion subgroup in CH’ X is of order
2 forv=2,3,4,5,6,7,10,11 and is trivial for other 7.

The order of torsion is not always prime:

Example 3.20. For m = 1, n = 3, and any odd p, the torsion subgroup in CH’ X is cyclic
for any 4. It is of order p for i = 2, fori = p,...,p* —1, and for i = jp?+2,...,jp* +p—1
with j = 1,...,p — 1. It is of order p? for i = 3,...,p — 1. And it is trivial for the
remaining .

And here is an example of non-cyclic torsion:

Example 3.21. For p = 2, m = 1, and n = 5, the torsion subgroup in CH' X is
isomorphic to Z/2Z @ 7Z/27. The generators are the classes in (CH X)/C of e!® and e?cg.

To complete the picture, let us describe the general answer in the non-primary case:

Corollary 3.22. For any field F', let A be a central simple F-algebra such that its Severi-
Brauer variety X satisfies the condition of Theorem B. For any prime number p, let A,
be the p-primary component of A. Then its Severi-Braver variety X, also satisfies the
condition of Theorem B (in place of X ) so that Tors CHX,, is described in Corollary
B1d. And the p-torsion subgroup Tors, CH* X is the direct sum of d/d, shifted copies of
Tors CH* X, :
(d/dp)—1 ,
Tors, CH* X = @ TorsCH* " X,

=0

where d := deg A and d, := deg A,. O
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4. TYPE A

We start with some general preparation work.
Recall that an algebraic group over a field £ is special if every G-torsor over every field
extension of k is trivial.

Lemma 4.1. Let G be a split semisimple affine algebraic group over a field k and let E
be a standard generic G-torsor over a field extension F' of k. A parabolic subgroup P C G
is special if and only if Epg/py ts split.

Proof. One implication is in [[3, Lemma 6.5], the other — in [IH, §5]. O

Lemma 4.2. Let G be a split semisimple affine algebraic group over a field k and let E
be a standard generic G-torsor over a field extension of k. For any two special parabolic
subgroups P, P' of G, the epimorphism f : CH(E/P) - GK(E/P) is an isomorphism
if and only if the epimorphism f': CH(E/P'") = GK(E/P') is an isomorphism.

Proof. By [[3, Lemma 6.5]), the Chow motive of the variety /P x E/P’ is a direct sum
of shifts of the motive of E/P. Applying the additive functor of the category of Chow
motive into the category of GK-motives, induced by the epimorphism CH(-) = GK(-),
we get the same motivic decomposition for GK-motives. Therefore the epimorphism
g:CH(E/P x E/P") - GK(E/P x E/P’) is a direct sum of several shifted copies of
the epimorphism f. It follows that f is an isomorphism if and only if g is. The same
holds for f” in place of f. O

Lemma 4.3. Let X be a smooth connected variety over a field F', € a vector bundle on
X, and Y the variety of complete flags in €. If the ring CHY is generated by CH'Y,
then the ring CH X is generated by CH' X and the Chern classes of .

Proof. Let n be the rank of £ and let #; € CH'Y for i = 1,...,n be the Euler class
of the linear bundle on Y given by the quotient of the tautological bundle of rank i
by its subbundle — the tautological bundle of rank ¢ — 1. As CH X-algebra, CHY is
generated by 1, . .., , modulo the relations o; = (—1)'c;(€), 7 = 1,...,n, where o; is the
ith elementary symmetric polynomial in xy, ..., z,, cf. [[8, §2]. In particular, the group
CH'Y (and therefore the ring CHY') is generated by CH' X and 1, ..., .

Let B € CH X be the subring generated by CH' X and the Chern classes of £. By the
assumption on Y, the homomorphism

B[xl,...,xn]/(ai— (—1)ici(5))?:1 — CHY
is surjective. It follows that B — CH X is a surjection as well. O
Everything is ready for

Proof of Theorem I for type A. By [@, Example 2.4], the ring CHY is generated by
CH'Y.

The variety Y is identified with the variety of complete flag of right ideals in a generic
central simple algebra A over a field F' of degree n and exponent m for certain n > 2 and
its certain divisor m > 1, determined by the condition that G ~ SL,, /. Let X be the
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Severi-Brauer variety of A. The projection Y — X is the complete flag variety of the
vector bundle
E=(A/)T)®aT",

where 7T is the tautological vector bundle on X. It follows by Lemma EZ3 that X satisfies
the condition of Theorem BOl. Therefore CHX —— GK(X) is an isomorphism. We
conclude with Lemma B3, because Y ~ E/B, where B C G is a Borel subgroup and
therefore a special parabolic subgroup, while X ~ FE/P for another special parabolic
subgroup P C G. O

5. TypE C

The proof of the following lemma is similar to that of Lemma E=3:

Lemma 5.1. Let X be a smooth connected variety over a field F, £ a vector bundle on
X, and Y the corresponding projective bundle. If the ring CHY s generated by Chern
classes, then the ring CH X is generated by Chern classes. 0

Proof of Theorem T2 for type C. If G (of type C) is simply connected, then G is special.
Therefore the G-torsor E (a standard generic G-torsor over a field extension F' of the
base field) is trivial and so is the statement of Theorem [T in the simply connected case.
Below we assume that G is adjoint.

By [@, Example 2.4], the ring CHY is generated by CH' Y. The variety Y is identified
with the variety of complete flag of isotropic right ideals in a central simple algebra A
over a field F' of degree 2n for some n > 1 and exponent 2 endowed (the algebra) with a
symplectic involution o. Note that the index of A is the highest 2-power dividing 2n.

Let X be the Severi-Brauer variety of A. Since every right ideal of reduced dimension 1
is isotropic, Y projects onto X. The projection Y — X is the variety of complete flags of
totally isotropic A-submodules of the vector bundle and right A-module 7+ /7, where T
is the tautological vector bundle on X and 7T+ := o(Ann 7). Note that for any right ideal
I of reduced dimension 1 in A, its annihilator Ann [ is a left ideal, and the right ideal
o(Ann I) is the orthogonal complement I+ of I in A with respect to the hermitian form
(a,b) — o(a)b on A (this hermitian form is alternating if char F' = 2). The restriction of
this hermitian form to I+ is 0 on I C I+ and the induced hermitian form on the quotient
I+/1 is non-degenerate. So, T+/T comes equipped with a non-degenerate hermitian form
(alternating if char F' = 2).

The projection Y — X decomposes into the composition Y — Y} — X, where Y] is the
variety of totally isotropic A-submodules of reduced dimension 1 in 7+/7. Since every
A-submodules of reduced dimension 1 is totally isotropic, Y7 — X is the projective bundle
of the vector bundle (T+/T) ®4 T"V. Proceeding similarly, one decomposes Y — X in a
composition of n — 1 projective bundle morphisms.

It follows by Lemma BT that the ring CH X is generated by Chern classes. Since
expA = 2, the Grothendieck group K(X) is (additively) generated by the element
(ind A)¢%, ¢ > 0, and powers of €2, where for a splitting field L/ F of the algebra, £ € K(X})
is the class of the tautological line bundle on the projective space X . It follows that CH X
is generated by CH' X and the Chern classes of the tautological vector bundle. Therefore
— by Theorem B0 — CHX —— GK(X) is an isomorphism. We conclude with Lemma
. O
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