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Preface

Let X be a projective homogeneous variety over a field F'. We study the Chow
group CH*(X) of algebraic cycles on X modulo rational equivalence graded
by codimension of cycles. Especially, we are interested in the Chow group
CH?*(X) of 2-codimensional cycles because of its connection with the relative
Galois cohomology group H*(F(X)/F,Z/2), where F/(X) is the function field
of X. We compute these groups for various types of X and apply the results
to problems in the theories of quadratic forms (e.g. isotropy over function
fields of homogeneous varieties) and central simple algebras (decomposability,
common splitting fields).

Each chapter is written as an independent article with an abstract and an
introduction.

Results of Chapters 3-7 are obtained in joint work with Oleg Izhboldin.

Support of the Deutsche Forschungsgemeinschaft (Habilitatndenstipendium KA 1234/1-
1) is gratefully acknowledged.
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CHAPTER 1

Codimension 2 cycles on Severi-Brauer varieties

For a given sequence of integers (n;)°;, we consider all the central simple
algebras A (over all fields) satisfying the condition ind A®* = n; and find
among them an algebra having the biggest torsion in the second Chow group
CH? of the corresponding Severi-Brauer variety (“biggest” means that it can
be mapped epimorphically onto each other).

We give a description of this biggest torsion in the general case (via the
gamma-filtration) and find out when (i.e. for which sequences (n;):2;) it is
non-trivial. We also make an explicit computation in some special situations:
e.g. in the situation of algebras of a square-free exponent e the biggest torsion
turns out to be (cyclic) of order e.

As an application we prove indecomposability for certain algebras of a
prime exponent.

0. Introduction

We consider finite dimensional central simple algebras over fields. Let A
be such an algebra and X = SB(A) the corresponding Severi-Brauer variety
([6, §1]). We are interested to describe the torsion in the second Chow group
CH?*(X) of 2-codimensional cycles on X modulo rational equivalence (the ques-
tion seems more natural if one takes in account that the groups CH’(X) and
CH'(X) never have a torsion). Here are some preliminary observations. The
group Tors CH?(X) is finite and annihilated by ind A. Further, if A’ is another
algebra Brauer equivalent to A and X’ = SB(A’) then by [58, Lemma 1.12] or
[37, Corollary 1.3.2]

Tors CH?*(X) ~ Tors CH*(X") .
Finally, if

A=) A,
p

is the decomposition of an algebra A into the tensor product of its primary
components and X, = SB(4,) for each prime p then

Tors CH?*(X) ~ @ Tors CH?(X,)
p

or in other words, the p-primary part of the group Tors CH?*(X) is isomorphic
to Tors CH?*(X,) (Proposition 1.3).
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Summarizing, we see that the problem to compute Tors CH?(X) for all
algebras reduces itself to the case of primary division algebras.

Now consider the Grothendieck group K(X) = Ky(X) together with the
gamma-filtration (Definition 2.6):

KX)=T'K(X)>I''K(X)D>....
One has a canonical epimorphism (see the proof of Corollary 2.15)
IM3K(X) = CH*(X)

of the quotient
IMPK(X)=T2K(X)/T°K(X) .

We consider the group I'*?K (X) as an upper bound for CH?*(X) and will show
that in the primary case this upper bound is in certain sense the least one.

To formulate it precisely, let us call the sequence (ind A%%)2°, the behaviour
of A. A sequence of integers (n;)32; will be called a ((p-)primary) behaviour if
it is the behaviour of a ((p—)primary) algebra.

Suppose that A is a division algebra. The Grothendieck group K(X) de-
pends only on the behaviour of A (Theorem 3.1). Moreover, K (X) together
with the gamma-filtration (and the group I'*/3 K (X) in particular) depend only
on the behaviour (Corollary 3.2) and our main observation is (Theorem 3.13):

For any primary behaviour (and any given field) there exists a division algebra
A (over an extension Ef the field) OJithe given behaviour for which the canonical
epimorphism T?3K(X) —— CH*(X) with X = SB(A) is bijective.

The construction of the algebra A is rather simple (Definition 3.12). We
take a division algebra (over a suitable extension of the field) of the index as in
the given behaviour and of the exponent coinciding with the index. After that
we pass to the function field of a product of certain generalized Severi-Brauer
varieties in order to change the behaviour in the way prescribed.

Since the groups I'*3K (X ) and CH?*(X) have the same rank (Proposition
2.14) (rank 1 if X is a Severi-Brauer variety of dimension at least 2), we also
have an epimorphism of the torsion subgroups

Tors 22K (X)) —— Tors CH*(X)

which is moreover bijective iff [?/3K (X) —— CH?*(X) is (Corollary 2.15). So,
formulating the main observation we may replace (and we do replace) both
the groups I'*3K(X) and CH?*(X) by their torsion subgroups.

The gamma-filtration for a Severi-Brauer variety X and the group

Tors 1?3 K (X)

in particular are from the so to say “algebro-geometrical” point of view very
easy to compute (Propositions 4.1, 4.6, 4.10): K(X) is a subring of K(P)
where P is a dim X-dimensional projective space and the Chern classes on X
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with values in K (Definition 2.1, Remark 2.2) needed to determine the gamma-
filtration are simply the restrictions of the Chern classes on K(P). However
to get the answer in a final form (say, to find the canonical decomposition
of the finite abelian group Tors >3 K (X) for any primary behaviour) further
calculations are required which can be done e.g. by computer in every partic-
ular situation (i.e. for every particular behaviour) but seem to be not easy in
the general case. Our main efforts in this direction are made in Propositions
4.7, 4.9, 4.13 and 4.14 where we firstly find out when this group is non-trivial
(Propositions 4.7, 4.9) and after that describe a wide class of situations when
this group is cyclic and compute its order (Propositions 4.13, 4.14, see also
Example 4.15).

To the structure of the chapter.

In §1 we reduce the problem of computation of Tors CH*(SB(A)) for an
arbitrary central simple algebra A to the case when ind A is a power of a
prime. In §2 we recall and partially prove certain general facts on the Chern
classes (with various values) and on the gamma-filtration. In §3 we make the
main observation. In §4 we investigate the group 'K for various primary
behaviours.

In §5 we consider algebras of prime exponent. We show that the group
Tors CH*(X), where X = SB(A) for an algebra A of a prime exponent p, is
(cyclic) of order p or trivial (Proposition 5.1). Moreover, if A decomposes (into
a tensor product of two smaller algebras), then Tors CH*(X) = 0 (Proposition
5.3). However, the torsion group is non-trivial if A is a “generic” division al-
gebra of index p™ and exponent p (see Example 4.12 for the definition) with
n > 2 for an odd p and n > 3 for p = 2 (Proposition 5.1). Thus we obtain
a wide family of indecomposable algebras (Corollary 5.4) which can be con-
structed over an extension of any given field (without any restriction on the
characteristic in particular). Here is a list of some articles where the question
of indecomposability for central simple algebras was considered previously:
[4, 73, 83, 26, 35]. The method of [35] is close to but different from the one
presented here; it does not cover the case p = 2.

Some additional notations concerning filtrations on K (X) are introduced
in § 2.

1. Reduction to the primary case

In this §, A is a central simple algebra over a field F', A, (for every prime
number p) stays for the p-primary component of A, finally

X =SB(A) and X, =SB(A,).

For an abelian group C, we denote by C, its p-primary part.
Let E/F be a finite field extension. Consider the homomorphisms

resp/r: CH*(X) — CH*(Xp) and  Ng/p: CH*(Xg) — CH*(X) .
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The projection formula shows that the composition Ng/po resg/p coincides
with the multiplication by [E : F].

LEMMA 1.1. The composition resg/r o Ng/p coincides with the multiplica-
tion by [E : F] as well.

PRroOF. Consider the homomorphisms resg/r and Ng/r on the Grothen-
dieck groups K (X) and K(Xg). Since these groups are torsion-free and have
the same rank (Theorem 3.1) and since the composition Ng/po resg/p is the
multiplication by [E : F|, the composition taken in the other order is the
multiplication by [E : F] as well. Since the second Chow group coincides with
the second successive quotient of the topological filtration on the Grothendieck
group (see e.g. [32, §3.1]), we are done. O

COROLLARY 1.2. If [E : F] is not divisible by a given prime number p,
then

CH*(X), ~ CH*(Xg), .
O

PROPOSITION 1.3. For every prime p, the p-primary part of the group
CH?*(X) coincides with the torsion of CH*(X,,).

PROOF. Fix a prime p and a finite field extension E/F of degree prime to
p such that the algebra Ag is Brauer equivalent to (A,)r. We have

CH*(X), ~ CH*(Xp), ~ CH*((X,)r), =~ CH*(X,),

(for the first and the third steps, we use the corollary). Since Tors CH?*(X,) is
annihilated by ind A,, we finally get

CH?*(X,), = Tors CH*(X,,) .

2. Chern classes and gamma-filtration

In this §, we are working with the category of smooth projective irreducible
algebraic varieties over a fixed field. The Grothendieck ring K is considered
as a contravariant functor on this category.

DEFINITION 2.1 (Chern classes with values in K). The total Chern class
¢; is a homomorphism of functors

¢ Kt — K[[t]]

(where the left-hand side is the additive group of the ring K while the right-
hand side is the multiplicative group of series in one variable ¢ over K) satis-
fying the following property: if £ € K(X) is a class of an invertible sheaf on a
variety X then

Ct(f) = 1+(§_1)t-



2. CHERN CLASSES AND GAMMA-FILTRATION 13

One defines the Chern classes ¢' : K — K by putting

o]
= E c -t
i=0

REMARK 2.2. Usually, one does not use the name “Chern classes” for the
maps ¢ defined above e.g. since unlike the Chern classes 2.7, 2.8, and 2.11
they do not satisfy the rule c'(¢ - n) = c'(€) + c'(n) for classes of invertible
sheaves & and 7.

PropPOSITION 2.3. Chern classes with values in K are unique.

Proor. Follows from the

LEMMA 2.4 (Splitting principle, [52, Proposition 5.6]). For any variety
X and any x € K(X) there exists a morphism f:Y — X such that:

1. f is a composition of some projective bundle morphisms;
2. f*(x) € K(Y) is a linear combination (with integral coefficients) of
classes of some invertible sheaves.

To obtain uniqueness of the Chern classes just note that the homomorphism
f*: K(X) — K(Y) in the lemma is injective. O

PROPOSITION 2.5. Chern classes with values in K exist.

PROOF. Here is the way of constructing due to Grothendieck with the
original notations ([52, Theorem 3.10 and §8]).
Take a variety X. First one constructs a homomorphism

At Kt — K[

by sending the class of a locally free sheaf £ to

[e.e]

M(ED = DoINE] ¢

1=0

where A€ is the i-th exterior power of £.
After that one considers another homomorphism

v Kt — K[t
namely,

Ve = A_t_

1—t
(this 7; gave the name of the gamma-filtration).
Finally, one puts
¢ = Yo (id — rk)

where rk : K(X) — Z is the rank homomorphism (followed by the inclusion
Z — K(X) more precisely). O
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DEFINITION 2.6 (Gamma-filtration). The gamma-filtration
KX)>I'K(X)>I'K(X) D ...
is the smallest ring filtration on K (X) such that I'°K(X) = K(X) and
¢ (K(X)) CI'K(X) forall i >1.

In other words, for every [ > 0, 'K (X) is the subgroup of K(X) generated
by all the products

(zy)...c"(z,) with z; € K(X) and Zij >
i=1

(it might be not immediately clear but it is nevertheless easy to see that the
group K (X) =TYK(X) is really also generated by these products).

In particular, 'K (X) = Ker(tk : K(X) — Z).

We denote by G*T'K(X) the adjoint graded ring.

DEFINITION 2.7 (Chern classes with values in G*I'K). For any variety X,
we call the induced maps

¢ K(X)— GTK(X)

the Chern classes with values in G*I' /K. The total Chern class ¢; is the homo-
morphism

e K(X)T — (i GTK(X) t>

It is a morphism of functors and

a(§) =1+ (-1t

for a class £ € K(X) of an invertible sheaf on X ((£ — 1) is considered as an
element of G'TK(X) in the last formula).

Side by side with the gamma-filtration we consider the topological filtration
on K(X) (in fact defined on K}(X)) ([69, §7]):

KX)=T'K(X)>T'K(X)D>....
Note that
T'K(X) = Ker(rtk : K(X) = Z) =T'K(X) .
We will denote by G*TK (X)) the adjoint graded ring.

DEFINITION 2.8 (Chern classes with values in G*TK). The total Chern
class ¢; is a homomorphism of functors

00 X
e KT —s (Z G'TK - ﬁ')
=0

satisfying the property:
Ct(f) =1+ (- 1)t :
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One defines the Chern classes ¢' : K — G'TK by putting

(o]
c = Z &t
i=0
PROPOSITION 2.9. Chern classes with values in G*TK are unique.

PRrooF. Follows from the splitting principle (Lemma 2.4) since the homo-
morphism
[FGTK(X) = G'TK(Y)
is injective ([13, Lemma 3.8 of Chapter V]). O
PRrROPOSITION 2.10. Chern classes with values in G*TK exist.

PROOF. Simply compose the Chern classes with values in CH* (Definition
2.11) with the canonical epimorphism CH* —— G*TK mapping a class [7] €
CH"(X) of a simple cycle Z C X to the class of the structure sheaf Oz of Z
prolonged to X by 0. [

DEFINITION 2.11 (Chern classes with values in CH*). We repeat Defini-
tion 2.8, replacing G*TK by CH*. In the formula ¢;(§) = 1 4 (£ — 1)t, we
consider (¢ — 1) as an element of CH'(X) via the canonical isomorphism
CHY(X) ~ G!TK(X) ([69, §7.5]) described in the proof of Proposition 2.10.

PROPOSITION 2.12. Chern classes with values in CH* are unique.

Proor. Follows from the splitting principle (Lemma 2.4) since the homo-

morphism
f*: CH"(X) — CH*(Y)

is injective. O

PROPOSITION 2.13 ([12, §3.2]). Chern classes with values in CH" exist.

Now we establish certain connections between the gamma-filtration and
the topological one.

PROPOSITION 2.14. For any variety X,

1. T"K(X) Cc T'"K(X) for all i;

2. T'K(X) =T'K(X) fori<2;

3. 'K(X)®@Q=TK(X)®Q for all i.

PRroOF. 1. [13, Theorem 3.9 of Chapter V].

2. We only need to manage the case 7 = 2.
There are canonical isomorphisms

G'TK(X) ~ Pic(X) ([13, Remark 1 in §3 of Chapter IV]) ;
CHY(X) ~ G!TK(X) ([69, §7.5])
(the definition of the second map is given in the proof of Proposition 2.10).
Since 'K (X) C T?K(X) we have a surjection G'TK(X) = G'TK(X)
which gives an epimorphism Pic(X) — CH'(X). But the latter map is an
isomorphism ([14, Corollary 6.16]). Thus I?K(X) = T*K(X).
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3. [13, Proposition 5.5 of Chapter VI. O
COROLLARY 2.15. One has an exact sequence
0— T°K(X)/T?K(X) — Tors G*T K (X) — Tors CH*(X) — 0 .

PROOF. The equality I?K(X) = T?K(X) and the inclusion K (X) C
T3K(X) stated in the proposition give an exact sequence

0— T°K(X)/T?K(X) = GTK(X) = G*TK(X) = 0.

Consider the commutative diagram with exact columns

0 0
I I
Tors G2E(X) - Tors G2TK(X)
\ \
Grr(x) & @TE(X)

I I
GIK(X)/ Tors 2 G2TK(X)/ Tors
I \

0 0

The map (2) is surjective. Hence the map (3) is surjective as well. Since by
the proposition the map (3)®Q is bijective, the map (3) itself is bijective as
well. Thus (1) is surjective and the kernels of (1) and (2) coincide. So, we get
the exact sequence

0— T°K(X)/T°K(X) — Tors G’ TK (X) — Tors G*TK(X) — 0 .

Finally, the canonical map CH?*(X) — G2TK(X) is an isomorphism (see e.g.
[32, §3.1], the definition of the map is given in the proof of Proposition 2.10).
[

As a corollary of the uniqueness assertion of Proposition 2.9, we get a
connection between Chern classes with different values:

LEMMA 2.16. The following diagram of maps commutes:

K(X) —%» CH{(X)

GTK(X) — GTK(X)

PRrROOF. Both the compositions are Chern classes with values in G*TK
(Definition 2.8) which are unique (Proposition 2.9). O

REMARK 2.17. One can formulate a criterion (which will be used later) for
when the gamma-filtration coincides with the topological one. It is clear from
the very definition (Definition 2.6) that for any variety X the ring G*T'K(X)
is generated by the Chern classes (with values in G*T'K). So, if the gamma
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and the topological filtrations are the same, the ring G*TK is generated by
the Chern classes (with values in G*TK this time) as well.

The other way round, if G*TK is generated by the Chern classes, then the
homomorphism G*I'K(X) — G*TK(X) is surjective whence the filtrations
coincide.

3. Main observation

From now on, X denotes the Severi-Brauer variety corresponding to a
central simple algebra A over a field F.

Denote by PP the projective space X7 where F is an algebraic closure of F
and let £ € K(P) be the class of Op(—1). The ring K(P) is generated by ¢
subject to only one relation:(§ — 1) = 0 where n = dim X 4+ 1 = deg A. We
consider the restriction map K(X) — K(P) which is a ring homomorphism
commuting with the Chern classes 2.1.

THEOREM 3.1 ([69, §8, Theorem 4.1]). The map K(X) — K(P) is injec-
tive; its image is additively generated by (ind A®?) - £ (i > 0). O

COROLLARY 3.2. For a division algebra A, the group K(X) together with
the gamma-filtration depends only on the behaviour of A. ]

PROPOSITION 3.3 ([33, Theorem 1]). If ind A = exp A for an algebra A
then (for any | > 0) the l-th term of the topological filtration T'K (X) is gen-
erated by all

ind A ,
————(£—=1)" with | <i<degA
(md Ay (&~ Y with [ i< deg
where (-,-) denotes the greatest common divisor. In particular, the group
G*TK(X) is torsion-free.
PROPOSITION 3.4. If A is a primary algebra then
ind A , .
— (- 1) el"K(X > 0.
(Z,lndA)(§ ) e ( ) for any Z_
PROOF. Put n =ind A. For n{ € K(X) we have:

e(n€) = &) = (14 (€ = 1)
where ¢; is the total Chern class with values in K (the last equality holds by
Definition 2.1). Whence

¢09) = (1) €~ e TR ().

In particular,
(E-—1)"el"K(X)
thereby for the rest of the proof we may assume that ¢ < n. Moreover,
n'(§ —1) =c'(nf) e I"K(X) .

The last observation is
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LEMMA 3.5. Ifn is a power of a prime p and n > i > 0 then

(' () = =
n .
"\ i,n)
Moreover, if i # 0 then v, (7;) = v,(n) — v,(i),
of p in 1.

PROOF. The case i = 0 is evident. Suppose that ¢ # 0. If 1 < j < n then
v,(J) < vp(n) and so v,(n — j) = v,(j). Hence

Up((n—l)(n—Q)...(n—(i—l))) 0

1-2.. . (i—1)

where v,(1) is the multiplicity

and

[l
[l

COROLLARY 3.6. If A is a primary algebra and ind A = exp A then the
gamma-filtration on K(X) coincides with the topological one.

O

THEOREM 3.7. Let A be as in Corollary 3.6, X = SB(A). Let Y1,..., Y,
be some generalized Severi-Brauer varieties (|7, §4]) of some algebras which
are (Brauer equivalent to) some tensor powers of A.

The gamma-filtration on the Grothendieck group of the variety X over the
function field F (Y, x---xY,,) coincides with the topological one. In particular,
the epimorphism of Corollary 2.15

Tors G’T'K —— Tors CH?

for this variety s bijective.

PRrOOF. For every Y; the product X x Y; is a Grassman bundle over X
(with respect to the first projection) (Corollary 6.4). Hence CH*(X x Y;) is
generated as a CH*(X)-algebra by the Chern classes of a locally free sheaf (see
e.g. [12, Proposition 14.6.5] or [43, Theorem 3.2]). Taking the product of all
X xY; over X we obtain that

CH" (X xY) x---xYy)

is generated as a CH"(X)-algebra by the Chern classes (of some locally free
sheaves).
The homomorphism of CH*(X)-algebras

CH*(X X Y] X0 X Ym) — CH*(XF(ylx...Xym))

(given by the pull-back) is surjective (see e.g. [39, Theorem 3.1]). Whence the
right-hand side is generated as a CH*(.X)-algebra by the Chern classes as well.
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Using the epimorphism CH* —— G*TK of the Chow ring onto the adjoint
graded Grothendieck ring we obtain the same statement as in the previous
paragraph but for G*TK instead of CH* by meaning the Chern classes with
values in G*TK this time.

The gamma-filtration on K(X) coincides with the topological one (Corol-
lary 3.6) and therefore the ring G*TK(X) is generated by the Chern classes
(Remark 2.17). Consequently, G*TK (X p(v, x..xv,,)) is generated by the Chern
classes as a ring, not only as a G*TK (X)-algebra. It means that the gamma-
filtration on K (Xp(y, x-.xv,,)) coincides with the topological one (Remark 2.17).

O

DEFINITION 3.8. Let A be a p-primary algebra. The sequence of integers

i\ log, exp A
(logp ind A®P )
i=0

is called the reduced behaviour of A.

ExXAMPLE 3.9. The reduced behaviour of a p-primary algebra A with
ind A=expA=p"
isn,n—1,n—-2 ..., 1, 0.

PROOF. Suppose that n > 0. By [3, Lemma 7 on Page 76], ind A®? <
ind A. Moreover, ind A®? > exp A®P = p"~!. Thus ind A®P = p"~1, O

LEMMA 3.10. The behaviour of a primary algebra is completely determined
by its reduced behaviour. The reduced behaviour of an algebra is a finite strong
decreasing sequence of integers with 0 in the end. Any finite strong decreasing
sequence of integers with 0 in the end is for any prime p the reduced behaviour
of a p-primary division algebra.

PROOF. Let A be a p-primary algebra. If 7 is an integer prime to p then
the splitting fields of the algebra A are the same as the splitting fields of the
algebra A®!. Therefore ind A®® = ind A, what proves the first sentence of the
lemma.

If in addition ind A # 1 then ind A®? < ind A ([3, Lemma 7 on Page 76]).
It proves the second sentence.

Finally, fix a sequence ng > n; > --- > n, = 0 and a prime p. A
construction of a p-primary algebra having the reduced behaviour (n;)*, is
given in [78, Construction 2.8]. This construction involves function fields of
usual Severi-Brauer varieties only. We describe another known construction
which involves function fields of generalized Severi-Brauer varieties as well and
is more suitable for our purposes.

We start with a division algebra A (over a suitable field) for which

indA=expA=7p".
For each i = 1,2, ..., m consider the generalized Severi-Brauer variety

Y; = SB(p", A*"')
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(we define here SB(p™, A®F") to be the variety of rank p™ left ideals in A®";
its function field is a generic extension making the index of A®F' to be equal
to p™).

Finally, we denote the function field F'(Y; x---xY,,) by F and put A=A 7
Using the index reduction formula [7, Theorem 5] or an improved version of

this formula [60, Formula I] one can easily show that the algebra A has the
reduced behaviour (n;)",. O

REMARK 3.11. In the construction described in the proof above, it is not
necessary to use all of the varieties Y;: if n; = n;_; — 1 for some ¢ then the
variety Y; can be omitted.

DEFINITION 3.12. We refer to an algebra A constructed like as in the
above proof (with taking the remark into account) as to a “generic” p-primary
division algebra of the reduced behaviour (n;)",. Note that it can be con-
structed over an extension of any given field.

THEOREM 3.13. Fix a prime p and a reduced behaviour. If;{ 15 a “generic”
p-primary division algebra of the given reduced behaviour (Definition 3.12) then
the epimorphism of Corollary 2.15

Tors G?I'K (X)) — Tors CH*(X) (where X = SB(A))

is bijective. If A is an arbitrary p-primary algebra of the same reduced be-
haviour as A then there exists an epimorphism

Tors CH?(X) —— Tors CH?(X) .

ProoOF. The first part follows from Theorem 3.7 and from the definition of
“generic” algebras (Definition 3.12). The second part follows from Corollary
2.15, Corollary 3.2 and from the first one. O

4. Computation of gamma-filtration
Remind that we have put forever X = SB(A).

PROPOSITION 4.1. Let A be a p-primary algebra and (n;)!", its reduced
behaviour. For any | > 0, the group T'K(X) is generated by all the products

= P i 3 . ) o
* . & — 1) with 5, >0 and gi >1
" g Y 2

where £ = [O(—1)] € K(P).

Proor. The formula
d(prer) = (p'z)@” — 1)’ where 0 < j < p™
J

and Lemma 3.5 show that for any j > 0 (even for j > p") the element
(jp;ii)(fpl — 1)7 lies in IVK(X) (compare with the proof of Proposition 3.4).

Therefore, each product () lies in 'K (X).
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For the opposite inclusion we need

LEMMA 4.2. Consider the polynomials over Z in one variable (. For any
integers j, v > 0 the polynomial (¢" — 1)’ is equal to a sum

Z as(C - 1)8

with integers as such that s - as is a multiple of j - r.

PRroor. It is clear that
jr
(¢ =1y =) al(¢—1)
s=j
for some (uniquely determined) as € Z. Taking the derivative we obtain the
statement on the coefficients. O

As follows from Theorem 3.1, the additive group K (X) is generated by all
pEP with 0 <7 < m and r > 0. We have:

cwwﬂzgyW—wzgcgﬂwﬁ4ﬁ

Since by the lemma j | s - a5 and v, (”;i) equals n; — v,(j) or co (Lemma 3.5),

the coefficient
-

(p > . a, is divisible by ——— .
J | (s,p™)

Thus the Chern class ¢/ (p"£™") is a linear combination (with integral coeffi-
cients) of

—(&”" —1)° with s> 7.

]

DEFINITION 4.3. Fix a prime number p, a reduced behaviour (n;)!",, and
consider a polynomial ring Z[¢]. Let K C Z[(] be the additive subgroup
generated by all p™ - ("*" where 0 < i < m and r > 0. Consider a filtration T
on K defined by the formula of Proposition 4.1: for any [ > 0, the group 'K
is generated by all the products
(+) P (7 1% with j; >0 and Y ji> 1.

i=0 (7, p™) i=0

uz

Note that K is a ring and that for any l;,ls > 0 one has 'K - I'2K C
rhti.

LEMMA 4.4. In the notation of the definition, one has:
1. K=1"K;

2. forany >0, K> I'K > 'K ;

3. if n is a multiple of p"°, then I'"K = (¢ — 1)"K..
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PROOF. 1. The inclusion K C I'’K is evident. The inverse inclusion is a
particular case of the second statement of the lemma.
2. The inclusion IVK D I'"*'K is evident. Fix an arbitrary [ > 0. We prove the
inclusion K D I''K using the third statement of the lemma. Choose a multiple
n of p™ such that n > [. Since 'K D I'"K = (( — 1)"K C K, it suffices to
show that K/(¢ —1)"K D I''K/(¢ — 1)"K . Find a p-primary algebra A (over
an appropriate field ') having the reduced behaviour (n;)", (see Lemma 3.10
for the existence of A). The latter inclusion follows now from Proposition 4.1.
3. Since (¢ — 1)™ € I'"K, the inclusion D holds. One also sees immediately
from the definition that any polynomial f € I'""K is of the kind f = ((—1)"-h
where h € Z[(]. We have to prove that h € K. It is a consequence of the
following

LEMMA 4.5. Let f, g, and h are polynomials from Z[(] such that f = g-h
and suppose that the free coefficient of g equals 1. If f and g lie in K then h
lies in K as well.

PROOF. Let
i>0 i>0 i>0

We prove that h;(* € K using an induction on i. There is no problem
with the base of the induction: hy € K for any integral hy. Suppose that
hi¢, ... hi—1¢"t € K. Polynomial f is equal to the product of g and h; be-
cause of that we have:

fih = £hiC"+ g1 hia T+ gia T G+ i ho
Since g € K, every its monomial ¢;¢7 is in K as well (see the definition of K).
By the same reason, f;¢* € K. Hence h;¢* € K. O

]

If now A is a p-primary algebra of the reduced behaviour (n;)",, the ring
homomorphism K — K(X) mapping ( to £ respects the filtrations and thereby
induces a homomorphism of graded groups

GTK - G TK(X) .
PROPOSITION 4.6. For every 0 <1 < deg A the group homomorphism
GTK — GTK(X)
1s bijective.
PRrROOF. It is evidently surjective by Proposition 4.1. To see the rest, put
n = degA. By Lemma 4.4 and Theorem 3.1, the ring homomorphism ¢ :
[%"K — K(X) is bijective. Consider the induced filtration on I'"/"K. We
know that the bijective ring homomorphism ¢ respects the filtrations and is

surjective on the successive quotients. Thus it is bijective on the successive
quotients. ]
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The proposition gives in particular a description of the group G*I'K (X)
for any p-primary algebra A of the reduced behaviour (n;)",. We want to find
out when this group has a non-trivial torsion. We start with the case of an
odd prime.

PROPOSITION 4.7. Let A be a p-primary algebra with an odd p. The group
G?’I'K(X) has a torsion iff ind A > exp A.

PROOF. See Proposition 3.3 with Corollary 3.6 for the “only if” part.
Suppose that ind A > exp A. Then in the reduced behaviour (n;)", of A
one has:
ne < ng_1 — 2 for some s .

Using Proposition 4.6, we shall work with G*T'K instead of G*T K (X).
Consider the element
r=ph AP - 1) - P (¢ - 1) e K

Since z is divisible by (¢ — 1) in the polynomial ring Z[(], since moreover
p™ (¢ —1)% € IPK and p™ f(¢) € K for any polynomial f(¢) by Definition 4.3,
one sees that a multiple of x lies in I'*K. So, for our purposes it suffices to
show that z itself is not in I*K.
Let us act in the polynomial ring Z[¢] modulo p"s—1~1. We have:
e (G VI
Consider a generator of K (Definition 4.3):

m

D i i . = .
(%) H G pm)(gp — 1)’ where j; >0 and Z]i >3.
i=0 " i=0

We state that

Uz

(%) = (" = 1% f(¢)
where f is a polynomial. If we would manage to show it, we could proceed as
follows. Suppose that € I'’K. Then

P 1P = (@ =1 S ()
for some polynomials f and g. Canceling by p™-1=2 and (¢*" — 1)? and sub-
stituting ¢t = (*° — 1 we get:
1 =1fo(t) + pgo(t) € Z[t]
what is a contradiction because ¢t and p do not generate the unit ideal in the
polynomial ring Z[t].
It remains to show that
(%) = (" =17 f(¢").
If for all i < s the number j; in the product (x) equals 0 then even the exact
equality (not only the congruence) holds. Suppose that j; # 0 for some i < s.
Write down this j; as 7, = p" - j with j prime to p. If n;, —r > ns_; — 1 then
i

Uz

=0
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and hence (x) = 0. So, assume that n; —r < ns_; — 1. We have:
r>n;—ns1+1>(s—-1)—i+l=s—1i.
In order to proceed we need
LEMMA 4.8. In a polynomial ring Z[t], there is a congruence
t—1" =@ -1 modpk
for any prime p and any integer k > 0.

PRroOOF. Induction on k starting from k = 1:
=" = (=) =
_ p
= ((tp - l)pk L f(t)) = (tP — 1)pk mod pFtt
(f(t) is a polynomial, it exists by the induction hypothesis). O

According to the lemma we have:

(=1 = (" =1 mod p L

Hence
pni i T pnl s rosti g n; —s+i+1
y ‘(p_l)]z: y ,(p_l)p J modpz .
(Ji, ™) (Ji, ")
Since p"**".j>p>3andn; —s+i+1>n,; — 1 we are done. O

The analogous statement in the case p = 2 looks out a little bit more
complicated:

PROPOSITION 4.9. Let A be a 2-primary algebra. The group G*T'K(X)
has a torsion iff ind A > exp A and the reduced behaviour of A is not of the
kind

n,n—1...,3, 2, 0.

PrOOF. We start with the “only if” part. The case ind A = exp A is
covered by Proposition 3.3 with Corollary 3.6. Suppose that A has the reduced
behaviour

n,n—1,...,3,2,0.
Using the same method as in [33] one can show that the whole adjoint graded
group is torsion-free. Namely, a formula like one of [33, Proposition] states:

|IG'TK(P)/Im G*T'K(X)|
| Tors G'TK(X)| =
[K(P)/K(X)]
where | . | denotes the order of a group. Since we know the behaviour of A we
can compute that
121 on
K(P)/K(X)| ==

=0
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(to avoid unnecessary complications we assume here that A is a division alge-
bra). On the other hand, Proposition 3.4 shows that

2n

|IG'TK(P)/ImG'TK(X)| < )

for any ¢ .

Moreover,
|IGITK(P)/ImG'TK (X)| < 2"

because €2 —1 € T'K(X) (see also the computation of CH*(X) in [6, §2])
and therefore

1522 on
* * < -
G TK(P)/Im G'TK(X)] < 2 ]1 o)

Thus, | Tors G'TK(X)| = 1.

Now we “correct” the “if” proof of the previous proposition in order to
match the current 2-primary situation. Suppose that we have an algebra A for
which existence of the torsion is stated. Then in the reduced behaviour (n;)",
of A we have:

ng <ns_1 —2 and ng_y > 3 for some s .
Consider the element
7 = 2n5,1—3(g2s _ 1)2 _ 2n5,1—1((23—1 i 1)2 e 'K

where K is as in Definition 4.3. Since in Z[(] the polynomial x is divisible by
(¢ — 1)3, it is clear that a multiple of z lies in I'*K. So, for our purposes it
suffices to show that z itself is not in K.

Let us act in the polynomial ring Z[¢] modulo 2"-1~2, We have:

r=2m (T 1),

Consider a generator of I'*K given in Proposition 4.1:
A i ; -
(%) (¢* — 1) where j; >0 and Zj,- > 3.

0 (73, 2") B i=0
We state that

m

(%) = (¢ =1 f(¢)
where f is a polynomial. If we would manage to show it we could proceed in
the same manner as in the proof of the previous proposition.

If for all i < s the number j; in the product (%) equals 0 then even the
exact equality (not only the congruence) holds. Suppose that j; # 0 for some
1 < s. Write down this j; as j; = 2" - j with j prime to 2. If n;, —r >ngs_; — 2
then

2mi
and hence (x) = 0. So, assume that n; — r < n,_; — 2. We have:

r>n;—ng1+2>(s—1)—i+2=s—1+1.



26 1. CYCLES ON SEVERI-BRAUER VARIETIES

According to Lemma 4.8, we have:
(=17 =(* =1 mod 2t

Hence
= (¥ -1y = on: (¥ —=1)*7" mod 2t
(Ji, 2™) (Ji, 2™)

Since 2" 5% . 7 >22>3 and n;, —s+i+1>n,_; — 1 we are done. O

Now we want to reduce the number of generators of the filtration of Defi-
nition 4.3.

PROPOSITION 4.10. In the notation of Definition 4.3, for everyl > 0, the
group T'K is in fact also generated by a reduced number of the products (*),
namely by the products satisfying the additional condition: j3; = 0 for every 1
such that n;, = n;_1 — 1.

ProoOF. Fix some i such that n;, = n;_; — 1. One has
(=1 =) ac (¢~ 1y
5>7

for some integers as with j - p | s-as (Lemma 4.2). Consequently,

7 i1

D i ; p i—1 p i—1
— (" =1 =) a-—=( —1)=) by —r—(" -1
(4 p™) ; (7, p™) ; (s, p"=1)
for some integers b;. O

Using the proposition, we compute the group Tors G*I'K (X)) explicitly in
a special situation. The situation we mean is described in the following

DEFINITION 4.11. We say that a reduced behaviour (n;), “makes (ex-
actly) one jump” iff there exists exactly one s such that ny < ns_; — 2.

EXAMPLE 4.12. Fix a prime p and integers n > m > 1. One can define a
“generic” division algebra A of index p"™ and exponent p™ in spirit of Definition
3.12: take a division algebra A of index and exponent p", put Y = SB(A®P™)
and Av =A F(Y)-

The resulting algebra A can be also obtained as a “generic” p-primary
division algebra of the reduced behaviour

nn—1....,.n—m+2, n—m+1, 0.
In particular, it is an example of an algebra with reduced behaviour “making
one jump”.

PROPOSITION 4.13. Let A be a p-primary algebra with an odd p and sup-
pose that the reduced behaviour (n;), of A “makes one jump”. Then the
torsion in G*T'K(X) is a cyclic group of order p to the power

min{s, ng —ns — s}

where s is the subscript for which ny < ng_1 — 2.
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Proor. We work with K instead of K (X) (see Proposition 4.6). According
to Proposition 4.10, for any [ > 0, the group I''K is generated by the products:
pno ) pns
Y (SR VLR
(jO7pnO) (]Svpns)
In particular, residue classes in the quotient GI'K of the following three ele-
ments

(¢” — 1) with j; >0 and jo+j, > 1.

of I'?K generate the quotient. The second one can be excluded: the difference
v—p™ Ty is in 3K since it is divisible by p™ (¢ —1)? in Z[¢] and thereby can be
written as a linear combination (with integral coefficients)of the polynomials

PO(C—1)3 prc—-1)4 ... eIl’K.

Since the classes of v and w in the quotient have infinite order, any torsion
element x € G*I'K of the kind z = v — kw or z = ku — w with an integer k
(if exists) generates the torsion subgroup. Consider two cases: if ng > ns + 2s
then we put

ng—mns—28

r=u—p w

otherwise we put

T = pns+23—n0u —w.

The element # € G?T'K is evidently a torsion element. We finish the proof
when we show that x has order p® in the first case and order p™~"s~* in the
second. In both cases it means the same:

(1) Pt — 1) —pT(¢” — 1) e IP’K
and
) PTG~ 1 - (- 1) ¢ TR

In order to avoid repetition of some boring computations, we prove the in-
clusion (1) in the following “tricky” way. Consider a ring K’ with a filtration I'
constructed as in Definition 4.3 for the reduced behaviour (ng,no—1,...,1,0).
The ring K’ is contained in K and this inclusion respects the filtrations. The
element of (1) is in K’ and there is a multiple of it lying in I'*K’. Since G*T'K’
is torsion-free (Propositions 4.6 and 3.3), this element lies even in IK’. Hence

(1).

The proof of (2) goes parallel to the proof of Proposition 4.7 and does not
contain any new idea. Let us act in the polynomial ring Z[¢] modulo p™~*.
The element we are interested in is congruent to

A (GOSN Vi
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Consider a generator of I'*K:

pno ) pns

() -1
(]Oapno) (]Sapns)

The proof is completed when we show that

(%) = (" =1 f(¢")
where f is a polynomial (compare with the proof of Proposition 4.7).
If jo = 0 then even the exact equality (not only the congruence) holds.
Suppose that j, # 0. Write down jy as jo = p" - j with j prime to p. If
ng — T > ng — S then

(¢” — 1) with j; >0 and jo+j, > 3.

P
(jOapnO) B
and hence (x) = 0. So, assume that ng —r < ng—s, i.e. that r > s. According
to Lemma 4.8, we have:

(-1 =(" =17 mod =+,
Hence
p’no . pno S T—S. 5 _ 1
(=1 = ——(¢" — 1) "7 mod prott,
(Jo, p™) =1 (Jo. p™) ( )
Since p"~*-j >p>3and ng — s+ 1 > ng — s, we are done. O]

PROPOSITION 4.14. Let A be a 2-primary algebra. Suppose that the re-
duced behaviour (n;)" of A “makes one jump” and let s be the subscript for
which ng < ns_y — 2. The group Tors G*T K (X)) is cyclic; its order equals p to
the power

min{s, ng —ns — s} if ng > 0;
min{s, ngp —s—1}  ifns=0.
PROOF. We describe here only the changes which should be made in order
to adopt the previous proof to the 2-primary case.
First suppose that ng > 0.
The quotient G2I'K has three generators:
u=2""1¢(-1)%;
v=2"(C—1)-2"(¢* —1);
w = 2n571<<-2s o 1)2 )
The second one can be evidently excluded.
If ng > ns + 2s then we put

Qno—ns—Zs

r=u-— w ;

otherwise we put

x o= Qs t2sTnoy gy
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The element x € G?T'K generates the torsion subgroup. To verify the state-
ment on its order we have to check that

(1) 2n0+371(<— . 1)2 _ 2%07871((23 _ 1)2 c F3K
and
(2) 2n0+372(<- o 1)2 _ 2%07872((28 _ 1)2 g F3K

The inclusion (1) can be done in the same way as previously.

Let us do (2). We act in the polynomial ring Z[(] modulo 2™~*~1. The
element we are interested in is congruent to

2n0—s—2(§23 _ 1)2 .
Consider a generator of I'*K:
20 ] s

() (1
(Jo, 2™) (s, 2™)
The proof is complete when we show that

(x) = (¢* = 1)* £(¢*)

(¢* — 1) with j; >0 and jy +j, > 3.

where f is a polynomial.

If jo = 0 then even the exact equality (not only the congruence) holds.
Suppose that jo # 0. Write down jg as jo = 275 with odd j. If ng—r > ng—s—1
then

2m0
(jOa 2n0) B
and hence (x) = 0. So, assume that ng —r < ng— s — 1, i.e. that r > s+ 1.
According to Lemma 4.8, we have:

=1 =(*=-1¥" mod2 .

Hence
om0 ) no
(= 1) = —
Gz = G
Since 27757 >22>3 and ng — s +1 > ng — s — 1 we are done.
Now suppose that n, = 0.
The generators of G?T'K are:

u=2""1(¢-1)%;
v= (1) (¢ 1)
w=(CF — 1.

The second one can be evidently excluded.
If ng > 2s + 1 then we put

(¢* —1)* "7 mod 2m—#t

r=u— 2" By

otherwise we put

x =250y gy,
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The element x € G?T'K generates the torsion subgroup. To verify the state-
ment on its order we have to check that

(1) gnots=l(c _ 1)2 — gno—s=1(¢¥ _ 1) ¢ [3K
and
(2) 2ot (¢ = 1)2 - 20T —1)2 ¢ TR
But it was done already (the assumption ny > 0 was not in use). ]

EXAMPLE 4.15. Let A be a “generic” division algebra of index p" and
exponent p™ (Example 4.12). Put X = SB(A). From Theorem 3.13 and

Propositions 4.13 and 4.14, it follows that Tors CH*(X) is a cyclic group of
order p to the power

{min{m, n—m} for an odd p;

min{m, n —m — 1} for p=2.

5. Algebras of prime exponent

Applying Theorem 3.13 and Propositions 4.13 and 4.14 to the case of a
prime exponent we can state

PROPOSITION 5.1. Let A be an algebra of a prime exponent p. Then the
group Tors CH*(X) is trivial or (cyclic) of order p. It is trivial if ind A = p
orind A | 4. It is not if A is a “generic” division algebra of index p" and
exponent p (see Definition 3.12 or Example 4.12) where n > 2 in the case of
odd p and n > 3 in the case when p = 2. O

COROLLARY 5.2. Let A be an algebra of a square-free exponent e. The
group Tors CH*(X) is (cyclic) of order dividing e; moreover, there exists an

algebra A of the exponent e with Tors CH*(X) of order e.
Proor. Follows from Propositions 1.3 and 5.1. O]

It would be interesting to list all algebras A of prime exponent with trivial
Tors CH*(X). We can only describe a class of such algebras. In [34] it was
shown that any decomposable (into a tensor product of two smaller algebras)
division algebra of index p? and exponent p has no torsion in CH*(X) (in
fact, there is no torsion in the whole graded group G*TK (X) ([34, Theorem
1])). The 2-analogy of this fact was obtained in [36, Corollary 3.1]: any
decomposable division algebra of index 2% and exponent 2 has no torsion in
CH?*(X) (although non-trivial torsion may exist in G*TK(X)). These facts
can be generalized as follows:

PROPOSITION 5.3. Let A be a division algebra of prime exponent. If A
decomposes then the group CH?*(X) is torsion-free.

PROOF. First consider the case when p # 2. We have a surjection
Tors G*T' K (X ) —— Tors G*TK (X) ~ Tors CH*(X) .
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The group from the left-hand side is cyclic (Proposition 4.13), its generator is
represented by the element

r=pME—1)? = p" (& — 1)? € I’K(X) = T°K(X)

where p" = ind A.

Let A= A; ® Ay be the decomposition of A into a product of two smaller
algebras. Assume that the base field F' has no extensions of degree prime to
p (otherwise we can replace F' by a maximal extension of prime to p degree;
such a change has no effect on CH?*(X), compare with Corollary 1.2). Take an
extension F/F of degree [E : F] = p"~2 such that ind(A;)r = ind(As)p =
(one can obtain E/F by taking first an extension F;/F of degree [E, : F] =
(ind Ay)/p for which ind(A;)g, = p and extending E; to E in such a way that
[E: Ey] = (ind Ay)/p and ind(A2)g = p). Consider an element

y=p(€—-1)° - (& 1) € T°K(Xp) .
Since the algebra Ag is Brauer equivalent to a decomposable division algebra

of index p? the group CH?*(Xy) is torsion-free ([34, Theorem 1]). Hence,
y € T3K(X). Taking the transfer of y we get:

Nep(y) =p"(§ =12 =p" (-1 =2 € T°K(X) .

Consequently Tors CH?*(X) = 0.

Now consider the case p = 2.

If ind A = 4 then Tors CH*(X) = 0 (see e.g. Proposition 4.9 or use the
Albert theorem and [34, Theorem 1]). Suppose that ind A > 8.

The group Tors G*T'K (X)) is cyclic (Proposition 4.14), its generator is rep-
resented by the element

r=2"HE=1)? =27 - 1)? e TPK(X) = T?K(X)
where 2" = ind A.

Let A = A; ® Ay be the decomposition of A into a product of two smaller
algebras and ind A; > ind As. Assume that the base field F' has no extensions
of odd degree. Take an extension E/F of degree [E : F] = 2" such that
ind(A;)g = 4 and ind(A2)p = 2 (one can obtain E/F by taking first an
extension F;/F of degree [E; : F| = (ind A;)/4 for which ind(A4;)g, = 4 and
extending F; to E in such a way that [E : Ej] = (ind A;)/2 and ind(As) g = 2).
Consider an element

y=22(6—-1° - (& -1 e T°K(Xg) .
Since the algebra Ag is Brauer equivalent to a decomposable division algebra

of index 2% the group CH?*(Xg) is torsion-free ([36, Corollary 3.1]). Hence,
y € T3K(X). Taking the transfer of y we get:

Nep(y) =2""1 (=1 = 2" (& 1)’ =2 € T’ K(X) .
Consequently Tors CH?*(X) = 0. O

COROLLARY 5.4. A “generic” algebra of prime exponent p and index p"
(Example 4.12) is always indecomposable excluding the Albert case: p =2 = n.
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Proor. Follows from Propositions 5.1 and 5.3. O]

6. Appendix

This § is included because we do not have an appropriate reference for
Corollary 6.4. A particular case of Corollary 6.4 is proved in [64, Proposition
4.7].

We start with certain preliminary observations concerning functors of points
of algebraic varieties (schemes).

Let F' be a field. Denote by F-alg the category of commutative associative
unital F-algebras. One refers to a covariant functor from F-alg to the category
of sets as to an F'-functor.

Let X be a scheme over F. For any R € F-alg the set of R-points X (R)
of X is by definition the set Morg(Spec R, X)) of morphisms of schemes over
F. This set is evidentely functorial in R, so we obtain an F-functor X called
the functor of points of the scheme X. A morphism of F-schemes f: X — Y
gives a natural transformation of their functors of points.

PROPOSITION 6.1 ([63, Proposition 2 in §6 of Chapter 2]|). Let X and Y
be F-schemes and let ¢: X — Y be a natural transformation of their functors
of points. There exists a unique morphism of F-schemes f: X — Y inducing

é.

COROLLARY 6.2. Two F-schemes X andY are isomorphic iff there exists
a natural transformation of the F-functors ¢ : X — Y such that for every
R € F-alg the map of sets (R): X(R) — Y (R) is bijective.

If additionally we are given morphisms X — Z andY — Z to one more F'-
scheme Z, then the schemes X andY are isomorphic over Z iff there exists a

natural transformation ¢ as above commuting with the natural transformations
to the F-functor Z. ]

We need a couple more of natural definitions and trivial remarks.

Let F be an F-functor supplied with a natural transformation 7 — G to
another F-functor G. For any R € F-alg, the fibre of F over an R-point x of G
is by definition the inverse image of x with respect to the map F(R) — G(R);
let us denote it by F,.

Let ' be one more F-functor supplied with a natural transformation to
G. Giving a natural transformation F — F’ over G is equivalent to giving a
collection of maps of sets F, — F. for every R € F-alg and every x € G(R)
satisfying the evident functorial property: if R — S is a homomorphism in
F-alg, x € G(R), and if y € G(9) is the image of = with respect to the map
G(R) — G(95), the following diagram commutes:

Fr —— F

o

Fy — F
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Now everything is prepared to prove

PROPOSITION 6.3. Let A be a central simple algebra over a field F, X
its Severi-Brauer variety, and Y a generalized Severi-Brauer variety SB(n, A)
with some n > 0 (see Remark 6.6).

The product X x'Y considered over X (via the first projection) is isomor-
phic (as a scheme over X ) to the Grassman bundle T'(n,V) “of n-dimensonal
subspaces” of the canonical vector bundle V on X (see e.g. [80, Page 94] for
a definition of the canonical vector bundle on a Severi-Brauer variety).

PRroOF. It suffices to show that for every R € F-alg and every z € X(R)
there is a natural bijection of the sets (X x Y'), and I'(n,V),. First of all we
give descriptions of the sets of R-points of the varieties under consideration
(these descriptions are in fact the most natural definitions of the varieties, see
e.g. [38]).

The set Y (R) consists of left ideals J of the R-algebra Ap = A®p R having
the following two properties:

1. the exact sequence of Ag-modules
0—J— Agr — Agr/J =0

splits (in particular, J is a projective R-module);
2. tk J = n where rk J is the R-rank of J devided by deg A.

Analogously, the set X (R) consists of right ideals I of Ag such that the
sequence 0 — I — Ag — Ag/I — 0 splits and rk 1 = 1. For the rest of the
proof, we fix R, an ideal I like that, and we set + = I € X(R). Note that
AR = EndR I.

The fiber V, of V over z is I; T'(n, V), is the set of R-submodules N of [
such that the sequence

0—-N—=I—I/N—0

splits and rkgr N = n.

Now it is clear that the Morita theory ([11, Theorem 4.29]) gives a canonical
bijection of the sets (X xY), = Y(R) and I'(n,V),: N € I'(n, V), corresponds
to the left ideal Hompg(I,N) of (Endg [)®® = Ag, where (Endg 1) is the
opposite algebra. O

COROLLARY 6.4. In the condition of the proposition, putY,, = SB(n, A®™)
for any m > 0. Then X XY, is a Grassman bundle over X.

Proor. Two ways of proving are possible: one can adopt the proof of the
proposition to this new setting, or one can argue as follows.

Put X,,, = SB(A®™) and consider the morphism of varieties X — X, given
by the following natural transformation of their functors of points: for every
R € F-alg the map X (R) — X,,(R) puts an ideal I € X (R) to its m-th tensor
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(over R) power I®™ € X,,,(R). In the cartesian square
XxY, — X, xY,

l |

X — X,

the right arrow is a Grassman bundle by the proposition. Hence the left arrow
is a Grassman bundle as well. O]

REMARK 6.5. It is possible to “spread out” the statement of the corollary
a little bit replacing A®™ by any Brauer equivalent central simple F-algebra.

REMARK 6.6. In contrast to [7, §2] and in contrast to the definition of
SB(A), we define here SB(n, A) to be the variety of rank n left ideals in A.
This variety is canonically isomorphic to the variety of rank deg A — n right
ideals in A [42, §1 of Chapter I]. Of course, it is also isomorphic to the variety
of rank n right ideals in the opposite algebra A°P.



CHAPTER 2

Codimension 2 cycles on products of Severi-Brauer
varieties

We study the Chow group of 2-codimensional cycles on products of n Severi-
Brauer varieties (n > 2). We analyze more detailed

e the product of a biquaternion variety and a conic;
e the product of two Severi-Brauer surfaces.

0. Introduction

In Chapter 1, we study the Chow group CH? for one Severi-Brauer variety.
Here, using the same methods, we study the same group for a direct product
of Severi-Brauer varieties. The motivation for doing this work is given by the
following result of O. Izhboldin ([24]): the function field of a Severi-Brauer
variety is universally excellent if and only if the index of the corresponding
algebra is not divisible by 4. To prove this result, he needed a certain infor-
mation on the group CH? of the product of a biquaternion variety and a conic
(Theorem 6.1).

Certain results on the group CH? of a product of Severi-Brauer varieties
was obtained in [66]. Its connection with the 3d Galois cohomology group
([66, Theorem 4.1]) was established and an example of product of three conics
with torsion in CH? was constructed ([66, Remark 6.1]).

The main and general result of this Chapter is Theorem 5.5 (with Corollary
5.6). We apply it to products of two small-dimensional varieties (Theorems 6.1
and 7.1); this way we obtain, in particular, new examples of torsion in CH?.

We use the following terminology and notation. By saying “A is an al-
gebra”, we always mean that A is a central simple algebra over a field. For
an algebra A over a field F', we denote by [A] its class in the Brauer group
Br(F) of F; exp A stays for the exponent, deg A for the degree and ind A for
the index of A.

The Severi-Brauer variety of an algebra A is denoted by SB(A). A wvariety
is always a smooth projective algebraic variety over a field; a sheaf over X is
an Ox-module. The Grothendieck ring of a variety X is denoted by K (X);

K(X)=T'K(X)>I'"K(X)D>... and K(X)=T'K(X)D>T'K(X) D ...
are respectively the gamma-filtration and the topological filtration on K (X);
we use the notation G*I'K(X) and G*TK(X) for the adjoint graded rings of

these filtrations. There are certain relations between G*I'K(X), G*TK(X),
and the Chow ring CH*(X') we use here; they can be found in §2 of Chapter 1.

35
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1. Two preliminary results

PROPOSITION 1.1. Let Ay,..., A, and By, ..., B,, be algebras over a field
F such that the subgroups in Br(F') generated by [A4], ..., [An] and by [By],
.., [Bm] coincide. Then

Tors CH? (SB(A;) x -+ x SB(A,)) ~ Tors CH? (SB(B;) x - - - x SB(By,)) .

PROOF. Set X = SB(A;) x---xSB(A4,), Y1 = SB(B). It suffices to show
that
Tors CH?*(X) ~ Tors CH*(X x Y7) .
Since X xY; — X is a projective space bundle (Proposition 5.3), one has ([14,
§2 of Appendix A])

CH*(X x V}) ~ CH*(X) @ .- @ CH>4mY(X) .
The last observation is: for all i < 2, the group CH'(X) has no torsion (for
i =1 see [74, Lemme 6.3, (i)]). O

Let p be a prime. For an algebra A as well as for an abelian group A, we
are going to denote by A{p} the p-primary part of A.

PROPOSITION 1.2. Let Aq,..., A, be algebras over a field. One has
CH? (SB(A1)x---xSB(A,)){p} = Tors CH? (SB(A;{p}) x---xSB(A.{p})) .

PRrROOF. For n = 1, the assertion is proved in Proposition 1.3 of Chapter 1.
The same proof works for n > 1. O]

2. Grothendieck group of product of Severi-Brauer varieties

Let Ay, ..., A, be algebras over a field F', let X,..., X, be their Severi-
Brauer varieties, and X = X; x --- x X,,. Fix a separable closure F' of F'
and put X; = (X;)p for each i. The varieties X; are (isomorphic to) projective

spaces; denote by &; the class in K (X) of the tautological sheaf of the projective
space bundle

) i
The ring K (X) is generated by the elements &1, . .., &, subject to the relations
(€ —D)tEM = = (g, — 1) =0

Consider the restriction K(X) — K(X) which is a ring homomorphism.

THEOREM 2.1. The homomorphism K(X) — K(X) is injective; its image
15 additively generated by the elements

ind(AP" @ - @ AG) - €] - g
with 0 < j; < deg Ay, ..., 0< 7, <degA,.

PROOF. Use a generalized Peyre’s version [66, Proposition 3.1] of Quillen’s
computation of K-theory for Severi-Brauer schemes [69, Theorem 4.1 of §8] n
times. O
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COROLLARY 2.2. For algebras Ay, ..., A, of fized degrees, the ring K(X)
with the gamma-filtration (and in particular the group Tors GT'K (X)) depend
only on the numbers ind(A" @ - - - @ A®in),

PROOF. By the theorem, the numbers determine K (X) completely as a

subring in K (X). The Chern classes with values in K (Definition 2.1 of Chap-
ter 1) for X, which determine the gamma-filtration (Definition 2.6 of Chapter
1), are the restrictions of the Chern classes for X. ]

3. Disjoint varieties and disjoint algebras

DEFINITION 3.1. Let X4y,..., X, be arbitrary varieties over a field. We
say that they are disjoint if the ring homomorphism

KX)® - KX, - KX x--xX,),
induced by the pull-back homomorphisms
pris K(X;) — K(X; x -+ x X,,)
with respect to the projections pr;: X; x --- x X,, = Xj, is an isomorphism.

PROPOSITION 3.2. Let Xi,...,X, be disjoint varieties. The gamma-filt-
ration on K (X1 x---x X,,) coincides with the filtration induced by the gamma-
filtrations on K(X1),..., K(X,).

PRrROOF. Denote by X the product X; x --- x X, and by T the induced
filtration, where for each [ > 0, the term K (X) is going to be the subgroup
of K(X) generated by the products

priT"K(Xy) - pry TV K (X,)

for all [y,...,l, > 0 with [y +--- 4+, > [. Since a pull-back homomorphism
respects the gamma-filtration, one has an inclusion 'K (X) ¢ T'K(X). Let
us prove the inverse inclusion. Since the gamma-filtration I' on K(X) is the
smallest ring filtration having the properties I°K(X) = K(X) and c(z) €
MK (X) for all x € K(X) and [ > 1, where ¢’ is the I-th Chern class with
values in K (Definition 2.1 of Chapter 1), it suffices to show that

(*) dz) e T'K(X) .

Since the varieties Xj,..., X, are disjoint, the additive group of K(X) is
generated by the products

(%) x = pri(z1) - pry,(zn)

where z; € K(X;) is the class of a locally free sheaf. Therefore it suffices to
check the inclusion (x) only for z of the form (s*). Since ¢ commutes with
pry;, one has

d(pri(z;)) e T'K(X),
and the last step of the proof is
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LEMMA 3.3. Let n,m,l > 0. There exists a Z-polynomial fl((ai), (Tj)),
where o1,...,0, and Ty, ..., Ty are variables, having two following properties:
o ifx,y € K(X) are classes of locally free sheaves over a variety X, the
Chern class c!(z - y) is equal to fi(c'(z),d(y));
o if one puts dego; = i and degT; = j, the degree of every monomial of
fi is at least [.

PROOF. By the splitting principle ([52, Proposition 5.6]), it suffices to
consider the case where

r=86+ " +&, y=m+-+nm
with the classes of invertible sheaves &;, ;. For the total Chern class ¢; (Defi-

nition 2.1 of Chapter 1), one has

n

a(x) = Ct(i &) =TI+ & —-1)t) = ﬁ(l + a;t) where a; = & — 1;
i=1 ) i=
J

=1
a(y) = Ct(zlﬁj) =1 (1+0m—1t) = Hl(l + bjt) where b; =1; — 1;
J= J =

ci(wy) = a3 &ny) =TT (1 + &y — D) =TT (1 + (aib; + ai + b))t) .

.3 1,

s L

1

The class c!(zy) is (by definition) the coefficient of ¢! in ¢;(xy). This coefficient
is evidently a polynomial in a4, ..., a, and by, ..., b, symmetric with respect
to the variables (a;) and also symmetric with respect to the variables (b;)
(notice that the degree of each monomial is at least ). Consequently, by
the main theorem on the symmetric polynomials, ¢(zy) = fi((03), (1;)) for a
polynomial f;, where (0;)", are the standard symmetric polynomials for (a;)
(07 is a homogeneous polynomial of degree i) and (7;)7L, are the standard
symmetric polynomials for (b;). The assertion of the lemma concerning the
degree is evidently satisfied. Finally, note that o; = ¢'(z) and 7; = d(y). O

]

COROLLARY 3.4. Let X1,...,X, be varieties with finitely generated Gro-
thendieck groups (for instance, Severi-Brauer varieties). If the varieties are
disjoint and the groups G*TK(X3), ..., G'TK(X,) are torsion-free, then the
group G*TK(X; x -+ x X,,) is torsion-free as well.

PRrROOF. According to the proposition, the natural homomorphism
GTK(X)® - @GTK(X,) - GTK(X; x--xX,)

is surjective. By our assumption, the group on the left-hand side is finitely
generated and torsion-free; so, it is a free abelian group of finite rank. This
rank coincides with the rank of the group on the right-hand side, because the
varieties are disjoint. O

No we are going to understand what the condition of being disjoint means
for Severi-Brauer varieties.
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DEFINITION 3.5. Let Ay, ..., A, be algebras over a field. We say that they
are disjoint if
ind(A®" @ - @ A%") =ind AZ" .. .ind A% for all jy,...,jn > 0.

PROPOSITION 3.6. Algebras Ay, ..., A, are disjoint if and only if their
Severi- Brauer varieties are disjoint.

PROOF. Since, for an arbitrary algebra A, there is a canonical isomorphism
K(A) =ind A-Z, where K(A) denotes the Grothendieck group of the algebra,
the algebras are disjoint if and only if the maps

KA @ @ K(AD") - K(AY @ - @ A%n)
are isomorphisms for all 0 < j; < degAy,...,0 < j, < deg A,,. Taking the

direct sum over all 7y, ..., j,, we obtain the map
deg A1 —1 ) deg Ap—1 )
O KA ) oo I KAY)| —
j1:0 jn:()
deg A1 —1 deg An,—1 ) )
— I ... ]I KA ®-- @ A%n)

71=0 Jn=0
Identifying the factors of the product on the left-hand side with
K(SB(A1)),...,K(SB(4,))
and the direct sum on the right-hand side with
K (SB(A;) x --- x SB(A,))

by Theorem 2.1, one obtains on the place of the arrow the homomorphism of
Definition 3.1. ]

4. “Generic” varieties

DEFINITION 4.1. Let us say that a variety X is “generic”, if the gamma-
filtration on K (X) coincides with the topological filtration.

LeEMMA 4.2, If Tors G'TK(X) = 0 (for an arbitrary variety X ), then X
1s “generic”.
ProOOF. To see that the filtrations coincide, it suffices to show that the
homomorphism
a: GTK(X) - G'TK(X),
induced by the inclusion of the filtrations, is injective. Since a ® Q is bijective
([13, Proposition 5.5 of Chapter VI]), the kernel of o contains only elements

of finite order. Therefore, « is really injective if the group G*I'K(X) has no
torsion. 0

LEMMA 4.3. Let G — X be a grassmanian bundle. If X is “generic”, the
variety G is “generic” as well.
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PROOF. Since G is a grassmanian bundle over X, the CH*(X)-algebra
CH*(G) is generated by the Chern classes (with values in CH") (see [12,
Proposition 14.6.5] or [43, Theorem 3.2]). Using the natural epimorphism
CH" — G*TK, one obtains the same result for G*TK: the G*T K (X)-algebra
G*TK(G) is generated by the Chern classes (with values in G*TK). Since X is
“generic”, the ring G*TK (X)) itself is generated by the Chern classes (Remark
2.17 of Chapter 1). Consequently, G*TK(G) is generated by the Chern classes
not only as algebra but also as a ring. That means G is “generic” (Remark
2.17 of Chapter 1). O

LEMMA 4.4. Let X — Y be a smooth morphism of varieties and let X
be its generic fiber. If X is “generic”, the variety X (it is a variety over the
function field of Y ) is also “generic”.

PROOF. The morphism (of schemes) X — X induces a homomorphism
of Grothendieck groups K(X) — K(X), respecting the both filtrations, and
a homomorphism of Chow groups CH*(X) — CH*(X) which is surjective
(Proposition 4.1 of Chapter 5, see also [39, Theorem 3.1]). Consequently, the
homomorphism

C'TK(X) — G*TK(X)
is also surjective, and therefore, for every [, the group T'K(X) is mapped
surjectively onto T'K (X). Since T'K (X) = I K (X), it follows that T'K (X) C
K (X). The inverse inclusion is always true. O

COROLLARY 4.5. Let X and Y be varieties over a field F' such that the
projection X XY — X is a grassmanian bundle. If X is “generic”, then Xp(y)
1s also “generic”.

PROOF. The variety X x Y is “generic” according to Lemma 4.3; therefore
the variety Xp(y) is “generic” by Lemma 4.4. O]

5. “Generic” algebras

PROPOSITION 5.1. Let A be a primary algebra (i.e. deg A is a power of a
prime). Suppose that

e citherind A = exp A

e orindA=2" andind A%?"* =4 (n>2)
(an example of such A is a biquaternion algebra). Then the group G*F( SB(A))
is torsion-free.

PRroOF. For algebras of the first type see Proposition 3.3 and Corollary 3.6
of Chapter 1; for the second type see the proof of Proposition 4.9 of Chapter 1.
O

COROLLARY 5.2. Let Ay, ..., A, be disjoint algebras and suppose that each
A; satisfies the condition of Proposition 5.1. Then for the product X of
their Severi-Brauer varieties, one has: Tors G'TK(X) = 0; in particular,

Tors CH?*(X) = 0.
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PRrROOF. It is a straightforward consequence of the proposition with Corol-
lary 3.4 and Proposition 3.6. ]

For an algebra B and an integer r > 0, denote by SB(r, B) the general-
ized Severi-Brauer variety of rank r right ideals in B ([7, §2]). In particular,
SB(1, B) = SB(B).

PROPOSITION 5.3. Let Ay,..., A, and B be algebras over a field, let X =
SB(A;) x --- x SB(A,) and let Y = SB(r, B) with certain r > 0.

If the Brauer class [B] of the algebra B belongs to the group generated by
[A1], ..., [A,], then the projection X XY — X is an r-grassmanian.

Proor. We may assume that
®j in
B~ A" @@ AYY
with some jq,...,7, > 0. Consider the cartesian square
XXY — T'xY

| |

X — T

where T" = SB(B) and where the morphism X — T is given by tensor product
of ideals. The arrow on the right-hand side (that is the projection T'x Y — T))
is an r-grassmanian by Proposition 6.3 of Chapter 1. Therefore, the projection
X XY — Y (that is the left-hand side arrow) is an r-grassmanian as well. [

DEFINITION 5.4. We call a collection of algebras Ay, LA, “generic”,
if it can be obtained by the following procedure. One starts with disjoint
algebras Aq,..., A, over a field F' such that each A; satisfies the condition of
Proposition 5.1. Then one takes F-algebras By, ..., B,, such that their classes
in Br(F') belong to the subgroup generated by [A4],. .., [A,]. Finally, one takes
as Y a direct product of some generalized Severi-Brauer of algebras By, ..., B,,
and one puts A; = (Ai)pyy foralli =1,... n.

THEOREM 5.5. If a collection of algebras Ay, ... A, is “generic”, then the
product X of their Severi-Brauer varieties is a “generic” variety (Definition
4.1); in particular, the epimorphism

Tors G’I'K (X)) — Tors CH?(X)
15 bigective in this case.

PROOF. Let Ay,..., A, be algebras used in construction of our “generic”
collection (Definition 5.4). Put X; = SB(A4;) for i = 1,...,n and let X =
X % -+ x X,. According to Corollary 5.2, the group G*T'K(X) is torsion-free.
In particular, the variety X is “generic” (Lemma 4.2).

Now, let Y be the direct product of generalized Severi-Brauer varieties, used
in the construction of our generic collection. By Proposition 5.3, the projection
X xY — X is a fiber product (over X) of grassmanians. Therefore, using
Corollary 4.5 m times, one proves that the variety X = X F(y) 1s “generic”. [
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COROLLARY 5.6. Let Ay, ..., A, be arbitrary algebras and let X be the
product of their Severi-Brauer varieties. Let Ay, ..., A, be a “generic” collec-
tion of algebras such that deg A; = deg A; and

ind(A%"' @ - ® A%") = ind(AY' @ - - - @ A%I)
for all i and all jy,...,jn. Then the group Tors CH?*(X) is isomorphic to a
factorgroup of Tors CH?(X).
PROOF. By the theorem, there is an isomorphism
Tors CH?(X) ~ Tors G*T K (X) ;

by Corollary 2.2, one has

Tors G*T K (X) ~ Tors G’T'K (X)) ;
finally, we always have a surjection (Corollary 2.15 of Chapter 1)

Tors G*I' K (X)) —— Tors CH*(X) .

6. Biquaternion variety times conic

A Severi-Brauer variety of a biquaternion algebra is called biquaternion
variety here.

THEOREM 6.1. Let X be a biquaternion variety, Y be a conic (over the
same field) and A, B be the corresponding algebras (B is a quaternion algebra).
1. The torsion in the group CH*(X x Y) is either trivial, or of order 2.

2. If the torsion is non-trivial, then
(%) indA=ind(A® B)=4 and indB=2.
3. If the collection A, B is “generic” (Definition 5.4) and satisfies the con-

dition (x), then the torsion is not trivial.

ProOOF. If ind B # 2, i.e. if B is split, then we know from Proposition 1.1
that Tors CH?*(X x Y) ~ CH?*(X); hereby the latter group is torsion-free ([34,
Corollary]).

If indA # 4, than A is Brauer-equivalent to a quaternion algebra A’;
denoting by X’ its Severi-Brauer variety, one gets (Proposition 1.1)

Tors CH*(X x Y) ~ Tors CH*(X' x Y) .
Since dim (X’ x Y') = 2, the group
GTK(X'xY)=T?K(X'xY)C K(X'xY)
has no torsion. It follows that in this case Tors CH*(X x Y) = 0 as well.

Let C be a division algebra Brauer-equivalent to the product A® B; T =
SB(C). Using Proposition 1.1 once again, we have

Tors CH*(X x Y) ~ Tors CH*(T' x Y) .
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If ind(A® B) <2, then dim7 x Y < 2 and we are done in the same way as
above.

If ind(A ® B) = 8, then the algebras A, B are disjoint and Corollary 5.2
shows that Tors CH?*(X x Y) = 0.

The rest is served by

PROPOSITION 6.2. Suppose that a biquaternion algebra A and a quater-
nion algebra B are division algebras and ind(A ® B) = 4. For X,Y as above,
one has: Tors G’ TK(X xY) ~7Z/2.

PROOF. Put K = K(X xY), K = K(X xY). The commutative ring K is
generated by elements £, 7 subject to the relations (£ —1)* = 0= (n—1)? (see
§2). In particular, the additive group of K is a free abelian group generated
by the elements £/, i = 0,1,2,3, 7 = 0,1. We are also going to use another
system of generators: f'g’,i=0,1,2,3,j=0,1, where f=§—1,g=n— 1.

For each [, the I-th term IK of the gamma-filtration on K is generated
by the products fi¢’ with i + 5 > [. In particular, G'I'K is an abelian group
freely generated by the residue classes of the products fig’ with i +j = [.

LEMMA 6.3. The subring K C K is additively generated by the elements
1, 4¢, €2, 4€°, 20, 4&n, 267, 4% .
ProOOF. It is a particular case of Theorem 2.1. ]

LEMMA 6.4. The following elements are also generators of the additive
group of K:

17 2f_f27 2g7 2f27 4fgv 4f37 2f2g ) 4f3g

(the singled out element is going to produce the torsion — see Corollary 6.9).

PROOF. A straightforward verification. O]
LEMMA 6.5. There are the following inclusions:
'K >2f—f% 2g;
I?K 3 2f2 4fg, |2f%¢|;
K 34f3 2-12f%|;
MK >4f%g .

PROOF. The assertion on I‘IK is evident.

Since 2f%, 4fg € K NT?K and the restriction homomorphism G'T'K —
G!T'K is injective ([74, Lemme 6.3, (i)]), the assertion on I'?K holds (a direct
verification (see the rest of the proof) is also easy).

Finally, one has:

a6 = 1+t = U =4 = 4PeTK;
2f* € I'?K and 2g € 'K = 4f%g = (2f%) - (29) € I°K ;

ey =En -1 =((f+Dg+1) - 1) =4f’g e MK .
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COROLLARY 6.6. Denote by o the restriction homomorphism
GTK — G'TK .
For all i > 0, one has: Imo’ C 2G'TK.

PROOF. According to the lemma, the group G!T'K is generated by the
residue classes of the elements 2f — 2 and 2g; their images in G'T K are really
divisible by 2. So,the assertion of the corollary for ¢ = 1 is proved.

Since the elements of 'K, 'K and 'K, listed in the lemma, generate
'K and are divisible by 2 in K, we obtain the assertion for i > 2 (use the
absence of torsion in G*T'K). O

COROLLARY 6.7. #(Tors G*TK) < 2.

PROOF. Since the group G*I'K is torsion-free, Tors G*T'K C Kera*. We
are going to show that #(Ker a*) < 2, using the following formula ([33, Propo-
sition]):

#(Ker o*) = #(Coker o*) /#(K /K) .
It is easy to calculate that # (K /K) = 2. According to the lemma,

#(Coker a*) < 2!

LEMMA 6.8. 2f%g € K.

PROOF. It suffices to show that Ima? C 4G’TK.

The group Ima?® is generated by the subgroup Ima! - Imo? and by the
subset a?(c3K), where ¢® is the 3d Chern class with values in G*T'K (Def-
inition 2.7 of Chapter 1). Since Ima’ C 2GTK for i > 0 by Corollary
6.6, one has: Ima' - Ima? C 4G3T'K. Therefore, it suffices to verify that
a?(c3(S)) C 4G3T'K for a system S of generators of the additive group of K.
The verification is trivial if we take as S the system of generators of Lemma
6.3. O

COROLLARY 6.9. The residue of 2f?g in G*T'K has order 2 and generates
the torsion subgroup.

PRrROOF. The residue is of order 2 by Lemmas 6.8 and 6.5. It generates the
whole torsion subgroup (not only in G3T'K but also in G*T'K) by Corollary
6.7. O

The proofs of the theorem and of the proposition are complete. O]
O

REMARK 6.10. In the condition of the theorem, denote the base field by F
and suppose that there exists a quadratic extension L/F' (or, more generally,
an extension of degree not divisible by 4) such that the algebra A, is no more a
division algebra and the algebra By is split. In this case, f?g € T2 K (X x Y7);
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using the norm map, we obtain: 2f2g € T3K(X xY), i.e. TorsCH*(X xY) =
0.

Therefore, if A, B are such that Tors CH*(X xY') # 0 (for example, if A, B
form a “generic” collection (Theorem 6.1)), there are no extensions like that.
The first example of this phenomenon is constructed in [51].

7. Product of two Severi-Brauer surfaces

A Severi-Brauer surface is a Severi-Brauer variety of dimension 2.

THEOREM 7.1. Let X,Y be Severi-Brauer surfaces over a field and let
A, B be the corresponding algebras.

1. The torsion in the group CH*(X x Y) is either trivial, or of order 3.
2. If the torsion is not trivial, then

(%) indA=ind B=ind(A® B) =ind(A® B°) =3

where B° is the algebra opposite to B.
3. If the collection A, B is “generic” (Definition 5.4) and satisfies the con-
dition (x), then the torsion is not trivial.

PROOF. If at least one of the algebras A, B, A ® B, A ® B° is split, then
there exists an algebra C' of degree 3 such that its class [C] in the Brauer
group generates the same subgroup as [A] and [B] (together). According to
Proposition 1.1, in this case, the group Tors CH*(X x Y) is isomorphic to the
group Tors CH? (SB(C)) which is trivial by [33, Corollary], or also by Lemma
2.4 of Chapter 4.

If ind(A® B) = ind(A ® B°) =9, then the algebras A, B are disjoint and
one can use Corollary 5.2.

Put Y° = SB(B°). Since by Proposition 1.1

Tors CH*(X x Y) ~ Tors CH*(X x Y°),

it suffices to consider only one of the two following cases:

e ind(A® B) =3 and ind(A ® B°) = 9;
e ind(A® B) =9 and ind(A ® B°) = 3.

LEMMA 7.2. Ifind A = ind B = ind(A® B) = 3 and ind(A® B°) =9,
then Tors G TK (X x Y) = 0.

PROOF. Put K = K(X xY), K = K(X xY). The commutative ring K is
generated by elements £, 7 subject to the relations (£ —1)> = 0= (n—1)3 (see
§2). In particular, the additive group of K is an abelian group freely generated
by the elements £/ | 4,5 = 0,1,2. We also are going to use another system
of generators: f'g?, 4,7 =0,1,2, where f=¢—1,g=n—1.

For every [, the [-th term K of the gamma-filtration on K is generated
by the products f'g’ with i +j > .
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The condition of the lemma implies that
ind A%? = ind B*? = ind(A®? ® B¥?) =3 and
ind(A ® B¥?) =ind(A*? ® B) = 9.
So, according to Theorem 2.1, the subring K C K is additively generated by
1, 3¢, 3¢%, 3n, 3&n, 9%, 3%, 9&n?, 3¢%” .
We are also going to use another system of generators:
1, 3f, 3¢, 3f% 3fg, 3¢°, 9f%9, 3f*9 +3fg* +6f*¢* 9f°g* .
Now it is evident that the intersection K NI'*K is generated by
9f%g, 3f?g+3fg> +6°g>, and 9f%¢>.

To prove that the group G?I'K is torsion-free, it suffices to verify that these
three elements belong to I K.
Since 3f2, 3¢*> € I'’K, and 3¢ € I'' K, one has:

912 = (3f%) - (3g) € I°K, 9f°¢° = (3*) - (3¢>) € 'K .

The last element coincides with a 3-d Chern class:

ABen) = (En—1° = ((F+ D+ 1)=1)" = (fg+ f+9)° =
3fo(f+9)* + (f+9)° =69 +3f°g+3fg" .
O
We finish the proof of the theorem by

PROPOSITION 7.3. Ifind A = ind B = ind(A ® B) = ind(A ® B°) = 3,
then Tors G*TK (X xY) ~Z/3.

ProOF. We use the notation introduced in the beginning of the proof of
the last lemma.

LEMMA 7.4. The subring K C K is now generated by 1 and 3K. More-
over,

MK =3'K ;
K =31K ;
I°K > 3f%g—3fg* 3f’g+3fg* +6f°9°;
MK > 9f%*.

PROOF. The assertion about I''K is trivial. The assertion about T 2K is
caused by injectivity of the restriction homomorphism GIT'K — G!TK ([74,
Lemme 6.3, (i)]); 9/%¢g? € 'K because 32, 3¢* € I'’K.

To prove the assertion about I'*K, let us compute the 3d Chern class

HEn) = (En =1 = (f+ 1 (g+1) = 1)" =27/ +12f°9 + 64" .
Since 9f2¢,9f¢* € I K, we conclude that 3f%g — 3f¢? € K.
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Finally, as we have already computed in the proof of Lemma 7.2,
3f%9+3fg> +6f%g> = (3¢n) e I’K .

O
COROLLARY 7.5. #(Tors G*TK) < 3.
PROOF. Analogously to Corollary 6.7. Now one has (Lemma 7.4):
#(K/K)=3® and #(Cokera*) <3’ .
O

LEMMA 7.6. 3f%¢* ¢ K.

PROOF. Let us define a homomorphism ¢y K—Z /9 as follows: write an

arbitrary element x € K as a linear combination
2 o
r= ) a;f'g’ with a;; € Z,
ij=0

put ¢(x) = ag + a1z — age and define ¢g(x) as the residue of ¢(x) modulo 9.

Since ¢go(3f%g?) # 0, it suffices to show that ¢o(I*K) = 0.

A priori, the group I K is generated by 'K - 'K, ¢3(S) et ¢*(S) where

S =1, 3¢, 3%, 3n, 3¢, 3™, 3n*, 3¢, 3¢™”

Hereby, ¢*(s) = 0 for all s € S; thus one can eliminate ¢*(S) from the list of
generators.

Since -

MK -TK cI'K -T'K c 9K (Lemma 7.4),

one has: ¢g(I"K -T?K) = 0.

It remains ¢3(S). For s = 1, 3¢, 3¢2, 3n, and 3n?, the value ¢(s) is already 0.
The following calculations show that ¢g(c?(s)) = 0 for the other four elements
s € S as well:

ABen) =En—17°=(f+ D+ -1)°=(fg+(f+9)’ =
=3fg(f+9)°+(f+9)°=|6f%9>+3f%g+3fq*|;

SB3E?) = (€27 -1)* = ((f+1)%(g+1)2-1)° = ((f*+4fg+*)+2(f+9))’ =
=12(f*+4f9+ ) ([ +9)> +8(f + 9)° =[120f%¢* + 24f%g + 24 ¢*|;

SBE) = (En—-17° = ((f+ 129+ 1) =1)" = (F(f +29) + 2f +9))’ =
=3f(f+29)2f +9)*+ (2f +9)° =|27/2* + 12?9 + 6 /4 |;

A(3¢n?) = 27f2g% + 6f%g + 12f¢*| .
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According to Lemma 7.4, we have 3f2¢*> € I'?K. The residue class of the
element 3f2¢? in G’I'K has order 3 by Lemmas 7.4 and 7.6. Therefore, by
Corollary 7.5, it generates the whole torsion subgroup of G*I'K. So, the proof
of Proposition 7.3 is complete. O]

Proposition 7.3 completes the proof of Theorem 7.1. O]



CHAPTER 3

Isotropy of virtual Albert forms over function fields of
quadrics

Let F' be a field of characteristic different from 2 and ¢ be a virtual Albert
form over F, i.e. an anisotropic 6-dimensional quadratic form over F' which
is still anisotropic over the field F'(1/ds ¢). We give a complete description
of the quadratic forms v such that ¢ becomes isotropic over the function field
F(1). This completes the series of works ([16], [44], [45], [49], [54]) where
the question was considered previously.

Results of this Chapter are obtained in joint work with Oleg Izhboldin.

0. Introduction

Let F' be a field of characteristic different from 2 and let ¢ and ¢ be two
anisotropic quadratic forms over F. An important problem in the algebraic
theory of quadratic forms is to find conditions on ¢ and 1 so that ¢p(y is
isotropic. In the case when dim ¢ < 5 the problem was completely solved in
[15] and [75]. For 6-dimensional quadratic forms, the problem was studied by
D. W. Hoffmann ([16]), A. Laghribi ([44], [45]), D. Leep ([49]), and A. S.
Merkurjev ([54]) and was solved fully except for the following two cases (see
[44] and [45]):

o dimy =4, diyp # 1, and ind(Cy(¢)) = 2;
o dimy =4, diyp # 1, ind(Cy(¢)) = 4, and dy ¢ = dy 1.

In this Chapter the second case is studied completely. Our result (Theorem
5.1) and results of Laghribi, Leep, and Merkurjev give rise to the following

Theorem. Let ¢ be a 6-dimensional quadratic form with ind(Cy(¢)) = 4.
In the case when v ¢ GPy(F), the quadratic form ¢py) is isotropic if and
only if ¢ is similar to a subform of ¢. In the case when ¢ € GPy(F'), the form

Gy 15 isotropic if and only if a 3-dimensional subform of v is similar to a
subform of ¢.

We deduce Theorem 5.1 from a result on 8-dimensional forms (Proposition
4.1) which also has an independent value: together with [47], it gives rise
to Theorem 4.4 answering the question about isotropy of an 8-dimensional
quadratic form ¢ with det¢ = 1 and ind(C(¢)) = 8 over function fields of
quadrics.

49
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1. Terminology, notation, and backgrounds

1.1. Quadratic forms. By ¢ L ¢, ¢ ~ 1, and [¢] we denote orthogonal
sum of forms, isometry of forms, and the class of ¢ in the Witt ring W (F') of
the field F respectively. To simplify notation we will write ¢+1) instead of [¢]+
[¢)]. For a quadratic form ¢ of dimension n, we set dy ¢ = (—1)"""D/2det ¢.
We consider di ¢ as an element of F*/F**. The maximal ideal of W (F)
consisting of the classes of the even-dimensional forms is denoted by I(F).
The anisotropic part of ¢ is denoted by ¢an. We denote by (a4, ...,a,)) the
n-fold Pfister form

<17 —CL1> R X® <1, —an>
and by P, (F') the set of all n-fold Pfister forms. The set of all forms similar to
n-fold Pfister forms we denote by GP,(F'). For any field extension L/F, we put
¢p=0 L, W(L/F) =Ker(W(F) — W(L)), and I"(L/F) = Ker(I"(F) —
I"(L)).

For a quadratic form ¢ of dimension > 3, we denote by X the projective
variety given by the equation ¢ = 0. We set F'(¢) = F(X,) if dim¢ > 3;
F(¢) = F(\/d) if dim¢ = 2 and d = d+ ¢ # 1; and F(¢) = F otherwise.

Let ¢ € GP(F) and 9 be a 3-dimensional subform of ). Then ¥ p(y,) and
(v0) p(y) are isotropic. Hence for any quadratic form ¢, the isotropy of ¢py)
is equivalent to isotropy of ¢p(y,). Thus, to give a complete description of the
quadratic forms 1) such that ¢ becomes isotropic over the function field F' (1)),
it is sufficient to consider the case where ¢ ¢ GPy(F).

We say that a quadratic form ¢ is a Pfister neighbor if for some n there
exists m € P,(F) such that ¢ is similar to a subform of 7 and dim ¢ > 2",

Let ¢ be a quadratic form of dimension 2". We say that ¢* is a half-neighbor
of ¢, if dim ¢* = 2" and there exists k € F* such that ¢* = k¢ (mod 1" (F)).

1.2. Algebras. Let A be a central simple algebra over F. By deg(A),
ind(A), [A], and exp(A) we denote respectively the degree of A, the Schur
index of A, the class of A in the Brauer group Br(F'), and the order of [A] in
the Brauer group. By SB(A) we denote the Severi-Brauer variety of A. If an
algebra B has the form B = A x A, we set ind B = ind A.

Let ¢ be a quadratic form. We denote by C(¢) the Clifford algebra of ¢.
By Cy(¢) we denote the even part of C(¢). If ¢ € I*(F) then C(¢) is a central
simple algebra. Hence we get a well defined element [C'(¢)] of Bra(F') which
we denote by ¢(¢).

1.3. Quadratic forms of dimension 6. Let ¢ be an anisotropic qua-
dratic form of dimension 6 and let d = di ¢. If d = 1, then ¢ is an Albert
form. In this case the problem of isotropy of ¢ over the function field of a qua-
dratic form v is completely solved ([49], [54]): in the case when 1) ¢ G P, (1)),
the form ¢p(y) is isotropic if and only if ¢ is similar to a subform in ¢.

Suppose now that d # 1. Then Cy(¢) is a central simple algebra over
L = F(v/d). In this case we have the following classification of anisotropic
6-dimension forms:
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Type 1 is defined by one of the following equivalent conditions:

e ind(Co(¢)) = 1;

e ¢; is hyperbolic;

e ¢ has the form ((d)) u where dim pu = 3;
e ¢ is a Pfister neighbor.

Type 2 is defined by one of the following equivalent conditions:

e ind(Co()) = 2;

e ¢; is isotropic but not hyperbolic;

e ¢ is similar to a form of the kind (a,b)) L c((d)), where ((a,b)); is not
isotropic.

Type 3 is defined by one of the following equivalent conditions:

e ind(Co(0)) = 4
e ¢ is anisotropic;

The quadratic form of the type 3 is called a wvirtual Albert form.

For the quadratic forms ¢ of type 1 (i.e. for the Pfister neighbors), the
problem of isotropy ¢y is completely solved by Arason-Pfister subform the-
orem. The case of quadratic forms of type 2 was studied by D. Hoffmann in
[16]: he found the conditions on ¢ and 1) so that ¢p(y) is isotropic excepting
the case dim) = 4. 1

The case of the quadratic forms ¢ of type 3 (virtual Albert forms) was
studied completely by A. Laghribi in [44, 45] except for the case where dim ¢ =
4 and dy 1 # 1. In this chapter we complete the investigation of isotropy of
virtual Albert forms over the function field of a quadric.

1.4. Cohomology groups. By H*(F') we denote the graded ring of Ga-
lois cohomology

H'(F,2/2Z) = H*(Gal(Fy/F), Z/2T).

For any field extension L/F, we set H*(L/F) = Ker(H*(F) — H*(L)).

We use the standard canonical isomorphisms H(F) = Z/2Z, H'(F) =
F*/F*?, and H?(F) = Bry(F). Thus any element a € F* gives rise to an
element of H'(F); it is denoted by (a). The cup product (a;) U---U (a,) is
denoted by (aq,...,a,).

For n = 0,1,2 there is a homomorphism e" : I"(F) — H"(F') defined
as follows: €°(¢) = dim¢ (mod 2), e'(¢) = dy ¢, and e*(¢) = ¢(¢). More-
over, there exists a homomorphism e* : I*(F) — H3(F) which is uniquely
determined by the condition €*({{a1, as,a3))) = (a1, as,a3) (see [5]). The ho-
momorphism e" is surjective and Kere™ = I""(F) for n = 0, 1,2, 3 (see [53],
[62], and [71]).

IThe case where ¢ is of type 2 and dim1) = 4 is studied in Chapter 4.
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1.5. K-theory and Chow groups. In §2 we use the following notation.

Let X be a smooth algebraic F-variety. The Grothendieck ring of X is
denoted by K(X). This ring is supplied with the filtration “by codimension
of support” (which respects the multiplication); the adjoint graded ring is
denoted by G*K(X). There is a canonical surjective homomorphism of the
graded Chow ring CH*(X) onto G*K(X); its kernel consists only of torsion
elements and is trivial in the 0-th, 1-st and 2-nd graded components ([81, §9]).

We fix a separable closure F' of the ground field F' and denote by X the
variety Xz. The image of the restriction homomorphism G*K(X) — G*K(X)
is denoted by G*K (X).

We denote by |S| the order of a finite set S.

2. Computation of H3(F(SB(A) x SB(B))/F)

THEOREM 2.1. Let A and B be biquaternion division F-algebras such that
ind(A® B) = 8. Suppose that there exists a quadratic extension L/F such that
Ay, and By, are not division algebras. Then

H*(F(SB(A) x SB(B))/F) = [A]- H'(F) + [B] - H'(F).
ProoF. We put X = SB(A) x SB(B).
LEMMA 2.2 ([33, Proposition 2]).
_GK(X)/CK(X)|
[K(X)/K(X)]

| Tors G*K(X)]

LEMMA 2.3. |K(X)/K(X)| = 2%.
PRrOOF. Applying [69, §8, Theorem 4.1}, one gets an isomorphism
KX)~KF)* o KA o K(B)** o K(A® B)™
which shows that
|K(X)/K(X)| = (ind A)*- (ind B)* - (ind A ® B)* = 2% .
0

The variety SB(A) is a projective space; denote by f the class of a hyper-

plane in G'K(SB(A)).
LEMMA 2.4. For any i > 0, the group G'K(SB(AL)) contains

o fi ifi is even,

o 2f' ifi is odd.

PROOF. By [33, Lemma 3], for any ¢, one has an inclusion
ind AL fl

(i, ind AL)

where (-, ) denotes the greatest common divisor. Since ind Ay, = 2, the state-
ment follows. ]

GiK(SB(A)) 3
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LEMMA 2.5. GIK(SB(4)) > 2f.

PROOF. By the computation [6, §2] of the Picard group of a Severi-Brauer
variety, one knows that

G'K(SB(A)) > (exp A)f .
Since exp A = 2, the statement follows. n

The variety SB(B) is a projective space; denote by ¢ the class of a hyper-
plane in G'K(SB(B)).

COROLLARY 2.6. For any i,j > 0, the group G K(X) contains
o fixgl ifi=j=0;
o 2(f' x¢’), if
1 and j are even or
1=0,5=1o0r
i=1,7=0;
. 4(f x o). i
1+ 7 15 odd or
i=j=1;
o 8(fix g%) for anyi,j.

PROOF. The case ©: = j = 0 is evident.

If i and j are even, then f! € G'K(SB(A)) and ¢/ € G/K(SB(Bg)) by
Lemma 2.4. Thus f? x ¢’ € G/ K(X}) and the transfer argument shows that
2(fi x ¢') € GHK(X).

By Lemma 2.5, GLK(SB(A)) > 2f and G'K(SB(B)) > 2g. Therefore
G!K(X) contains 2(f x 1) and 2(1 x g); moreover, G*K(X) 3 4(f x g).

If i+ is odd, then 2(f? x ¢/) € G/ K(X}) by Lemma 2.4 and the transfer
argument shows that 4(f x ¢/) € G K(X).

Since there exists a field extension of degree 8 simultaneously splitting the
algebras A and B, the inclusion 8(f! x ¢’) € G/ K (X) holds for any 7,j. [

COROLLARY 2.7. |G*K(X)/G*K(X)| < 2%.

PROOF. Since SB(A) and SB(B) are projective spaces, G*K(X) is an abelian
group freely generated by f’ x ¢/ with 7, j = 0,1,2,3. By Lemma 2.6, we know
that the following multiples of these generators are in G*K (X):

20 (fOx g%, 28-(fOxg"), 2'-(f'xg?), 22-(f"xg?),

21'(f1><g0)7 22'<f1><gl)7 22'(f1><g2>7 23(

21,(f2><g0)7 22'(f2xgl)7 21'(f2><92>7 22'(f2><93

22.(f3><90)7 23'(f3Xgl)7 22.(f3><g2>7 23(

Taking the product of the coefficients, we get 2%, m
COROLLARY 2.8. Tors G*K(X) = 0.

Proor. Follows from Lemma 2.2, Lemma 2.3 and Corollary 2.7. [
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Since the Chow group CH?(X) is isomorphic to G?K(X) ([81, §9]), we also
get

COROLLARY 2.9. Tors CH?*(X) = 0. O

To complete the proof of Theorem 2.1, we apply [66, Theorem 4.1 with
Remark 4.1]. By that result, there is a monomorphism

H3(F(X)/F) 2
T H*(X
A (E) 4 (B e
and so, by Corollary 2.9, we are done. O]

3. Computation of H*(F (X, x SB(D))/F)

THEOREM 3.1. Let ¢ = (—a, —b,ab,d) be an anisotropic quadratic form
over F with d ¢ F**. Let D = (a,b) ® (u,v) ® (d, s) be a division 3-quaternion
algebra over F'. Then the group

HY(F(X, x SB(D))/F)
1s equal to
{e3(¢ (k) | k € F* is such that 1 (k) € GP3(F)} + [DJH"(F).

PROOF. Put F = F((t)). Consider two biquaternion algebras A = (a,b) ®
(d,t) and B = (d, st) ® (u,v) over F.
Since D is a division algebra, it follows that ind(D) = 8. Therefore

ind((a,b) ® (u,v)) p(ya) = ind Dz =4 -

Hence (a,b)p(/z and (u,v)p g are division F(v/d)-algebras. By Tignol’s

theorem [83, Proposition 2.4], A and B are division F -algebras as well.

Since [A® B] = [D3] in Br(F), we have ind(A ®z B) = ind(D) = 8. Since
Aﬁ( Va) and Bﬁ( va) are not division algebras, the conditions of Theorem 2.1

hold for the field F' and algebras A and B over F. Therefore
H*(F(SB(A) x SB(B))/F) = [A|H'(F) + [B|H'(F).

Let E = F(SB(A) x SB(B)). Clearly [Ag] = [Bg] = 0. Hence [Dg] =
[Ag] 4+ [Bg] = 0. Thus SB(D)g is a rational variety.

Since [Ag] = 0, the Albert form (—a, —b,ab,d,t,—dt), of the biquater-
nion algebra Ap = ((a,b) ® (d,t))g is hyperbolic. Hence (—a,—b,ab,d), =
(dt,—d)  in the Witt ring W (E). Therefore ¢p is isotropic. Hence (Xy)g is
a rational variety.

Let Y = X, xSB(D). Since (Xy)p and SB(D)g are rational, it follows that
YE is rational. Hence E(Y)/E is a purely transcendental extension. There-
fore H3(E(Y)/F) = H*E/F). We have H¥F(Y)/F) ¢ H3(E(Y)/F) =
HY(E/F).
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Let u € H3(F(X, x SB(D))/F) = H*(F(Y)/F). To prove the theorem, it
is enough to show that u can be written in the form
u=e’(y (k) + [D]U (r)
with some k,r € F™*.
Since H*(F(Y)/F) C H*(E/F), it follows that
up € HY(E/F) = H*(F(SB(A) x SB(B))/F) = [A]JH'(F) + [BJH(F).

Since [A]+[B] = [Dz], we have up € [AJH(F) + [Dp]H'(F). Hence there are
a, 3 € F such that up = [A]U(a)+[Dg]U(S). Since F*/F*2 ~ F* | F*2x {1, 1},
we can suppose that a = kt' and 8 = rt/, where k,r € F* and i,j € {0,1}.
We have

up = [AJU () + [Dﬁ]U(@)Z
= ((a,0) + (d, 1)) U (kt") + [D] U (rt’) =
= ((a,b,k) + [D]U (r)) + (t) U (i(a,b) + (d, k(=1)") + j[D]).
Using well-known isomorphism H*(F((t))) = H'(F) @& H"1(F), we have
= (a,b,k) +[D] U (r)

and .
i(a,b) + (d, k(1)) + j[D] = 0.

We claim that j = 0. Indeed, if j # 0 then j = 1 and hence [D] =
i(a,b) + (d,k(—1)"). Therefore [D] = [(a,") ® (d, k(—1)")]. Thus ind(D) < 4,
a contradiction.

So j = 0, and we have i(a,b) + (d, k(=1)") = 0. Thereby i(a,b) /g = 0.
Since (a,b) p(yg) # 0, it follows that i = 0.

Since i(a,b) + (d,k(—1)") = 0 and i = 0, we have (d,k) = 0. Hence
(d, k) =0 in W(F). Since ¢ = (—a, —b,ab,d) = (a, b)) — (d)), we have

b (k) = ((a, b)) — (d)) <<k‘>> (@, 0, k) = (d, k) = (a, b, k) .
Therefore ¢ (k)) € GP3(F) and €*(¢ (k) = (a, b, k).
Hence the element u = (a, b, k) + [D] U (1) belongs to the set
{e*(v (k) | k is such that ¥ (k) € GP3(F)} + [DIH'(F).
[
PROPOSITION 3.2. In the notation of Theorem 3.1, let & € I*(F) be a

quadratic form such that c(§) = [D]. Then for an arbitrary element w €
IP(F(Xy x SB(D))/F) there are ky,ky € F* such that

7= (k) + € (ka))  (mod I'(F))

PROOF. Obviously e*(7w) € H*(F(Xy x SB(D))/F). It follows from The-
orem 3.1 that there are ki, ky € F* such that e*(w) = e3(¢ (k1)) + [D] U
(/{2) Clearly [D] U (ky) = €*(&) Uel((ka)) = €*(£ (ko). Hence e3(m) =

e3(Y (k1)) + €2(€ (ko). Since Ker(e® : I*(F) — H3*(F)) = I*(F), we have
™ =1 (k1)) +€<<k2>> (mod I*(F)). O
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4. 8-dimensional quadratic forms

PROPOSITION 4.1. Let ¢ be an 8-dimensional quadratic form with dy ¢ =
1 and ind C(¢) = 8. Let ¢ be a 4-dimensional quadratic form with d ¢ # 1.
Suppose that ¢py is isotropic. Then there exists a half-neighbor ¢* of ¢ such
that ¢ C ¢*.

ProOOF. Changing v by a coefficient we can assume that ¢ = (—a, —b, ab, d)

with d ¢ F*2. Clearly Cy() = (a, b) p(ya)- Since ind C(¢) = 8, there exists a
3-quaternion division algebra D such that c¢(¢) = [D].

LEMMA 4.2. There exist u,v,s € F* such that D = (a,b) ® (u,v) ® (d, ).

PROOF. Since ¢p(y is isotropic, it follows that Dp(y is not a division
algebra. The index reduction formula [55] shows that ind(Cy(¢)) ®p D) = 2.
Therefore ind((a,b) ®F D)y (g = 2. Hence there are u,v,s € F* such that
[(a,b)®pD] = [(u,v)@p(d,s)] in Bra(F'). Hence [D] = [(a,b)@F(u,v)®p(d, s)].
Since deg D = 8, we have D = (a,b) ® (u,v) ® (d, s). O

Consider the quadratic form
v =(—a,—=b,ab,d) L —s(—u,—v,uv,d).
One can verify that doy = 1 and ¢(y) = [D]. Hence ¢(¢) = [D] = ¢(7).
Therefore ¢ + v € I*(F).
LEMMA 4.3. ¢ + 7 € I3(F(X, x SB(D))/F).

PROOF. Let E = F (X, x SB(D)). Since ¢ +v € I*(F), it is sufficient to
verify that ¢g and yg are hyperbolic. Obviously [Dg| = 0, and the form g
is isotropic. Since c¢(¢g) = ¢(vg) = [Dg] = 0 and dim ¢ = dim vy = 8, we have
¢r,ve € GP3(E). Hence it is sufficient to prove that ¢ and g are isotropic.
Since ¢p(y) and P are isotropic, ¢ is isotropic as well. Since 1 C v and g
is isotropic, we see that v is isotropic. ]

Now we can complete the proof of Proposition 4.1. By Proposition 3.2 and
Lemma 4.3, there exist ki, ks € F* such that

¢+ =¢ (k) + ¢ (k)  (mod I'(F)).
Let p = —s {(—u, —v,uv,d). We have v = ¢ + p. Hence

P+ +p=t— ki + ¢ — koo (mod I'(F)).

Thus k1t + p = —ked (mod I*(F)). Hence ¥ + kip = —kiko¢p (mod I*(F)).
We finish the proof by setting ¢* = L kip. n

THEOREM 4.4. Let ¢ be an 8-dimensional quadratic form with di ¢ = 1
and ind C(¢) = 8. Let 1 be a quadratic form of dimension > 4 such that
W & GPy(F). The following conditions are equivalent:

® Op(y) 1S isotropic;

o there exists a half-neighbor ¢* of ¢ such that b C ¢*.
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PROOF. The case dim1 = 4 is Proposition 4.1. In the case dim # 4 the
statement was proved by Laghribi in [47] and [45]. O

5. Main theorem

THEOREM 5.1. Let ¢ be a virtual Albert form (i.e. a 6-dimensional qua-
dratic form with dx ¢ ¢ F*? and ind(Cy(¢)) = 4). Let b be a 4-dimensional
quadratic form such that d+ ) # 1. The following conditions are equivalent:

(1) ¢p(y) is isotropic;
(2) ¥ is similar to a subform in ¢.
PrOOF. (1)=>(2). Let d = dy ¢. Consider the 8-dimensional quadratic

form £ = ¢z L t{(d) over the field F = F((t)). Since de¢ ¢ F*> and
ind(Co(¢)) = 4, one has ind(C(£)) = 8. Clearly £z, is isotropic. It follows

from Proposition 4.1 that there exists a quadratic form £* over F such that 19
and £* are half-neighbors and vz C £*.

LEMMA 5.2. & is similar to &.

PROOF. Since § and ¢* are half-neighbors, there exists k € F such that
¢ = k& (mod I*(F)). By Springer’s theorem one can write k£* in the form
k&E* = po L tpy, where quadratic forms pp and pq are defined over F'. We have

¢ Lt(d) ==k =po Ltpy (mod I'(F)).
Hence ¢ = ig (mod F(F)), (d) = u (mod I*(F)), and ¢+ (d) = o + u
(mod I*(F)). Therefore ind Cy(po) = ind Cy(¢) > 4. Hence dim o > 6.
Therefore dim py < 2. By Arason—Pfister Hauptsatz the condition {(d)) =
(mod I3(F)) implies that py = ((d)). Hence ¢ = po (mod I*(F)). Applying
Arason—Pfister Hauptsatz once again, we have ¢ = pg. Therefore &€ = k£*. O

Now we return to the proof of Theorem 5.1. Since 9 is similar to a subform
in &, and £* is similar to &, it follows that 1 is similar to a subform in £ = ¢ L
t {(d)). Thus v is similar to a subform of ¢ by the following obvious observation.

LEMMA 5.3. Let v, 79 and v, be anisotropic quadratic forms over F. The
following conditions are equivalent:

a) Yr) s similar to a subform in vy L ty,

b) v is similar either to a subform in vy or to a subform in ;. ]

Thus we have proved that condition (1) of Theorem 5.1 implies condition
(2). On the other hand, condition (2) obviously implies condition (1). The
proof of Theorem 5.1 is complete. O]

THEOREM 5.4. Let ¢ be a virtual Albert form and let ¢ ¢ GPy(F'). The
quadratic form ¢p(y 1s isotropic if and only if 1 is similar to a subform in ¢.

PrRoOOF. This theorem was proved by A. Laghribi in the following cases
([44], [45]):
o dim) # 4;
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o dimy) =4, di ) # di .
Thus we can suppose that dim ) = 4. To complete the proof it is sufficient to
apply Theorem 5.1. O

In the special case which was not covered by the results of A. Laghribi,
we get the following

COROLLARY 5.5. Let ¢ be a virtual Albert form and v be a 4-dimensional
Jorm such that di 1 = di ¢. Then ¢p(y) is anisotropic.

PRrOOF. If ¢ is similar to a subform in ¢, then ¢ is isotropic, a contradic-
tion. Therefore ¢ is not similar to a subform in ¢. By Theorem 5.1, it means
that ¢p(y) is anisotropic. O

Together with results described in §1, Theorem 5.4 gives rise to the follow-
ing

COROLLARY 5.6. Let ¢ be a 6-dimensional quadratic form with ind Cy(¢) =
4. In the case when ¢ ¢ GPy(F), the quadratic form ¢pey is isotropic if and
only if ¥ is similar to a subform of ¢. In the case when ¥ € GPy(F), the form
Oy 18 1sotropic if and only if a 3-dimensional subform of 1 is similar to a

subform of ¢. O



CHAPTER 4

Isotropy of 6-dimensional quadratic forms over function
fields of quadrics

Let F' be a field of characteristic different from 2 and ¢ be an anisotropic
6-dimensional quadratic form over F. We study the last open cases in the
problem of describing the quadratic forms ¢ such that ¢ becomes isotropic
over the function field F'(¢).

Results of this Chapter are obtained in joint work with Oleg Izhboldin.

0. Introduction

Let F be a field of characteristic different from 2 and let ¢ and ¢ be two
anisotropic quadratic forms over F'. An important problem in the algebraic
theory of quadratic forms is to find conditions on ¢ and 1 so that ¢p(y is
isotropic.

More precisely, one studies the question whether the isotropy of ¢ over F' (1))
is standard in a sense. In this chapter we will use the following definition of
“standard isotropy’:

Definition. Let ¢ and ¢ be anisotropic quadratic forms such that ¢p(y is
isotropic. We say that the isotropy of ¢p(y is standard, if at least one of the
following conditions holds:

e ) is similar to a subform in ¢;

e there exists a subform ¢y C ¢ with the following two properties:
— the form ¢q is a Pfister neighbor,
— the form (¢g) p(y) is isotropic.

Otherwise, we say that the isotropy is non-standard.

In the case when dim ¢ < 5, the isotropy of ¢p(y) is always standard ([75],
[15]). For 6-dimensional quadratic forms, the problem was studied by A. S.
Merkurjev ([54]), D. Leep ([49]), D. W. Hoffmann ([16]), A. Laghribi ([44],
[45]), and in Chapter 3. It was proved that isotropy of a 6-dimensional qua-
dratic form ¢ over the function field of a quadratic form ¢ is always standard
except (possibly) the following case (see [44] and Chapter 3):

e dimy =4, detp #1,de ¢ # 1, and ind Cy(¢) = 2.
In this Chapter we study the isotropy of ¢p(y) for quadratic forms ¢ and
satisfying these conditions (with dim ¢ = 6).

Note that the condition ind Cy(¢) = 2 implies that there exist a, b, ¢, d € F*
such that ¢ is similar to the form ((a,b)) L —c{(d)). Since ¢ can be replaced
by a similar form, we can assume that ¢ = {((a,b) L —c{(d)). Note that

59
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in this case [Co(¢)] = [(a,b)pvz] = [Co(p)], where p is defined as follows:
p = (—a,—b,ab,d).

Since dim) = 4, there exist u,v,0 € F* such that 1 is similar to the
quadratic form (—u, —v,uv,d). Since d+ 1 # 1, we have § ¢ F*2. Thus our
main problem is reduced to the following

Question. Let ¢ = {(a,b)) L —c{(d)) and ¥ = (—u, —v,uv,d) be anisotropic
quadratic forms over F with d,§ ¢ F**. Suppose that Gr(y) 5 1sotropic. Is the
isotropy standard?

This question naturally splits into the following four cases:

(1) d = 4 as elements of F*/F*?,

(2) d # 6 and ind Cy(¢) @p Cy(¢v) = 1,
(3) d # ¢ and ind Cy(¢) @p Co(v) = 2,
(4) d # 6 and ind Cy(¢) @p Co(v) =

We prove that in the cases (1), (2), and (4) the isotropy of ¢p(y) is always
standard (see Theorem 8.5, Propositions 8.6 and 8.7). This statement gives
rise to the following

Theorem. Let ¢ be an anisotropic quadratic form of dimension < 6 and
be such that ¢pey) is isotropic. Then isotropy is standard except (possibly) the
following case: dim¢ =6, dimy =4, 1 # de ¢ # d+ ¥ # 1, and ind Cy(¢) =

The proof of this theorem is based on a computation of the second Chow
group for certain homogeneous varieties. Namely, we show that the ques-
tion on the standard isotropy can be reduced to a question on the group
Tors CH?*(Xyx X,), where p = (—a, —b,ab,d) and X, and X, are the pro-
jective quadrics corresponding to ¢ and p. In the cases (1), (2) and (4), we
compute the group Tors CH?*(X,, x X,) completely (see Theorems 5.7, 5.1, 5.8,
and Lemma 7.7):

Theorem. Let v and p be 4-dimensional quadratic forms. Then the group
Tors CH*(X,, x X,) is zero or isomorphic to Z/27. Moreover,

e if dety) = det p or if ind Co(v)) @ Co(p) = 4, then the group CH?*(X,, x
X,) is torsion-free;

e in the case ind Co(v) @p Cy(p) = 1, the group CH?(Xy x X,) is torsion-
free if and only if p and v contain similar 3-dimensional subforms.

It will be shown later (in Chapter 5) that in the case (3), i.e. in the case
where d # ¢ and ind Cy(¢) @p Cy(¢)) = 2, the answer to our main question
(whether the isotropy of ¢p(y is always standard) is negative. Here we show
that this question is equivalent to the following one (see §9): is the group
Tors CH2(X¢ x X,) trivial for any 4-dimensional quadratic forms 1 and p
such that 1 # det ¢ # det § # 1 and ind Cy(v) @ Cy(p) =27
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1. Terminology, notation, and backgrounds

Quadratic forms. By ¢ L 1, ¢ ~ 9, and [¢] we denote respectively
orthogonal sum of forms, isometry of forms, and the class of ¢ in the Witt ring
W (F) of the field F'. To simplify notation, we write ¢+, instead of [¢1]+[¢p].
For a quadratic form ¢ of dimension n, we set de¢ = (—1)"""V/2det ¢ €
F*/F*2. The maximal ideal of W(F) generated by the classes of the even-
dimensional forms is denoted by I(F'). The anisotropic part of ¢ is denoted
by ¢an. We denote by ((ai,...,ay)) the n-fold Pfister form

(1, —a1) ® -+ @ (1, —ay,)

and by P,(F") the set of all n-fold Pfister forms. The set of all forms similar
to an n-fold Pfister form we denote by GP,(F'). For any field extension L/F,
we put ¢ = ¢ ®p L, W(L/F) = ker(W(F) — W(L)), and I"(L/F) =
ker(I"(F) — I™(L)).

For a quadratic form ¢ and a field extension L/F', we denote by Dp(¢) the
set of the non-zero values of the quadratic form ¢y.

For a quadratic form ¢ of dimension > 3, we denote by X4 the projective
variety given by the equation ¢ = 0. We set F(¢) = F(Xy) and F(¢,¢) =
F(X4 x X,) for quadratic forms ¢ and ¢ of dimensions > 3.

Algebras. We consider only finite-dimensional F-algebras.

For a simple F-algebra A, by ind(A) we denote the Schur index of A. For
an algebra B of the form B = A x --- x A with simple A, we set ind B = ind A.

Let ¢ be a quadratic form. We denote by C(¢) the Clifford algebra of ¢.
By Co(¢) we denote the even part of C(¢). For any collection py, ..., p, of
quadratic forms, the algebra Cy(p1) ®p - - - ®@p Co(pm) is of the form Ax---x A
with simple A. Therefore, we get a well-defined positive integer ind Cy(p;) ®p

-+ ®F Co(pm)-

If ¢ € I*(F) then C(¢) is a central simple algebra. Hence we get a well-
defined element [C'(¢)] in the 2-part Bra(F') of the Brauer group Br(F') which
we denote by ¢(¢).

Cohomology groups. By H*(F) we denote the graded ring of Galois

cohomology H*(F,Z/27) = o H*(Gal(Fyep/F),Z/27Z). For any field extension
L/F, we set H*(L/F) = ker (H*(F) — H*(L)).

We use the standard canonical isomorphisms H°(F) = Z/2Z, H'(F) =
F*/F*? and H?*(F) = Bry(F). So any element a € F* gives rise to an element
of H'(F) which we denote by (a). The cup product (a;)U---U(a,) we denote
by (ai,...,a,).

For n = 0,1,2, there is a homomorphism e” : ["(F) — H"(F') defined
as follows: €°(¢) = dim¢ (mod 2), e'(¢) = ds qﬁ, and e*(¢) = ¢(¢). More-
over there exists a homomorphism €3 : I3(F) — H3*(F) which is uniquely
determined by the condition e"({(a1,as,as3)) = (a1, az,az) (see [5]). The ho-
momorphism e” is surjective and kere” = ["*1(F) for n = 0,1,2,3 (see [53],
[62], and [71]).
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We also work with the cohomology groups H"(F,Q/Z(i)), (i = 0,1,2),

defined by B. Kahn (see [29]). For any field extension L/F, we set
H*(L/F,Q/2(0)) = ker (H*(F,Q/Z(i)) — H*(L,Q/Z(3) .

For n = 1,2,3, the group H"(F) is naturally identified with the 2-part of

H"(F,Q/Z(n —1)).

K-theory and Chow groups. For a smooth algebraic F-variety X, its
Grothendieck ring is denoted by K (X). This ring is supplied with the filtration
by codimension of support (which respects the multiplication). For a ring (or a
group) with filtration A, we denote by G*A the adjoint graded ring (resp., the
adjoint graded group). There is a canonical surjective homomorphism of the
graded Chow ring CH*(X) onto G*K(X), its kernel consists only of torsion
elements and is trivial in the 0-th, 1-st, and 2-nd graded components ([81,

§9).
2. The group H*(F(p1,p2)/F)

The main result of this § (in view of our further purposes) is Corollary 2.13.
By a homogeneous variety we always mean a projective homogeneous vari-
ety.
PROPOSITION 2.1 ([67]). For any homogeneous F-variety X, there is a
natural (in X and in F') epimorphism
mx: H*(F(X)/F,Q/Z(2)) — Tors CH*(X) .
PROPOSITION 2.2. For any homogeneous varieties Xy, ..., X,, over F, the
quotient
H3(F(X1 X oo X X))/ F, Q/Z(2))
H3(F(X0)/F,Q/Z(2)) + -+ + H(F(X)/F, Q/Z(2))
18 canonically isomorphic to
Tors CH*(X| x -+ - x X)
pr} Tors CH*(X1) + - - - + pr#, Tors CH?(X,,)
where pry, ... pry. are the pull-backs with respect to the projections pry,...,pr,,

of the product X1 x -+ x X,, on Xq,..., X,,.

PrROOF. Set X = X; x --- x X,,,. The homomorphism 7x of Proposition
2.1 induces an epimorphism
H3(F(X; x -+ x X,,)/F,Q/Z(2))
3 (F(X)/F.Q/Z@)) + -+ B (F(X,) [F.Q/Z(2)
Tors CH* (X X -+ x X))
- prt Tors CH*(X,) + - - - 4 prz, Tors CH?*(X,,,)

with the kernel ker f = ker 7y /(ker 7x, + - -+ + ker 7y, ).
The kernel of 7x is computed (for any homogeneous X) in [57]: let A
be the separable F-algebra associated with X ([57, §2]) and denote by E the

f:
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center of A; then ker 7x = {Ng/p(zU[A]) | with & € E*} where [A] is the class
of A in the Brauer group Br(F) = H*(E,Q/Z(1)), 7 is the class of z € E* in
HY(E,Q/Z(1)), z U[A] € H*(E,Q/Z(2)) is the cup-product and Ng/r is the
norm map.

Denote by Aq,...,A,, the separable algebras associated with Xi,..., X,
respectively. Then A = A; x --- x A,, and = E; x --- x E,,. Thus for any
x e b

Ng/p(® U1A]) = Npyye (@ UIAD) + -+ Npy (@ U [An))
where z; is the E;-component of z, what proves that ker f = 0. O]
COROLLARY 2.3. Let Xy,..., X, and X{,...,X] be homogeneous vari-
eties such that X; is stably birationally equivalent to X fori=1,...,m. The

quotient
Tors CH*(X; x - -+ x X,,,)

pri Tors CH?(X;) + - - - + pr, Tors CH*(X,,)
1s wsomorphic to the quotient
Tors CH*( X! x -+ x X!)
pri Tors CH?*(X}) + - + pry, Tors CH* (X))

]

LEMMA 2.4. For any homogeneous variety X of dimension < 2, the group
CH?(X) is torsion-free.

PROOF. Since X is a homogeneous variety, K (X) is a torsion-free group
([65]). Since dim X < 2, the term K(X)® of the topological filtration is
trivial. Hence K (X)®/% is a torsion-free group. By [81, §9], CH*(X) =~
K(X)®® . Hence Tors CH*(X) = 0. O

COROLLARY 2.5. Under the conditions of Corollary 2.3 suppose addition-

ally that the varieties Xy, ..., Xn; X1, ..., X have the dimensions < 2. Then
there is an isomorphism

Tors CH*(X| X -+ x X,,) ~ Tors CH*(X| x --- x X! ).
PRrROOF. Obvious in view of Corollary 2.3 and Lemma 2.4. O
LEMMA 2.6. Let X, and X, be homogeneous varieties. If the variety
(X2)r(x,) has a rational point, then
HY(F(Xy x X)/F,Q/Z(2)) = H*(F(X1)/F,Q/Z(2)) .
PROOF. Since the homogeneous variety (X3)p(x,) has a rational point, it

is rational, i.e. the field extension F'(X; x X5)/F(X;) is purely transcendental.
[l

COROLLARY 2.7. Let X; and X, be projective quadrics of the dimensions
< 2. If the quadric (X3)p(x,) 1 isotropic (e.g., if Xy is isotropic or if X; ~ X;)
then Tors CH*(X; x X;) = 0.
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Proor. Follows from Lemma 2.6, Proposition 2.2 and Lemma 2.4. O

LEMMA 2.8. For any quadratic form p of dimension > 3, we have
QHY(F(p) [ F,Q/Z(2)) = 0.
In other words, H*(F(p)/F,Q/Z(2)) = H3(F(p)/F).
PROOF. Let u € H3(F(p)/F,Q/Z(2)). There exists a field extension L/F

such that py, is isotropic and [L : F] < 2. Since py, is isotropic, uy, = 0. Using
transfer homomorphism, we have [L : F]-u = 0. Hence 2u = 0. O

COROLLARY 2.9. For any quadratic form p of dimension > 3 the ho-
momorphism H*(F(p)/F) — Tors CH*(X,), induced by the epimorphism of
Proposition 2.1, is surjective. In particular, 2 Tors CHQ(XP) =0. O]

LEMMA 2.10. Let p1 and py be quadratic form of dimension > 3. Then

2HY(F(p1, p2) | F,Q/Z(2)) = 0.
In other words, HY(F(p1, p2)/ F,Q/Z(2)) = H*(F(py, ps) /).

PROOF. Let p}| and p) be 3-dimensional subforms in p; and py respec-
tively. Clearly H*(F(p1,p2)/F,Q/Z(2)) C H3*(F(py, ph)/F,Q/Z(2)). Thus,
replacing p; by p} and ps by p), one can reduce the proof to the case dim p; =
dim py = 3. In this case, dim X, x X, = 2; therefore Tors CH*(X,, x X,,) =0
(Lemma 2.4). For i = 1,2, the conic X, is isomorphic to the Severi-Brauer

variety of the algebra C; = Co(p;). Applying [66, Thm. 41|, we obtain
H*(F(p1, p2)/ F.Q/Z(2)) = [C1] U H'(F,Q/Z(1)) + [Co] U H'(F,Q/Z(1)) .

Since 2[C4] = 2[Cy] = 0 in the group H*(F,Q/Z(1)) = Br(F), it follows that

2H°(F(p1, p2)/ F, Q/Z(2)) = 0. O

COROLLARY 2.11. Let p; and py be quadratic forms of dimension > 3.
Then the homomorphism

HS(F(pDPQ)/F) — Tors CHQ(XMXXM)

induced by the epimorphism of Proposition 2.1, is surjective. In particular,
2 Tors CH*(X,, x X,,) = 0. O

COROLLARY 2.12. For any quadratic forms p1 and ps of dimension > 3,
there is a natural isomorphism

Hg(F<p1,p2>/F) ~ Tors CH2<XP1 X XPQ)
H3(F(p)/F) + HY(F(ps)/F) ~ pr{ Tors CHY(X,,,) + pr Tors CH(X,.)
PRroor. Follows from Proposition 2.2 and Lemmas 2.8 and 2.10. L]

COROLLARY 2.13. For any quadratic forms p; and ps with 3 < dim p; < 4
(i = 1,2), there is a natural isomorphism

H3(F(p1,p2)/ F)
H3(F(p1)/F) + H*(F(p2)/ F)
Proor. Follows from Corollary 2.12 and Lemma 2.4. O]

~ Tors CH*(X,, x X,,).
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3. The Grothendieck group of a quadric

In this §, p is an (n+ 2)-dimensional quadratic form over F' (where n > 1),
V' is the vector space of definition of p, P is the projective space of the vector
space dual to V', and X = X, C P is the n-dimensional projective quadric
determined by p.

We are mainly interested in the case when n = 2, i.e. when X is a surface.

The even Clifford algebra Cy(p) of the form p is denoted in this § by C.
Let U be Swan’s sheaf on X [82, §6]. It is an C' @ p Ox-module locally free as
Ox-module (note that the algebra C' is canonically self-opposite; thus it is not
necessary to distinguish between left and right action of C').

We denote by h the class of a general hyperplane section of X, i.e. the
pull-back of the class of a hyperplane with respect to the imbedding X — P.
The subring of K(X) generated by h is denoted by H; it coincides with the
image of the pull-back homomorphism K(P) — K(X). Some further evident
assertions on H are collected in

LEMMA 3.1. The abelian group H 1is freely generated by 1, h, ..., h"™. The
topological filtration on K(X) induces on H the filtration by powers of h, i.e.
for every 0 < r < n, the term H™ is generated by all W with r < j <n. In
particular, the adjoint graded group G*H 1is torsion-free. O]

In the case when X splits (i.e. when p is hyperbolic) and n = 2, we refer
as to a line class (resp., point class) to the class in K(X) of a line (resp., of a
closed rational point) lying on X.

LEMMA 3.2 ([31]). Suppose that X splits and dim X = 2.

1. For any two different lines in X, their classes in K(X) coincide if and
only if the lines have no intersection. There are exactly two different
line classes in K(X).

2. The classes in K(X) of any two closed rational points of X coincide,
i.e. there is only one point class in K(X).

3. Denote by | and I the different line classes and by p the point class
in K(X). The abelian group K(X) is freely generated by the elements
LU, p.

4. The second term K(X)® of the topological filtration on K(X) is gener-
ated by p; the term K (X)) is generated by 1,1', p.

5. The multiplication in K(X) is determined by the formulas I* = 0 = (I')?
and - 1" = p.

6. h=1+1—p.

O

In the case when the quadric X is arbitrary (not necessary of dimension 2,
not necessary split), we dispose of the following information on K(X):

LEMMA 3.3. 1. The group K(X) is torsion-free and, for any field ex-
tension E/F, the restriction homomorphism K(X) — K(Xg) is injec-
tive.
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2. The class U(n)] € K(X) of the n times twisted Swan’s sheaf equals
2"+ 2" th4 20T+ R

3. The homomorphism u: K(C) — K(X) given by the functor of taking
tensor product U(n) @c (—) induces an epimorphism K(C) — K(X)/H.

4. If C is a skewfield, then K(X) = H.

5. For any autoisometry & of the quadratic form p, the diagram

K(C) —— K(X)

| I
K(C) = K(X)

commutes, where the vertical maps are induced by the automorphisms of
C and of X given by &.

PRrROOF. 1. Follows from [82, Theorem 9.1].
2. See [32, Lemma 3.6].
3. According to [82, Theorem 9.1], the functor U ®¢ (—) induces an epimor-
phism K(C) — K(X)/H. Since for any r € Z (and in particular for r = n)
the twisting by r gives an automorphism of K (X)/H, the functor U (n) ®¢ (—)
induces an epimorphism as well.
4. 1f C is a skewfield, then the image of this epimorphism is generated by
[U(n)]. Since [U(n)] € H by Item 2, it follows that K(X) = H.
5. It is evident in view of the way the sheaf U is constructed (see [82, §6]). [

LEMMA 3.4 ([48]). The F-algebra C = Cy(p) has the dimension 2"+ =
2dimp=1 oper F. Its isomorphism class depends only on the similarity class of
p. Moreover,

e ifn is odd, then C is a central simple F'-algebra;

o if n is even, then C ~ Cy(p') ®p F(\/dsp) where p' is an arbitrary

1-codimensional subform of p.

In particular, if p is an even-dimensional form of trivial discriminant, the
algebra C' is the direct product of two isomorphic central simple algebras; any
automorphism of C' should either interchange or stabilize the factors.

LEMMA 3.5. Suppose that dim p is even and d p is trivial. Let & be an
autoisometry of the quadratic space (V,p) having the determinant —1. Then
the automorphism of C' induced by £ interchanges the simple components of C'.

PROOF. Since d4 p is trivial, there exists a basis vy, ...,v,+1 of V such
that

(Uo"'vn+1)2:1€C.

Since &(vg) -+ - &(vpy1) = (det &) (vo -+ Vpy1) = —Vo -+ » Uy, the automorphism
of €' induced by ¢ interchanges the elements

e=(14+vy - v41)/2 and € =(1—vy - vp41)/2.
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Since e and €' are orthogonal idempotents, they lie in different simple compo-
nents of C. Therefore, the components of C' are interchanged. O

Comparing Lemma 3.2 with Lemma 3.3 in the situation of a split quadric
surface X, we get the following computation (note that here C' is isomorphic to
My (F) x My(F) and thus there exist exactly two, up to isomorphisms, simple
C-modules; their classes are free generators of K(C)):

LEMMA 3.6. Suppose that X splits and dim X = 2. There exist simple
C-modules M and M’ such that u =141 and v’ =1+ 1" where

u S u(M)) = U2) &c M), o Eu(M]) =[U2) @c M| € K(X).

PROOF. Take as M an arbitrary simple C-module and denote by M’ a
(determined uniquely up to an isomorphism) simple C-module non-isomorphic
to M. Since by Lemma 3.2 the elements 1,[,!’, p generate K(X), we have

u=a-+bl+bl'+cp
for certain a,b, V', c € Z. Now we are going to show that
W =a+bl+bl'+cp.

Let £ be an autoisometry of the quadratic space (V, p) having determinant
—1. By Lemma 3.5, the induced by & automorphism of K (C') interchanges
[M] and [M']. Thus, by Item 5 of Lemma 3.3, the induced by ¢ automorphism
of K(X) interchanges u and u’.

Since p splits, there exist 2-dimensional totally isotropic subspaces W and
W’ of V' with 1-dimensional intersection and an autoisometry £ of (V, p) hav-
ing the determinant —1 interchanging W and W’. The line classes in K (X)
determined by W and W’ are different (Item 1 of Lemma 3.2); therefore they
coincide with [ and {" (or vice versa: with {" and [).

Thus, we have found an automorphism of K (X) interchanging u with v’
and [ with I’ while leaving untouched 1 (of course) and p (since all the point
classes coincide). Thereby, u' = a + b'l + bl' + cp.

Since 2([M] + [M']) = [C] € K(C), we have: 2(u + u') = [U(2)], and so,
2(u+u') = 4+ 2h + h? by Ttem 2 of Lemma 3.3. Since K (X) is torsion-free,
the last equality can be divided by 2. Replacing h by [ + ' — p and h? by
(I+1'—p)? = 2p (see Lemma 3.2), we obtain that u+u' = 2+ +1". From the
other hand, u + v = 2a + (b+ V)l + (V' + b)l' + 2¢; therefore a =1, b+ =1
and ¢ = 0.

We have proved that

u=1+0bl+(1-0)0 and v =1+ (1—"0b)l+ bl

for certain b € Z. It remains to show that b=1 or b = 0.

It follows from Item 3 of Lemma 3.3 that the elements u, /, 1, h, h? generate
the group K (X). Since h? = 2p and h = u +u' — 2 — p, the elements u,u’, 1,p
also generate K(X). So, the quotient K(X)/(Z-14Z-p) which is according to
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Item 6 of Lemma 3.2 freely generated by [,1’ is also generated by u,u'. Thus,

the Z-matrix
b 1-0
1-5b b

is invertible, i.e. its determinant is +1. Hence, b =1 or b = 0. O

4. The Grothendieck group of a product of quadrics

In this and in the next §, we work with two quadratic forms p; and ps of the
dimensions > 3. We use the notation of the previous § amplified by the index
1 or 2. So, for i = 1,2, we have p;, n; (we are mainly interested in the case
when ny = 2 =ny), Vi, Py, X;, C;, Ui hy, Hy, 1, I and p;. We set n = (nq,na),
P:P1 XPQ,X:Xl XXQ, andC':C'1®FC’2.

For any z; € K(X;) and x5 € K(X3), we denote by x; X x5 the product
pri(z1) - pri(zs) € K(X) where pry and pr, are the projections of X; x X5 on
X; and X respectively.

Denote by H the image of the pull-back homomorphism K (P) — K(X).

LEMMA 4.1. One has: H = Hi X Hy C K(X). The abelian group H is
freely generated by all h{l&hf with 0 < 77 < ny and 0 < jo < ny. Moreover, the
filtration on H induced by the topological filtration on K(X) looks as follows:
for any 0 < r < ny + no, the term H") is generated by all h{l X h%é with
J1+ j2 = r. In particular, the adjoint graded group G*H is torsion-free. ]

The following lemma is also evident; together with Lemma 3.2, it gives a
complete description of the ring with filtration K (X) in the split situation.

LEMMA 4.2. If X; and X, split then the map K(X;) ® K(X3) — K(X),
1 ® X9 > x1 Wy 15 an tsomorphism of rings with filtrations. O]

For an Ox,-module F; and an Ox,-module F;, we denote by F; X F, the
tensor product pri(F1) ®e, pri(Fz). The sheaf U = U; KU, has for i = 1,2 the
structures of a C;-module commuting with each other. Thus, it is a C-module.
Set U(n) = Uy (n1) KUs(ng). It is also a C-module. The functor of taking the
tensor product U(n) ®c (—) determines a homomorphism u: K(C) — K(X).

LEMMA 4.3. 1. The group K(X) is torsion-free and, for any field ex-
tension E/F, the restriction homomorphism K(X) — K(Xg) is injec-
tive.

2. The homomorphism u: K(C) — K(X), defined right above, induces an
epimorphism K(C) - K(X)/(K(X1) K K(X>)).

3. If C is a skewfield, then K(X) = H.

PRrROOF. 1. This statement is valid for any homogeneous variety X ([65]).
2. The isomorphism K,(X;) ~ K,(F)®" & K,(Cy) of [82, Theorem 9.1]
remains bijective after changing the base F' to any field extension, i.e. for any
field extension E/F', the homomorphism K, (Spec E x X;) — K, (Spec E)®™ &
K.(Spec E, C1) is bijective. Therefore, for any F-variety Y, the defined in the
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similar way homomorphism K,(Y x X;) — K,(Y)¥" @ K,.(Y, C}) is bijective
(compare to the proof of Proposition 4.1 of [69, §7]). In particular, K(X) ~
K(X2)¥" @ K(Xy,C1) . Computing K (X3) and K (X3, C) using [82, Theorem
9.1] once again, one gets

K(X)~ K(F)®™ ¢ K(C))®™ & K(Cy)®™ @ K(C) .

The image of K(F)¥™" @ K(C)%" @ K(C)®™ in K(X) is contained in
K(X;) X K(X3) and the homomorphism K(C) — K(X) is induced by the
functor of taking tensor product U ®¢ (—). Thus u: K(C) — K(X) is modulo
K(X;)X K(X3) an epimorphism.

3. If the algebra C is a skewfield then the image of u is contained in H;
moreover, the algebras C; and Cy are skewfields as well and thus K(X;) = H;
for i =1,2. O

COROLLARY 4.4. If C' is a skewfield, then G*K(X) is torsion-free. In
particular, Tors CH*(X) = 0.

Proor. If C is a skewfield, then K(X) = H by Item 3 of Lemma 4.3.
Consequently, Tors G*K (X) = Tors G*H = 0 (see Lemma 4.1). O

5. CH? of a product of quadrics

The notation used in this § is introduced in the beginning of the previous
one. However, each of the quadratic forms p; and ps is now supposed to have
the dimension 3 or 4. So, each of X; is either a quadric surface or a conic. We
are mainly interested in the case when X; and X, are surfaces.

THEOREM 5.1. Suppose that dim p; = 4 = dim p, i.e. that Xy and X,
are surfaces. If det p; = det ps, then Tors CH*(X; x X5) = 0.

PROOF. If one of the quadratic forms is isotropic, then Tors CH*(X; x
Xs3) = 0 by Corollary 2.7. In the rest of the proof we assume that p; and ps
are anisotropic.

As a next step, we are going to consider the case when det p; = det p, = 1.

LEMMA 5.2. Any projective quadric surface defined by a quadratic form of
determinant 1 is stably birationally equivalent to a conic.

PROOF. Suppose that we are given a quadric determined by a 4-dimensional
quadratic form p with det p = 1. Take the conic determined by an arbitrary
3-dimensional subform p’ C p. Since p’ becomes isotropic over F'(p) and vice
versa, p becomes isotropic over F(p'), the quadrics given by p’ and p are stably
birationally equivalent. O]

Suppose that det p; = det po = 1 and choose some conics X and X7, stably
birationally equivalent to X; and X, respectively. Applying Corollary 2.5, we
get an isomorphism of Tors CH?*( X x X5) onto the group Tors CH?*(X] x X})
which is trivial by Lemma 2.4.

Therefore, we may assume that d # 1 where d = det p; = det ps.
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As a next step of the proof of Theorem, we consider the case when the
F-algebras Cy < Co(p1) and Cy o Co(p2) are isomorphic. In this case, the
forms p; and ps becomes similar over the field F(\/E) Thus by a theorem
of Wadsworth ([86, Theorem 7]), they are already similar over F. Therefore
the quadrics X and X, are isomorphic and consequently Tors CH?*(X) = 0 by
Corollary 2.7.

It remains only to consider the situation when the forms p; and p, are
anisotropic, d # 1 and C 2 Cs. Set ¢ = ind C. We have: ¢ =2 or ¢ = 4.

Fix a separable closure F of the field F. For the algebra Cg, the variety
X7, etc. we shall use the notation C, X, etc.

For ¢ = 1,2, denote by M; and M/ the (determined uniquely up to an
isomorphism and up to the order) non-isomorphic simple C;-modules. There
are exactly 4 different isomorphism classes of simple C-modules; they are rep-
resented by M; X My (M X My is by definition the tensor product M; @ Ms
considered as C-module in the natural way), M; XM}, M| X M,, and M| X M}.

Denote by m; the class of M; and by m the class of M/ in K(C;). The abelian
group K(C) is freely generated by m; X my (m; X my is defined as follows:
for i = 1,2, one takes the image of m; € K(C;) with respect to the map
K(C;) — K(C) and than takes the product of the images in the ring K (C)),

my ®mb, m) Kmg, and m} Kml. We identify K (C') with a subgroup in K(C)

via the restriction map K (C) — K(C).
LEMMA 5.3. The subgroup K(C) C K(C) is generated by
c-(my®my+myXmb) and c-(my Xmsy+m) Xmsy) .

PROOF. Denote by L the quadratic extension F(v/d) of the field F, where
d = det p; = det p. The algebra C is the direct product of 4 copies of a
central simple L-algebra of index c. Evidently, the subgroup K(Cp) of K(C)
is freely generated by c-my K mag, c-my Bm), ¢-m) K msy, and ¢ - m| K mj,.
Now we are going to determine K (C') as a subgroup in K (Cp). Computing
the norm Ny /p: K(Cp) = K(C), we get:
z Npyp(c-mi Bmy) = c- (my Kmy 4+ mi Bmj) ;

x’défNL/F(c-mlﬁmg):c-(mlﬁmé—l—m'l@mg).

Thus, the elements x and 2" are in K(C'). Note that:

e r and 2’ can be included in a system of free generators of the free abelian
group K(Cp) (e.g. z, ', ¢c- my K my, and ¢ - my; X m));

e K(C) is a free abelian group of rank 2 (because the algebra C' is the
direct product of two copies of a simple algebra, since for + = 1,2 one
has: C; = C! ®p L for a central simple F-algebra C!);

e K(C) is a subgroup of K(C}) containing = and z’.

Consequently, K(C') is generated by x and z’. ]
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We identify K (X) with a subgroup in K (X) via the restriction map (which
is injective by Item 1 of Lemma 4.3). For i = 1,2, let I;, I} be the different line

classes and p; the point class in K(X;) (see Lemma 3.2).

COROLLARY 5.4. The group K(X) is generated modulo H by c- (I3 X1y +
11 X1) and ¢ - py X ps.

PRrROOF. According to Item 2 of Lemma 4.3, the map u: K(C) - K(X)/H
is surjective. By Lemma 5.3, the group K(C) is generated by

¢ (myB®my+miKmy) and c¢- (mg X mb+mi Kms) .

Applying Lemma 3.6, we can compute the images of these generators in K (X):
up to the order, they are

¢ (T4+0)R®(A4+k)+ (1+1)K(1+1)) and
c (L+L)R(A+G)+ 1+ R (1+1)) .

One can modify the first expression as follows (the formulas of Lemma 3.2 are
in use):

¢ (T+)RA+L)+(1+1)R(1+1)) =
=c- 2+L+ )R+ 1R (L+15)+ LK+ KE) =
=c- (24 (M +hi/2)R1+ 1K (hy+h3/2) + L K+ 1| K1) =
=c- (L Xl + 11 XI) (mod H)
(note that ¢ is divisible by 2). The analogous modification can be made for the
second expression as well. Thus, the group K(X) is generated modulo H by

c- (LRl + 1K) and ¢- (I K1+ 1] Xy). Taking the sum of these generators,
we get:

- (W R+ RG) +c- (LR +1 K1) =
=c- (h/2) R (h3/2) = ¢ p1 Wy

(where the congruence is modulo H). O

LEMMA 5.5. 1. c- (W XL+ XI) e K(X)®;

2. c-p1 Wpy € K(X)®;

3. forany 0 #r € Z, the set r-c(ly Ky + 1y X 15) + H has no intersection
with K(X)®).

PROOF. 1. It is evident that ¢(l; Rl +1{Ri5) € K(X)®. Since K(X)® =
K(X)? N K(X) (see e.g. [74, Lemme 6.3, (i)]), we are done.
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2. If we multiply the element c(l; Ky + I} K1) € K(X)® by the element
hi®1e K(X), we get:

KX)® s e, Rl + 1 RE) - (K1) =
=c(p1 Rly+p1Xiy) =c-pr X (hy + p2) =
:C'p1@h2+0~p1@p2.

Since c-p M hy € H® € K(X)®), it follows that ¢ - p; K py € K(X)®).
3. By Lemmas 3.2 and 4.2, the abelian group K (X) is freely generated by the
products x1 W xo where z; is one of the elements 1,1;, [, p;; moreover, the term
K(X)® of the filtration is generated by I X py, I} X po, p1 Ky, py X1} and
p1 X py. In particular, 4K(X)®) c H.

Suppose that, for certain 0 # r € Z, the intersection of r-c(l;Xly+1{ X))+ H
with K (X)® is non-empty. Then 4r-c(l;Xly+1,K1,) € H, a contradiction. [

COROLLARY 5.6. Let us supply the quotient K(X)/H with the filtration
induced from K(X). Then Tors G*(K(X)/H) = 0.

PROOF. By Corollary 5.4 and Lemma 5.5, G*(K(X)/H) is an infinite
cyclic group (generated by the residue of ¢(l; K Iy + 1] K 1})). O

To finish the proof of Theorem 5.1, consider the exact sequence
0— G*H — G*K(X) = G}(K(X)/H) = 0.

The left-hand side term is torsion-free by Lemma 4.1 while the right-hand
side term is torsion-free by Corollary 5.6. Consequently, the middle term is a
torsion-free group as well. O]

THEOREM 5.7. The order of the group Tors CH*(X; x X5) is at most 2.

PROOF. Since 2 Tors CH*(X; x X5) = 0 by Corollary 2.11, it suffices to
show that the torsion in CH?*(X; x X3) is a cyclic group.

By Corollary 2.7, it suffices to consider only the case when the both qua-
dratic forms p; and p, are anisotropic.

Set as usual X = X x Xy, C; = Cy(p;) and C' = C; ®p Cy. Suppose that
the algebra C' is simple. Then K(C) is a cyclic group and therefore, by Item
2 of Lemma 4.3, the quotient K(X)/H is cyclic as well. Moreover, C; and
Cy are division algebras (since they are simple and the quadratic forms are
anisotropic) and therefore K(X;) = H; for i = 1,2 by Item 4 of Lemma 3.3.
Supplying K (X)/H with the filtration induced from K(X), we get an exact
sequence of the adjoint graded groups

0—-G'H—-GKX)—G(K(X)/H)—0.
Take any r > 0. Since G"H is torsion-free (Lemma 4.1), Tors G"K(X) is
mapped injectively into G"(K(X)/H). Since K(X)/H is cyclic, G"(K(X)/H)
is cyclic as well and thus so is also Tors G"K(X). In particular, the group
Tors CH?*(X) ~ Tors G2K (X)) is cyclic.
Now suppose that C' is not simple. Then
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either: dim X; = 2 = dim X5 and det X; = det X5,
or: for i =1 or for ¢ = 2, one has: dim X; = 2 and det X; = 1.
In the first case, the torsion in CH*(X) is 0 by Theorem 5.1. In the second

case, we replace the surface X; by a stably birationally equivalent conic (see
Lemma 5.2 and Corollary 2.5). O

THEOREM 5.8. If ind Cy(p1) @ Co(ps) = 4, then Tors CH*(X; x X5) = 0.

PRrOOF. We set C' = Cy(p1) ®r Cy(p2) and suppose that ind C' = 4.

If C'is a simple algebra, then it is a skewfield and we are done by Corollary
4.4.

If C' is not simple, then

either: dim X; = 2 = dim X5 and det p; = det po,

or: for i =1 or for ¢ = 2, one has: dim X; = 2 and det X; = 1.
In the first case, the torsion in CH?*(X; x X3) is 0 by Theorem 5.1. In the

second case, we replace the surface X; by a stably birationally equivalent conic
(see Lemma 5.2 and Corollary 2.5). O

THEOREM 5.9. Suppose that dim p; = 4, det p; # 1 and that for a certain
3-dimensional subform p) of p1 one has:

ind Cy(p1) ®r Co(pe) = ind Co(py) @F Co(p2) -
Then Tors CH*(X; x X5) = 0.

PROOF. Applying the same arguments as above, we may assume that

e the forms p; and ps are anisotropic and
e one of the following alternative conditions holds:
— the dimension of py equals 3 or
— the dimension of py is 4 and det p; # det py # 1.

We are going to show that, under the assumptions made, Tors G2K (X x X5) =
0.

The algebra C' is now simple; it has the index 1, 2, or 4. Set ¢ = ind C.
The group K(C) is generated by (¢/4) - [C] where [C] € K(C) is the class of
C.

Consider the case when dim py = 4.

It follows from Item 2 of Lemma 4.3 that K (X) is generated modulo H by
the element (¢/4)[U(2,2)]. Applying Item 2 of Lemma 3.3, one computes that
[U(2,2)] = (44 2hy + h?) K (4 + 2hy + h3) € K(X). Thus, K(X) is generated
modulo H also by % (¢/4)(2- hy K h2+2- h2 K hy + h2 K h2). Since we have
the exact sequence

0= G'H = G K(X) = G*(K(X)/H) — 0

with torsion-free G*H, it would suffice to show that z € K (X)®).
Consider the conic X determined by p} and denote by U; Swan’s sheaf on
X{. The product U; (1) W Us(2) of twisted Swan’s sheaves has a structure of

module over ¢’ & C] ® Cy; its class in K(X'), where X’ o X{ x X5 is equal
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to (2 + h}) X (4 + 2hy + h3) where I is the class in K(X]) of a hyperplane
section of X]. Since ind C" = ind C' = ¢, the latter product can be divided by
(4/c) in K(X'), i.e.
KX)352 ¥ (/)2 - 1R +2 K, Rhy+ K, KA .

Since 42’ € K(X')® and the group G'K(X’) = CH'(X’) is torsion-free (see
e.g. [T4, Lemme 6.3, (i)]), it follows that 2/ € K(X')®. Since the image of
a2’ with respect to the push-forward given by the closed imbedding X’ — X
coincides with z and codimyx X’ = 1, the element x is in K(X)®).

Now suppose that dim p; = 3.

If ¢ = 1, then the quadric (X») r(x,) is isotropic and therefore Tors CH*(X) =
0 by Corollary 2.7. Thus we may assume that c is divisible by 2.

The group K(X) is now generated modulo H by (¢/4)[U(2,1)] and

U(2,1)] = (442~ + h3) R (2 + hy) € K(X) .

Thus, K(X) is generated modulo H also by x o (c/4)(h3 X hy) and it suffices

to show that z € K(X)®.

The class in K (X’) of the product U (1) XUy (1) of twisted Swan’s sheaves
is equal this time to (24 h}) X (24 hy) and can be divided by (4/¢) in K(X'),
le.

K(X') 32 % (¢/4)(h, R hy) .

Since 2’ € K(X')® and the image of 2’ with respect to the push-forward

given by the closed imbedding X’ < X coincides with x, the element x is in
K(X)®, O

COROLLARY 5.10. If p1 and py contain similar 3-dimensional subforms,
then Tors CH?*(X; x X3) = 0.

Proor. If dimp; = 3 or if detp; = 1, then the quadric (X)p(x,) is
isotropic and so we are done by Corollary 2.7.

Therefore, we may assume that dim p; = 4 and det p; # 1. These are the
first two conditions of Theorem 5.9. We state that also the last condition of
Theorem 5.9 is satisfied. Indeed, denote by p| C p; and p), C p, the similar
3-dimensional subforms. According to Lemma 3.4, the F-algebras Cy(p)) and
Co(py) are isomorphic and Co(p;) = Co(p}) p(yaepy for i = 1,2. Therefore,
ind Co(pl) KRp Co(pz) =1=1ind C()(p/1> QF Co(pg) . ]

6. The group I*3(F(p,v)/F)
The following assertion is obvious:

LEMMA 6.1. Let p = (—a,—b,ab,d) be a quadratic form over F. For any
k € F* the following conditions are equivalent.

(1) k€ Dp({d));
(2) (a,b, k) = p (k)
(3) p (k) € Ps(F). O



7. THE CASE OF INDEX 1 75

LEMMA 6.2. Let p = (—a,—b,ab,d) be a quadratic form over F. Then

L. Py(F(p)/F) = {{a,b,k) |k € Dp({d))},
2. H(F(p)/F) ={(a,b, k)| k € Dp({(d))}.

PROOF. 1. See [15, Lemma 3.1].
2. Let po = (—a,—b,ab). Clearly H*(F(p)/F) C H*(F(py)/F). Tt follows
from [5, Beweis vom Satz 5.6] that H3(F(po)/F) = (a,b) U H'(F). Hence any
element u € H3(F(p)/F) has the form (a,b,x) where x € F*. Since (a,b, ) €
H3(F(p)/F), the Pfister form ((a,b, z)) F(p is hyperbolic. It follows from the
first assertion that there exists k € Dp({(d)) such that ((a,b,z)) = {(a,b, k).
Hence u = (a,b, ) = (a,b, k). O

COROLLARY 6.3. Let py, ..., pm be 4-dimensional quadratic forms over F.
Then for a quadratic form ¢ the following conditions are equivalent:

(1) ¢ € P(F(p1)/F) + -+ I’(F(pm) / F) + I'(F);
(2) ¢ € Bs(F(p1)/F) + -+ P3(F(pw)/F) + I'(F);
(3) ¢ € I’(F) and €°(¢) € H*(F(p1)/F) + -+ + H(F(pm)/ F).
PROOF. (2)=(1)=-(3). Obvious.
(3)=(2). Follows from Lemma 6.2. O

COROLLARY 6.4. Let py,...,pm be 4-dimensional quadratic forms such
that H3(F(py, ..., pm)/F) = H*(F(p1)/F) + -+ + H*(F(py)/F). Then
P(F(p1,. .. p) [ F) © P(F(py)[F) + -+ + *(Fp,) [F) + T'(F).

[

COROLLARY 6.5. Let p = (—a,—b,ab,d) and ¢ = (—u, —v,uv,d) be qua-

dratic forms over F. Then for any m € I*(F(p)/F) + I*(F( )/ ) + IY(F)
there exist ki, ko € F™* with the following properties:

1) {a,b, k1)) = p{(kr)) and (u, v, k2)) = (ka));
2) ™= {(a,b, k1) + (u,v, ko)) (mod I*(F)).

PROOF. By Corollary 6.3, we have 7 € P3(F(p)/F)+ P3(F(¢)/F)+I*(F).
Hence there exist m € Py(F(p)/F) and mo € P3(F(¢)/F) such that

T=m +m (mod I'(F)).

By Lemma 6.2, there exist ki, ky € F* such that m = ((a,b, k1)) and m =
{(u,v, ko)). Finally, Lemma 6.1 shows that ((a,b, k1>> p{(k >> (u,v, ko)) =
b (ka)).- 0

7. The case of index 1

In this §, we study the group H?(F(p,v)/F) in the case where p, 1 are
4-dimensional quadratic forms with non-trivial discriminants and ind Cy(p) @ ¢
Co(¥) = 1. In the case di p = d+ 1 we obviously have Cy(p) ~ Cy(v)). Hence
p is similar to ¢ (see [86, Theorem 7]) and hence the group H3(F(p,v)/F)
coincides with H3(F(p)/F). So it is sufficient to study only the case where

d+p 7# d+ ).
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Replacing p and ¢ by similar forms, we can rewrite our conditions as fol-
lows:

1) p=(—a,—b,ab,d) and ¢ = (—u, —v,uv,d) with a,b,d,u,v,0 € F*;
2) d, ¢, and dé are not squares in F*;

3) ind((a,b) @ (1,0))pyavs) = L

During this section we will suppose that the conditions 1)-3) hold.
We define the set I'(p, ) as

{y € I*(F) | there exist [;,l, € F* such that v = l;p + lot) + (do) }.

LEMMA 7.1. The set I'(p, 1) is not empty.

ProoF. Since ind((a,b) ®r (u,v)) a5 = 1, there exist s,r € F* such
that (a,b) ® (u,v) = (d,s) ® (6,r). Set l; = ds, Iy = —or. It is sufficient to
verify that v & 11p + ) + (d6) € I3(F). We have

v =0sp—orp+ (1,—do) = 0(sp — 1+ (d, —d)) =
= 0(s(((a, b)) = (d))) — r({u, v) = (o) + ((d)) — (o)) =
= 6(s (a, b)) = (u,v)) + (d, s)) = (6,r)) -
Therefore v € I*(F) and ¢(v) = (a,b) + (u,v) + (d,s) + (6,7) = 0. Hence
v e B(F). O
LEMMA 7.2. T'(p, ) C I3(F(p,v)/F).

PROOF. Let v = lip + lotp + (d6)) € T'(p,7). We have dim(vp(y p))an <
dim(pF(p)),m —l—dim(wp(w))an—i—dim <<5d>> <242+2=6<8. Since v € ]3(F)

the Arason-Pfister Hauptsatz shows that gy ) is hyperbolic. m
COROLLARY 7.3. For any v € ['(p,v), we have e3(y) € H3*(F(p,v)/F).
O

LEMMA 7.4. Letl, k € F* and let T be a quadratic form such that T (k)
I}(F). Then It — (k) 7 = lkT (mod I*(F)).

PROOF. IT — (k) 7 — Ikt = — (1)) (k) 7 € (I)) I*(F) C I*(F). O

LEMMA 7.5. Let v € T'(p,¢), m € P3(F(p)/F) and my € P3(F(¢)/F).
Then there exists v' € T'(p,v) such that v — m — m =« (mod I*(F)). More-
over, v + T + 7 =7/ (mod I*(F)).

PROOF. Let ly,ly € F* be such that v = l1p + Iyt + ((dd)). By Lemmas

6.1 and 6.2, there exist ki, ke € F* such that m = p (k1)), m = ¢ ((k2)). By
Lemma 7.4, we have

hp—m =lp—{k)p=lLkp (mod I'(F)),

Ly — my = ly) — (ko) ¥ = lokotp  (mod I'(F)).
Hence v — m — 7o = l1k1p + lokotp + (d6) (mod I*(F)). Setting ' = l1kyp +
lakoth + ((d5)), we get the required equation v — 7, — o = ' (mod I*(F)).

The second equation v + m; + 7 = ' (mod I*(F)) is obvious in view of the
congruence m; = —m; (mod I4(F)) (for i = 1,2). O
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COROLLARY 7.6. ['(p, )+ I3(F(p)/F)+I3(F(¢)/F)+I4F) =T (p,%)+
IA(F).

PRrROOF. It is an obvious consequence of Corollary 6.3 and Lemma 7.5 [

LEMMA 7.7. The following conditions are equivalent:
(1) B(F(p,0)/F) C P*(F(p)/F) + I(F()/F) + I'(F);
(2) T(p,v) C B(F(p)/F) + I*(F(1)/F) + I(F);
(3) there exists v € T'(p,v) such thaty € I3(F(p)/F)+I3(F(y)/F)+I*(F);
(4) T'(p,) contains a hyperbolic form, i.e. 0 € T'(p,v);
(5) the quadratic forms v and p contain similar 3-dimensional subforms;
(6)
(7) H

TorsCHz(X ><X) 0;
HFp,0)/F) = HY(F(p)/F) + H¥F(¢)/F).

PRrOOF. (1)=(2). Obvious in view of Lemma 7.2.
(2)=-(3). Obvious in view of Lemma 7.1.
(3)=(4). Let vy be such as in (3). By Corollary 6.3, there exist m; € P3(F(p)/F)
and my € P3(F(¢)/F) such that y € m +me+I*(F). Hence y—m —my € I*(F).
By Lemma 7.5, there exists 4/ € T'(p, 1) such that y—m—m, =7/ (mod I*(F)).
Since v — m — m € I*(F), we have o € I*(F). By definition of T'(p,),
dim(y)en < 4+4+2 =10 < 16. Since 7/ € I*(F), the Arason-Pfister
Hauptsatz shows that 7/ = 0.
(4)=(5). Since 0 € I'(p,v), there exist l;,ly € F* such that 0 = l;p + oy +
{(dd)). Thus l1p+1stp = — ((dd)). Hence lyp and l31) contain a common subform
of the dimension (dim(p) + dim(¢)) — dim (dd)))/2 = (4 +4 — 2)/2 = 3.
(5)=(6). See Corollary 5.10.
(6)=(7). See Corollary 2.13.
(7)=-(1). It is a particular case of Corollary 6.4. O

PROPOSITION 7.8. For an arbitrary element v € I'(p, 1), one has
H3(F(p,¢)/F) = H*(F(p)/F) + HF(¢)/F) + €’ () H(F) .

PRrROOF. By Corollary 7.3, the element e*(vy) belongs to H*(F(p,v)/F).
If Tors CH?*(X, x X,) = 0 then by Corollary 2.13, we have H3(F(p,v)/F) =
H3(F(p)/F)+H?(F()/F) and the proof is complete. If Tors CH*(X,x X;) #
0, Lemma 7.7 shows that v ¢ I*(F(p)/F) + I*(F(¢)/F) + I*(F). Hence, by
Corollary 6.3, e3(v) ¢ H3*(F(p)/F) + H3(F(¢)/F). To complete the proof it
is sufficient to apply Corollary 2.13 and Theorem 5.7. O

COROLLARY 7.9.
P(F(p,)/F) C I’(F(p)/F) + I*(F()/F) +{T(p, ¥), 0} + I'(F) .

PROOF. Let 7 € I3(F p,¥)/F). Choose an element v € TI'(p,1)). By
Proposition 7.8, either €*(7) € H3*(F(p)/F) + H*(F(y)/F) or e*(t — ) €
H3(F(p)/F)+ H*(F(¢)/F). Tt remains to apply Corollary 6.3. O

PROPOSITION 7.10. Let m € I*(F(p,v)/F). Then at least one of the fol-
lowing conditions holds
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1) e I’(F(p)/F) + IP(F(4)/F) + I'(F);
2) e L(p,v) + I*(F).

PRrROOF. Obvious in view of Corollaries 7.9 and 7.6. O]

8. Main theorem

PROPOSITION 8.1. Let ¢ = {(a,b)) L —c{(d)) be an anisotropic quadratic
form. Let p = (—u, —v,uv,d) and p = (—a,—b,ab,d). Then:
1. The following two conditions are equivalent:
() {(a,b,c) € PB(F(p, )/ F),
(ii) @rey) is isotropic.
2. The following two conditions are equivalent:
(i) (a,b,c) € IP*(F(p)/F) + I’(F(y)/F) + I'(F),
(ii) there exits a 5-dimensional Pfister neighbor ¢o such that ¢y C ¢
and (¢o) p(y) 15 isotropic.

PROOF. Note that ((a,b,c)) = ¢ —cp=p— co.
(li)=(1ii). Let £ = F(v). If the Pfister form ((a,b,c)), is isotropic, its
neighbor ({(a,b)) L (—c))g is isotropic too. Since ((a,b)) L (—c) C ¢, the form
¢p is isotropic. Thus we can suppose that ((a,b,c)) is anisotropic. By the
assumption, ((a,b,c) € I*(F(p,v)/F) = I*(E(p)/F). Hence the anisotropic
Pfister form ((a, b, c)), becomes isotropic over the function field of pg. By
the Arason-Pfister subform theorem, we have kpr C ((a,b, ¢)) ; where k is an
arbitrary element of Dg(p) - Dg({a,b,c))). Since (ab)™* € Dg(p) and —abc €
Dg({a,b,c))) we can take k = (ab)™! - (—abc) = —c. Thus —cpg C (a, b, ¢)) 5.
Hence dim(({(a,b,c) L ¢p)g)an < 8—4 = 4. Since ((a, b, ¢)) +cp = ¢, it follows
that dim(¢g)., < 4. Hence ¢p(y) = ¢p is isotropic.
(1ii)=-(1i). Since ¢r(y) and pp(,) are isotropic, we have dim(¢p(y))en < 4 and
dim(pp(p))an < 2. Therefore dim({(a, b, C>>F(p,1/)))a” = dim((¢ — cp)r(p,p))an <
4+ 2 =06. By the Arason-Pfister theorem, ((a,b, ¢))p, ) is hyperbolic. Hence
a,b,c) € P(F(p,)/F)
(2i)=(2ii). By Corollary 6.5, there exist ki, ks € F* such that ((a,b, k1)) =
p k1)), (u, 0, ka)) = 9 ((k2)), and

{a,b,c) = {a,b, k) + {u,v, ko)) (mod I*(F)) .

It follows from [9, Theorem 4.8] that the Pfister forms ((a,b,c)), (a,b, k1)),
and ((u, v, ko)) are linked. Hence there exists s € F™* such that s (u,v, ks)) =
{a, b, k1)) — {(a, b, c)). Since ((a,b, k1)) = p (k1)) and {(a,b, c)) = p— cp, we have

s (u, v, ko)) = p (k1)) — (p—cd) = ¢ — ky1p. Therefore ¢ —cs (u, v, ko)) = ckyp.
Hence ¢ and ¢s ((u, v, ko)) contain a common subform of the dimension

%(dimgb + dim(sc (u, v, ko)) — dim(ck1p)) = %(6 +8—4)=5.

Let us denote such a form by ¢q. By the definition, we have ¢y C ¢. Since
¢o C sc{{u,v, kq)), it follows that ¢, is a Pfister neighbor. Since ((u, v, ko)) =
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¥ ((k2)), it follows that ((u, v, k2)) g, is isotropic. Hence the Pfister neighbor

(¢0) r(p) of (u,v,k2)) py is isotropic as well.

(2ii)=(21). Let ¢y be a 5-dimensional Pfister neighbor such that ¢y C ¢ and
(¢0) F(y) 1s isotropic. Let us write ¢ in the form ¢ = ¢y L (s). Since ¢y is a
Pfister neighbor, there exists m € GP5(F) such that ¢g C 7. We can write 7
in the form m = ¢g L — (s1, 89, 83). Set v = (s¢, 51, 2, 53). We have

y=¢p—7m=¢={ab,ch+cp=cp (mod I’(F)).

Since dim v = dim ¢p = 4 it follows from Wadsworth’s theorem ([86, Theorem
7]) that ~y is similar to ¢p. Hence there exists k € F* such that v = ckp. We
have

{a,b,c) =p—cop=p—cly+m)=p—clckp+m)=(k)p—cm.

Now it is sufficient to verify that (k)) p € I3(F(p)/F) and w € I3(F(¢)/F).
We have (k) p = ((a,b,¢)) + cm € I*(F). Since dim({(k)) pp(p))an < 8, the
Arason-Pfister Hauptsatz shows that ((k)) pp(,) is hyperbolic. Thus (k) p €
I3(F(p)/F). Since ¢y C m and (o) p(y) is isotropic, Ty is isotropic as well.
Since m € GP3(F), it follows that mp(y is hyperbolic. Hence m € I*(F(¢)/F).

[

COROLLARY 8.2. Let ¢ = ((a,b)) L —c{(d) be an anisotropic quadratic
form. Let v = (—u, —v,uv,d) and p = (—a, —b,ab,d). Suppose that the group
CH2(Xw><Xp) 1s torsion-free. Then the following conditions are equivalent:

(1) ¢p(y) is isotropic;
(2) there exits a 5-dimensional Pfister neighbor ¢o such that ¢g C ¢ and
(¢0) p(y) is isotropic

PRrROOF. (1)=(2). By Item 1 of Proposition 8.1, we know that ((a,b,c)) €
I3(F(p,¢)/F). Since Tors CH*(X, x X,) = 0, Corollary 2.13 implies that

H*(F(p,)/F) = H*(F(p)/F) + H(F(¥)/ F)];.

By Corollary 6.4, I*(F(p,)/F) C I3(F(p)/F)+I*(F(¥)/F)+ I*(F). Apply-
ing Proposition 8.1 once again, we are done.
(2)=(1). Obvious. O

LEMMA 8.3. Let ¢ be a 6-dimensional form and 1 be a 4-dimensional
form. Suppose that 1 is similar to a subform in ¢. Then ind Cy(¢) @p Co(v) =
1.

ProOF. We can suppose that ¢» C ¢. Hence there exists a 2-dimensional
form p such that ¢» L pu = ¢. Let E be a field extension of F' generated
by v/d+ ¢ and \/d+ 1. Obviously ¢g, e € I*(F) and ind Cy(¢) @p Co(p) =
ind Cy(¢r) ®g Co(vg). Thus we can reduce our problem to the case where
¢, € I*(F). Then p € I*(F). Since dimp = 2, the form g is hyperbolic.
Hence ¢ =+ L H. Therefore Cy(¢) = Co(¢)) ®p My(F'). Hence ind Cy(¢) ®p
Co(v) = 1. 0
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COROLLARY 8.4. Let ¢ = ((a,b) L —c{(d)) be an anisotropic quadratic
form. Let ¢ = (—u, —v,uv,d) and p = (—a, —b,ab,d).

Suppose that ind Cy(¢) @ Co(v)) # 1. Then the following conditions are
equivalent:

(1) @re) is isotropic and the isotropy is standard;

(2) there exits a 5-dimensional Pfister neighbor ¢y such that ¢pg C ¢ and
(¢0) p(w) 1s isotropic;

(3) {(a.0,¢) € P(F(p)/F) + I'(F()/F) + I'(F);

(4) (a,b,c) € H*(F(p)/F) + H(F(¥)/F).

PROOF. (1)=(2). Let ¢ and v be such as in (1). Let us suppose that the
condition (2) is not satisfied. Then by the definition of standard isotropy, ¥
is similar to a subform of ¢. By Lemma 8.3, we have ind Cy(¢) @ Cy(¢)) = 1.
This contradicts to our assumption.

(2)=-(1). Obvious.
(3)<=(4)<=(1). Follows from Proposition 8.1 and Corollary 6.3. O

THEOREM 8.5. Let ¢ be an anisotropic 6-dimensional quadratic form and
Y be a 4-dimensional quadratic form with d+v = d+¢ # 1. Suppose that
Grey) s isotropic. Then there exits a 5-dimensional Pfister neighbor ¢y such
that ¢o C ¢ and (¢o)p(y) is isotropic.

PrOOF. If ind Cy(¢) = 1 then ¢ is a Pfister neighbor. In this case we
can take ¢y to be equal to an arbitrary 5-dimensional subform in ¢. In the
case ind Cy(¢) = 4, it follows from Theorem 5.5 of Chapter 3 that ¢p(y is
anisotropic and we have a contradiction. Thus we can assume that ind Cy(¢) =
2. Then ¢ is similar to a form of the kind ((a,b) L —c{(d)). Since dL v =
d+ ¢, there exist u,v € F* such that ¢ is similar to the form (—u, —v,uv,d).
Replacing ¢ and ¢ by similar forms, we can suppose that

¢ = (a,b)) L —c{d)) and ¢ = (—u, —v,uv,d).

Let p = (—a, —b, ab, d). Tt follows from Theorem 5.1 that Tors CH?* (X, x X,) =
0. Now the result required follows immediately from Corollary 8.2. O

PROPOSITION 8.6. Let ¢ = {(a,b) L —c{(d)) and ¢ = (—u, —v,uv,d) be
anisotropic quadratic forms. Suppose that ind Cy(¢) @ Co(v0) = 4. Then the
following conditions are equivalent:

(1) dp(y) is isotropic;
(2) There is a 5-dimensional subform ¢o C ¢ which is a Pfister neighbor
and (¢o) p(y) 15 isotropic.

PROOF. Let p = (—a,—b,ab,d). Clearly Cy(¢) = Ms(F) @ Co(p). Hence

ind Co(p)@rCo() = 4. Tt follows from Theorem 5.8 that Tors CH*(X,x X,,) =
0. By Corollary 8.2, we are done. m

PROPOSITION 8.7. Let ¢ = {(a,b) L —c{(d)) and ¢ = (—u, —v,uv,d) be

anisotropic quadratic forms with § ¢ F*2. Suppose that ind Cy(¢) @p Co(1h) =
1. Then the following conditions are equivalent:
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(1) ¢p(y) is isotropic;
(2) FEither v is similar to a subform in ¢ or there exists a 5-dimensional
subform ¢o C ¢ which is a Pfister neighbor and (¢o) p(yp) is isotropic.

PROOF. (1)=-(2). Since ¢ is anisotropic, we have d ¢ F*2. In view of The-
orem 8.5 is is sufficient to consider the case dj ¢ F*?. Let p = (—a, —b, ab, d).
Since Cy(¢) = My(F) @F Cy(p), we have ind Cy(p) @ Co(10) = 1. Thus all the
assumptions of §7 hold. Propositions 7.10 and 8.1 show that at least one of
the following conditions holds:

1) (a,b,c) € IP(F(p)/F) + IP(F(¥)/F) + I'(F),

2) {(a,b,c)) € T(p,v) + I'(F).
In the first case, Proposition 8.1 asserts that there exists a 5-dimensional sub-
form ¢y C ¢ which is a Pfister neighbor and (¢g) p(y) is isotropic.

Thus we can suppose that (a,b,c)) € I'(p,v) + I*(F). Let v = lip+ ot +
{(ds) € T(p,1) be such that (a,b,c)) € v+ I*(F). Since {(a,b,c) = p — co,

we have
Lip—lico =1y {a,b,c) = (a,b,c)) = =1lLp+lp+ {(d§) (mod I'(F)).

Hence lycp + loytp + (d6)) € IT*(F). Since dim(lycg + loth + (d6))an < 6 + 4 +
2 = 12 < 16, the Arason-Pfister Hauptsatz shows that lyco + lot) + (d0)) =
0. Therefore ¢ = —clylat) — cly (d6). Since dim¢ = 6 = dim(—clyloyp L
—cly ((do))), we have ¢ = —clylatp L —cly ((dd)). Hence 9 is similar to a subform
in ¢.

(2)=(1). Obvious. O

Together with results described in Introduction, Theorem 8.5, Propositions
8.6 and 8.7 give rise to the following

THEOREM 8.8. Let ¢ be an anisotropic quadratic form of dimension < 6
and 1 be such that ¢py) is isotropic. If the isotropy is non-standard then
dim ¢ =6 and dimvy = 4;

LA de o #de #1;
ind Cy(¢) = 2; and
ind Co(¢) @ Co(¥) = 2. 0

9. The case of index 2

Theorem 8.8 implies that if there exists a quadratic form ¢ of dimension
< 6 having a non-standard isotropy over the function field of a quadratic
form ¢, then there are a,b,c,d,u,v,§ € F* such that ¢ ~ {(a,b)) L —c{(d)),
Y~ (—u, —v,uv, ), d,8,dé ¢ F** and ind((a,b) @F (wsv)) pvanve) = 2-

Set p = (—a, —b,ab,d). By Corollary 8.2, if Tors CH*(X, x X,) = 0, then
the isotropy is standard.

In this section we prove the following
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THEOREM 9.1. Let a,b,u,v,d,d € F*? be such that d,d,dd ¢ F*?. Let p =
(—a,—=b,ab,d) and 1) = (—u, —v,uv,d). Suppose that ind Cy(p) @ Cy(v) = 2.
The following conditions are equivalent:

(1) Tors CH*(X, x X,) # 0;
(2) there exists ¢ € F* such that the quadratic form ¢ = (a,b)) L —c {(d)) is
isotropic over F(v), but the isotropy is not standard.

PROOF. (2)=(1). Obvious in view of Corollary 8.2.
(1)=(2). Since Tors CH*(X, x X,) # 0, it follows from Corollary 2.13 that
there exists w € H*(F(p,v)/F) such that w ¢ H?*(F(p)/F) + H3(F(¢)/F).
Let po = (—a, —b, ab). It follows from Theorem 5.9 that ind Cy(po) @ Co(v)) #
ind Cy(p) ®@r Co(¢p) = 2. Therefore ind Cy(py) @r Co(vp) = 4. By The-
orem 5.8, we have Tors CH*(X,, x X;) = 0. By Corollary 2.13, we have
H3(F(po, )/ F) = H(F(po)/F) -+ H*(F($)/F). Hence

w € HYF(p,y)/F) C H (Fpo, )/ F) = H*(F(po)/F) + H*(F(¢)/F).
Since H*(F(po)/F) = (a,b) U H'(F), there exists ¢ € F* such that w —
(a,b,c) € H3(F(y)/F),ie. w= (a,b,c) (mod H3(F(¢)/F)). By the assump-
tion on w, we see that (a,b,c) € H3(F(p,)/F) and (a,b,c) ¢ H3(F(p)/F) +
H3(F(¢)/F). Therefore, (a,b,c)) € I*(F(p,v)/F and

(a,b.c) & I'(F(p)/F) + I(F(¢)/F) + H'(F) .

By Proposition 8.1, the quadratic form ¢y is isotropic. By Corollary 8.4,
the isotropy is not standard. O]



CHAPTER 5

Some new examples in the theory of quadratic forms

We construct a 6-dimensional quadratic form ¢ and a 4-dimensional quadratic
form v over some field F' such that ¢ becomes isotropic over the function field
F(1) but every proper subform of ¢ is still anisotropic over F(¢). It is an
example of non-standard isotropy with respect to some standard conditions
of isotropy for 6-dimensional forms over function fields of quadrics, known
previously.

Besides of that, we produce an example of 8-dimensional quadratic form ¢
with trivial determinant such that the index of the Clifford invariant of ¢ is 4
but ¢ can not be represented as a sum of two 4-dimensional forms with trivial
determinants. Using this, we find a 14-dimensional quadratic form with trivial
discriminant and Clifford invariant which which is not similar to a difference
of two 3-fold Pfister forms.

Results of this Chapter are obtained in joint work with Oleg Izhboldin.

0. Introduction

Let F' be a field of characteristic # 2. An important problem in the al-
gebraic theory of quadratic forms is to classify pairs of anisotropic quadratic
forms ¢, 1 such that ¢py is isotropic, where F'(¢) is the function field of v,
i.e. the function field of the projective quadric determined by . In the case
dim ¢ < 5, a complete classification is known (see [15]). The case dim ¢ = 6
was studied in [16], [44], [45], [49], and [54]. In the case where dim ¢ = 6 and
dim # 4, a complete classification was obtained. It was shown in Chapters
3 and 4, that the same classification is valid for 4-dimensional forms 1, if the
case where dim ¢ = 6, dim ) = 4, 1 # dety ¢ # dety 1) # 1, ind Cy(¢) = 2, and
ind Cy(¢) ® Cy(10) = 2 is excluded. Here (see Section 15) we construct in this
excepted case an example of ¢ and ¢ with non-standard (i.e. not matching
the old classification) isotropy of ¢ over F'(¢) (see Theorem 15.2). It is possi-
ble to explain what this “non-standard isotropy” does exactly mean without
describing the old classification (Lemma 15.3): isotropy of ¢ over F'(1) is non-
standard if and only if the form ¢ is F(¢)-minimal, i.e. no proper subform
of ¢ becomes isotropic over F(1). A stronger version of Theorem 15.2 states
that an example of non-standard isotropy can be obtained starting from an
arbitrary anisotropic 4-dimensional form ¢ (with det ) # 1) over an arbitrary
field Fy by passing to an appropriate extension F' of Fy (see Corollary 15.4).

Let I(F) be the ideal of even-dimensional forms in the Witt ring W (F).
Another important problem in the algebraic theory of quadratic forms is to

83
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give a classification of low-dimensional quadratic forms belonging to I™(F') for
a fixed n > 0. For n = 2 and for n = 3, this problem was studied by many
authors. In [28] Jacobson proved that quadratic forms ¢ € I*(F') of dimension
< 6 are uniquely determined up to similarity by the Clifford invariant ¢(¢).
There exists a good description of 8-dimensional forms ¢ € I*(F) satisfying
the condition ind C'(¢) < 2. Namely, these quadratic forms can be written as
tensor product of a 2-dimensional subform and a 4-dimensional subform (see
e.g. [41, Example 9.12]). The case of 8-dimensional quadratic forms ¢ € I*(F)
with ind C(¢) = 4 is much more complicated. It was an open question if these
quadratic forms can be written as 7 | 7, where 7, and 7 are 4-dimensional
forms with trivial determinant. In Section 13 we construct a counterexample
for this question (Corollary 13.8). Nevertheless we find a “weak version” of the
decomposition ¢ = 7y L 75. Note that quadratic forms of the type 71 L 75 can
be regarded as Scharlau’s transfer s;,/r(7) in the degenerate case L = F' x F.
We show that an arbitrary 8-dimensional form ¢ € I*(F) with ind C'(¢) = 4
can be represented as Scharlau’s transfer sp,p(7), where L/F is an (étale)
quadratic extension and 7 is a 4-dimensional L-form with trivial determinant
(see Theorem 13.10).

In Section 14 we study quadratic forms ¢ € I3(F). The structure of ¢
in the case dim¢ < 12 was described by Pfister in [68, Satz 14 und Zusatz]
(see also [18]). Our aim is to study 14-dimensional quadratic forms in I3(F).
In [72] M. Rost proved that an arbitrary 14-dimensional quadratic form can
be represented (up to similarity) as Scharlau’s transfer sy z(v/d7'), where

L = F(vd) and 7' is the pure subform of a 3-fold Pfister form. Note that
in the degenerate case L = F x F we get the decomposition ¢ = k(7] L
—13), where 77,75 are pure subforms of 3-fold Pfister forms 7,  and k €
F*. Tt was an open question if any 14-dimensional form ¢ € I*(F) can be
written in the form ¢ = k(7] L —73). It was remarked by D. Hoffmann (1995,
Bielefeld, oral communication) that this question is equivalent to the discussed
above question on 8-dimensional forms ¢ € I*(F) with ind C(¢) = 4. Using
the counterexample for 8-dimensional forms, we construct (in Section 14) a
counterexample for 14-dimensional forms.

Similar counterexamples of 8-dimensional and 14-dimensional forms in the
case of characteristic 0 are independently constructed in [21] by using a com-
pletely different technique.

Now we explain the structure of the Chapter. It can be divided into two
parts: Sections 2-11 and Sections 12-15. All main results listed above are
obtained in the second part. In the first part, the necessary preparations are
made. The results of Sections 8 and 10 are needed for the counterexamples
of 8-and-14-dimensional forms, while the results of Sections 9 and 11 are for
the non-standard isotropy. The constructions and proofs of Sections 8, 10 are
parallel to that of Sections 9, 11. It is the reason for why we included the re-
sults on 8,14-dimensional forms and on the non-standard isotropy in the same
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Chapter. However, Sections 8, 10 and Sections 9, 11 are written in an indepen-
dent manner, so that the reader interested only in one of two groups of results
can choose (although, in order to understand more complicated calculations of
Section 9, it is better to go through Section 8 first).

Now we explain more precisely the contents of several first preparation
Sections.

In Section 2, we show that certain products of (generalized) Severi-Brauer
varieties considered as schemes over certain subproducts via the projection can
be naturally identified with grassmanians (Corollary 2.4). It was already done
in Corollary 6.4 of Chapter 1 and in Proposition 5.3 of Chapter 2. However
this time we need more explicit information: namely, we need a description of
the vector bundle on the product of the Severi-Brauer varieties corresponding
to the tautological vector bundle on the grassmanian under that identification.
The answer is given in terms of the canonical vector bundles on the Severi-
Brauer varieties.

Let I' be the grassmanian of “n-planes” in a vector bundle on a variety
X. In Section 3, we describe the Grothendieck group of I' together with the
topological filtration on it in terms of the Grothendieck group of X. The
general answer (Proposition 3.3) is an easy consequence of the well-known
result on the Chow group of a grassmanian. Some additional negligible efforts
are made to formulate the result in terms of characteristic classes of the class
[T] of the tautological vector bundle T classically ([12, Proposition 14.6.5])
characteristic classes of —[T] are used, what is not convenient for practical use.
After all this, we apply the general assertion to the case of the grassmanian of
2-planes in a rank 4 vector bundle and get some explicit formulas which are
then used in Sections 8 and 9.

In Section 4, we reprove that the pull-back to the generic fiber of a flat
morphism is surjective. For what kind of groups? Well, our final goal is the
topological filtration i.e., each term of that (Corollary 4.3). We reach the goal
starting with the Chow groups (Proposition 4.1) and passing after that to the
quotients of the topological filtration (Corollary 4.2). The statement on the
Chow groups is not new and even was already used several times in this work.
It is a formal consequence of the spectral sequence [39, Theorem 3.1]. Here,
we give a short direct proof or, better to say, an explanation of the evidence
of this fact (Proposition 4.1).

1. Terminology, notation, and backgrounds

1.1. Quadratic forms. By ¢ L 9, ¢ ~ 1, and [¢] we denote respectively
orthogonal sum of forms, isometry of forms, and the class of ¢ in the Witt ring
W (F) of the field F. To simplify notation we write ¢, + ¢ instead of [¢1]+[¢2].
The maximal ideal of W (F') generated by the classes of the even-dimensional
forms is denoted by I(F). The anisotropic part of ¢ is denoted by ¢an. We
denote by ((ai,...,a,) the n-fold Pfister form (1, —a;) ® --- ® (1, —a,) and
by P, (F') the set of all n-fold Pfister forms. The set of all forms similar to an
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n-fold Pfister form we denote by GP,(F'). For any field extension L/F, we put
¢ =¢Qp L.

For a quadratic extension L/F and an L-form ¢, we denote by sy /p(¢)
Scharlau’s transfer [76, Ch. 2, §5] corresponding to the F-linear homomor-
phism 2 Try/p : L — F. In the case where L = F|(V/d), we have sp,p((1)) =
(1,d) and sz,r({ Vd)) = (1,-1).

For a quadratic form ¢ of dimension > 3, we denote by X4 the projective
variety given by the equation ¢ = 0. We set F(¢) = F'(Xy).

1.2. Linked forms. We say that quadratic F-forms ¢ and v are linked if
the following equivalent conditions hold:

e there exists a 2-dimensional form p which is similar to a subform of ¢
and to a subform of 1,

e there exists a field extension L/F of degree < 2 such that ¢, and ¢,
are isotropic,

If ¢ and 9 are forms of dimension > 3, then the condition that ¢ and
are linked can be reformulated as follows: there exists a closed point of degree
< 2 on the variety X, x Xy.

1.3. K-theory and Chow groups. For a smooth algebraic F-variety
X, its Grothendieck ring is denoted by K (X ). This ring is equipped with the
filtration by codimension of support (which respects the multiplication). For
a ring (or a group) with filtration A, we denote by G*A the adjoint graded
ring (resp., the adjoint graded group). There is a canonical surjective homo-
morphism of the graded Chow ring CH*(X) onto G*K (X)), its kernel consists
only of torsion elements and is trivial in the 0-th, 1-st, and 2-nd graded com-
ponents ([81, §9]). For a geometrically integral variety of dimension d we set
CH;(X) = CH"™(X) and G;K(X) = G K (X).

1.4. Algebras. Let A be an algebra over a field F'. For a field extension
E/F (or, more generally, for a unital commutative F-algebra E), we denote
by Ag the F-algebra A @ E. For an F-variety X (or, more generally, for an
F-scheme X)), we denote by Ax the constant X-sheaf of algebras given by A.

In Section 2, the category of commutative unital F-algebras is denoted by
F-alg.

2. Products of Severi-Brauer varieties

Let F' be a field and let A be a central simple algebra over F.

Let n > 0. The generalized Severi-Brauer variety Y & SB(n,A) of A

is characterized as follows: for any R € F-alg, the set of R-points Y (R) =

Morg(Spec R,Y') of the variety Y consists of the right ideals J of the Azumaya
R-algebra Ag YA r R having two following properties:

e the injection of Ag-modules J < Ag splits (in particular, J is projective
as the R-module);
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e rkJ = n, where rk J is the R-rank of J divided by deg A;

moreover, for any homomorphism R — R’ in the category F-alg, the map
Y(R) — Y(R') is given by tensor multiplication J — J ®p R'.

The (usual) Severi-Brauer variety SB(A) of A is by definition the variety
SB(1, A).

ExXAMPLE 2.1. Let A be a quaternion algebra (a,b), where a,b € F*. The
Severi-Brauer variety SB(A) is isomorphic to the projective conic determined
by the quadratic form (1, —a, —b).

EXAMPLE 2.2. Let A be a biquaternion algebra (ay, b1)®(as, bs), where aq,
b1, as, by € F*. The generalized Severi-Brauer variety SB(2, A) is isomorphic
to the projective quadric determined by the Albert form

<_a17 _bh a1b17 a2, b2a _a2b2> .

The canonical vector bundle J on the generalized Severi-Brauer variety Y
is defined as follows: for any R € F-alg and a point J € Y (R), the fiber of

J over J is the R-module J; if R — R’ is a homomorphism in F-alg, then

the map of the fibers J — J’, where J’ o g ®pr R € Y(R'), is defined by the

formula r — x ® 1.
Since every fiber of J is right ideal, J has a structure of right Ay-module.

PROPOSITION 2.3. Let X < SB(A), Y o SB(n, A°?); let Z and J be the

canonical vector bundles on X and Y. The product X XY, considered over X
via the first projection, can be naturally identified (as a scheme over X ) with
the grassmanian I, (Z) of n-planes in Z; by this identification, the tautological
vector bundle on the grassmanian corresponds to a vector bundle on X XY
isomorphic to L @4, ., J.

PRrOOF. Let R € F-alg and let I be an R-point of X. To prove the first
part of Proposition, it suffices to describe a natural bijection of the fibers
over I. The fiber of X x Y over the point I is the set Y (R). The fiber of
I',,(Z) over the point I is the set of R-submodules N of the R-module I such
that the injection N < [ splits and tkgxy N = n. For any N like that, the set
Hompg(I, N) is aright ideal of the R-algebra Endg I = A% and thus determines
an element of Y(R). In this way, we get the natural bijection required.

To describe an isomorphism of the vector bundles (mentioned in the second
statement of Proposition), it suffices to give a natural isomorphism of the R-
modules I ® 4, Homp(/, N) and N. This is given by the rule z® f — f(z). O

Now, let Ay, ..., A, A be central simple F-algebras such that
A=A ® - ® A% with certain iy,... i, > 0.
Denote by X, ..., X,, the Severi-Brauer varieties of the algebras A;,..., A,,.

Put X & Xy x---x X, and Y def SB(n, A°?). For every j = 1,...,m, let

Z; be the canonical vector bundle on X;. Put 7 o IP" @ - @ I it is
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a right Ax-module. Let J be the canonical vector bundle on Y7 it is a left
Ay-module.

COROLLARY 2.4. In the notation introduced right above, the product X X
Y, considered over X wvia the first projection, can be naturally identified (as a
scheme over X ) with the grassmanian I',,(Z); by this identification, the tau-
tological vector bundle on the grassmanian corresponds to a vector bundle on
X XY isomorphic to T @4y, J.

Proor. Put X’ & SB(A) and let Z’ be the canonical vector bundle on X”.

Let R € F-alg. An element of the set X(R) = Xi(R) x --- x X,,(R) is a
collection ([Iy,...,I,) where I; is a right ideal in (A;)g. The tensor product
I ®p -+ Qg I, is a right ideal of Agr. In this way we get a map of sets
X(R) — X'(R) which is natural with respect to R. Let X — X’ be the
corresponding morphism of F-varieties.

Consider the cartesian square

XxY — X'xY

l |

X — X'

By Proposition, we can identify the product X’ x Y with the grassmanian
I, (Z'). Since the inverse image of the vector bundle Z' with respect to the
morphism X — X’ is Z, the variety X x Y can be therefore identified with
I, (7).

Taking the inverse of the vector bundle 7' ®,, , J with respect to the
morphism X x Y — X’ x Y, we get the vector bundle Z ®4, , J. It proves
the second statement of Corollary. [

3. The Grothendieck group of a grassmanian

By ring we mean a commutative unital ring.

Let R be a ring. We consider only the descending filtrations R®) (i € 7)
on R satisfying the following conditions:

e R . RU < RO+ for all i, j and

e RO =R.

Let R be a ring with filtration and let M be an R-module. We consider
only the descending filtrations M® on M satisfying the following conditions:

o RO . MU < MO+ for all 4, j and

o MO = ).

DEFINITION 3.1. Let R be aring with filtration, let M be an R-module, let
€1,...,e € M, and let aq,...,ar € Z. We define the filtration on M induced
by the conditions e; € M (@) for i = 1,..., k to be the smallest filtration on M
satisfying these conditions.

The following assertion is evident:
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LEMMA 3.2. For every n > 1, the n-th term M™ of the filtration on M
induced by the conditions e; € M) (i =1,... k) is determined by the formula

M(n:Z na].

]

We fix the following notation for the rest of this Section: F'is an arbitrary

field, X is a smooth F-variety, r > n > 0 are integers, £ is a rank r vector

bundle over X, I & I',(€) is the grassmanian of n-planes in the vector bundle

&, and 7 is the structure morphism I' — X. We put m =r —n.

We denote by T the tautological vector bundle on I' (also called the universal
vector subbundle on T, see [12, §14.6]). The rank of T equals n.

An (m,n)-partition X is a sequence of integers (Ai,...,\,) of length m
satisfying the condition n > Ay > -+ > X\, > 0. The weight || of X is by
definition the sum A; + -+ + A\,,.

Let s & (s1,S2,...) be asequence of variables. Additionally, we put sg defy

and s; 2 0 for all i < 0. For an (m, n)-partition A, the Schur polynomial Ay(s)
of A is the determinant of the matrix (sy,4;-){%-; (see also the definition of
[12, §14.5]). It is a homogeneous polynomial of weight ||, if every s; is taken
with the weight 1.

For every i > 1, let us substitute s; = (—1)¢;([T]) where [T] is the class of
T in K(I') and ¢;: K(I') — K(I') is the i-th Chern class with values in K (see

Definition 2.1 of Chapter 1). For any (m,n)-partition A\, we put Ay o A(s).
Since ¢;([T]) € K(I'®, we have Ay € K(T")(D.

We consider K(I') as a K(X)-module via the pull-back homomorphism
™ K(X) — K(I).

PROPOSITION 3.3. The K(X)-module K (T') is free and the elements { Ay},
where X runs over all (m,n)-partitions, form its basis. The topological filtration
on K(T') is induced by the conditions Ay € K(T)) (see Definition 3.1).

Proor. We have to show that the map

B, K(X) == K(D)
is an isomorphism of groups with filtrations, where the direct sum is taken over
all (m, n)-partitions A and for every A, the A-summand K (X) of the direct sum
is considered with the topological filtration shifted by |A|.
Since the filtrations are finite, it suffices to show that the induced homo-
morphism of adjoint graded groups

P PKE) E2 G K D)

is an isomorphism, where A, the class of A, in the quotient G K(T'). We
prove it (see Proposition 3.7) after we have introduced some additional notation
and proved some preliminary assertions.
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We repeat that we denote by Ay the class of Ay in the quotient G K/(T).
Note that A, can be also defined directly in the similar way as Ay by using
the the Chern classes with values in G*K (see Definition 2.8 of Chapter 1)
instead of the Chern classes with values in K.

Let us now substitute s; = ¢;(—[T]) € K(I') for every i > 1. For an (n,m)-
partition X', we put Vy & Ax(s). We have Vy € K(I')*D and we denote by
Vi € GNIK(T) the residue class. Note that Vy can be also defined directly
in the similar way as Vy by using the the Chern classes with values in G*K.
Now, taking the Chern classes with values in CH", let us define in the similar
way one more element VS € CHMI(T).

ProproOSITION 3.4. The map

oCH
P orix) =25 cr ),
A/

where X' runs over the set of all (n, m)-partitions, is an isomorphism of graded
groups.

Proor. First of all, it is evidently a homomorphism of graded groups
because VSH € CHY(T') for every X. Thus we only have to show that it is an
isomorphism of groups, without taking care for the gradations. This is done
in [12, Proposition 14.6.5]. O

An (n,m)-partition X" is called dual to an (m,n)-partition A, if X, (for every
i=1,...,n) is equal to the quantity of A\, ..., \,, which are > i.

LEMMA 3.5. Let A be an (m,n)-partition and let X' be the (n, m)-partition
dual to X. Then Ay = V. In particular, Ay = V.

PROOF. The first relation follows from [12, Lemma 14.5.1]. After that the
second relation is evident (note that |[A| = |N|). O

LEMMA 3.6 (“Duality theorem”). Let X and N be (n, m)-partitions such
that [N'| + |[N| < nm and let « € G*K(X). Then

— _ a, ifNl=m-—N_., foralll<i<n;
*V/~Vu-* = ’ ’ n—itl - =7
4 ( A X (a)) {O, otherwise.
PROOF. Denote by & € CH*(X) an arbitrary preimage of « with respect to
the canonical epimorphism CH*(X) - G*K(X). By the Chow group variant
of the duality theorem ([12, Proposition 14.6.3]), we have the formula

a, if N =m—XN _,  foralll <i<m
0, otherwise.

Since the canonical epimorphism CH*(—) — G*K(—) commutes with push-
forwards, pull-backs, and Chern classes, the formula required follows. n
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PROPOSITION 3.7. The map

PaPrx) =25 ¢ (D)
A
is an isomorphism of graded groups.

PROOF. By Lemma 3.5, the homomorphism } -Ay coincides with the ho-
momorphism Y -V, where X' runs over all (n, m)-partitions. By Proposition
3.4, the upper arrow in the commutative diagram

v CH

@ enr(x) =25 cnr(r)
A/

! l

Par(x) =GR (D)
)\/

is an isomorphism. Therefore the bottom arrow, i.e. the homomorphism
3 -V, is surjective. So, it remains to prove injectivity.

We prove injectivity of Y-V, in exactly the same way as injectivity of
S -V§H is proved in [12] (see the beginning of the proof of [12, Proposition
14.6.5]). Suppose that the homomorphism is not injective. Let ®ay be a
non-zero element of ker(Y>-Vy/). Choose an (n,m)-partition \' of maximal

weight such that as, # 0. Define another (n, m)-partition \” as follows: A/ o

m— S\;AHH fori =1,...,n. By Lemma 3.6, we have
0=m (V- (; V() = ;ﬂ'* (Vs - Vi -7 (@) = ay
a contradiction. O
The proof of Proposition 3.3 is complete. O]

REMARK 3.8. The assertion that K(I") is a free K (X )-module holds in a
more general situation, namely in the case where I' is a twisted grassmanian
over X. A proof can be found in [50, Theorem 4.4]. However the system
of generators which appears there has no “good relation” to the topological
filtration and differs from that of Proposition 3.3.

We are especially interested in the case where m =n =1 (i.e. in the case
of a projective line bundle) and in the case where m =n = 2.

COROLLARY 3.9. Let I' — X be a projective line bundle and let T be the
tautological vector bundle on I'. Then K(I') is a free K(X)-module with the
basis 1,1 — [T]; the topological filtration on K(T') is induced by the condition
1—[T] e KIT)W.

Proor. We apply Proposition 3.3 to the particular situation of Corollary.
Since now m = n = 1, we have only two (m, n)-partitions: A = (0) and A = (1).
In the first case we get Ay = 1, in the second case we get Ay =1—[T]. O
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COROLLARY 3.10. Let I' — X be the Grassmanian of 2-planes in a rank
4 wvector bundle over X. Denote by —n,p € K(I') respectively the first and
the second Chern classes of the tautological vector bundle on I'. Then K(T') is
a free K(X)-module with the basis 1,m, u,n?, un, u?; moreover, the topological
filtration on K(T') is induced by the conditions n € K(I')M; n? u e K(I')®);
nu € K(I)®; p? € K(I)W.

Proor. We apply Proposition 3.3 to the particular situation of Corollary.
We are going to compute A, for every (2,2)-partition A\. We use the notation
introduced above. In particular, sg, s, sy are variables and s_; = 0 = s3.

e For A\ = (2,2), we have

S1

Ay (s) = det (82 i3> = 55 — 5153 = 55 ; therefore Aoy = w2
2
e For A = (2,1), we have
S2 83
Ax(s) = det (S < ) = $281 — S0S3 = S281; therefore A1) = un.
0 51
e For A\ = (2,0), we have

So 8
Ax(s) = det (3_21 3(3)) = $280 — 5-183 = S280 ; therefore A ) = p.

e For A = (1,1), we have

Ax(s) = det (z(l) Z) = 57 — 5989 ; therefore Aqyy = n* — .

e For A = (1,0), we have

T
Ax(s) = det (s_ll 5(2)) = 5180 — 5-152 = s180 ; therefore A ) = 7.

e For A\ = (0,0), we have

Ax(s) = det (88_01 z;) = sg—s_151 = S5 ; therefore A = 1.

To finish the proof, we just replace Aq 1y by Aq 1y + Apo) = 1° O

4. Pull-back to generic fiber

We fix the following notation for this Section: F'is a field, X and Y are

irreducible varieties over F', m: X — Y is a flat morphism, 6 is the generic

point of Y, and X, e x Xy Spec F'(0) is the fiber of 7 over . We are going to

consider the pull-back with respect to the flat morphism of schemes 7: Xy — X.

Note that from the set-theoretical (even topological) point of view, Xj is
really the fiber of 7 over the point 6 (see [14, Exercise 3.10 after §3 of Chapter
I1]). In particular, X, is a subset of X.
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The group CH*(X) is generated by the classes [z] of points € X. The
pull-back homomorphism *: CH*(X) — CH"(Xy) is determined by the fol-
lowing rule: if x & Xy (i.e., if w(z) # 0), then i*([z]) = 0; if x € Xy (i.e., if
7(x) =), then i*([x]) = [z] € CH*(Xj).

PROPOSITION 4.1. The pull-back homomorphism i*: CH*(X) — CH*(Xjy)

1S surjective.

PrOOF. Take any generator a < [z] of the group CH*(Xj), where x € Xj.

If we consider = as a point of X, we get an element 3 o [z] € CH*(X) such
that *(8) = a. O

COROLLARY 4.2. The pull-back homomorphism i*: G*K(X) — G*K(Xj)
18 surjective.

ProoOF. The diagram
CH*(X) —— CH"(Xy)
G*K(X) —— G*K(Xy)

where the vertical arrows are the canonical epimorphisms (see Section 1), is
commutative. Since the map CH*(X) — CH*(Xj) is surjective (Proposition
4.1) and the map CH*(Xy) — G*K(Xj) is surjective, the map G*K(X) —
G*K(Xy) is surjective as well. O

COROLLARY 4.3. For any n > 0, the pull-back homomorphism
i K (X)W — K(Xy)™
1S surjective.

Proor. Follows from Corollary 4.2. O]

5. Weil transfer via Galois descent

In this Section, L/F is a finite Galois field extension of degree n with the
Galois group G. All varieties are assumed to be quasi-projective.

DEFINITION 5.1. Let X be an F-variety. An L/F-form of X is an F-
variety Y supplied with an isomorphism Y7, =X . A morphism of an L/F-form
Y to another L/F-form Y’ of the same variety X is a morphism of F-varieties
f:Y — Y’ such that the diagram of L-morphisms

Y, s vy
N
Xr

commutes.
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Let X be an F-variety. The (abstract) group Aut(Xy) of the automor-
phisms of the L-variety X can be supplied with a structure of G-module in

the standard way (see [79, §1.1 de Chapitre I1I]): for 7 € G and f € Aut(X})

one puts 7(f) o (idxy ® 7)o fo(idxy ® 771) where idx ® 7 is the automor-

phism of the scheme X; over F given by 7. Denote by Z'(G, Aut(X})) =
ZYL/F,Aut(X;)) the set of 1-cocycles on G with values in Aut(X;) ([79,
§5.1 de Chapitre I}).

Any L/F-form Y of X determines a cocycle z € Z'(L/F, Aut(X,)) ([79,
§1.3 de Chapitre III]): for any 7 € G, the automorphism z, € Aut(X) is the
composition

~ idy ® ~ idy®7~!
XL_>YL u} YL_>XL L) XL .

Moreover, the rule described above is a 1-1-correspondence between the set of
L/F-forms of X (up to the canonical isomorphism) and the set

ZNL/F, Aut(X}))

(compare to [79, 1.3 de Chapitre III]).

Now suppose that X = [[, T (the product of n copies of T' numbered by
the elements of G), where T is a variety over F'. We are going to construct a
special 1-cocycle z € Z'(L/F, Aut(X})) in this special situation.

The group S, of the permutations of the set G (recall that n = |G|) can be
naturally identified with a subgroup of the group Aut X;: a permutation of
the set G corresponds to the automorphism of the product X, =[], Y., given
by the permutation of the factors. Moreover, this way S, is a G-submodule
of Aut X7, with trivial action of G. In particular, the set Z'(G, S,,) consists of
the group homomorphisms G — 5,,.

For any 7 € G denote by z. € S, the left translation by 7, that is the
permutation o — 70 of the set G. The map z: G — S,, given by the rule
T+ z, is a group homomorphism and thus z € Z}(G, S,,).

We shall consider z as an element of Z'(L/F, Aut(Xy)).

DEFINITION 5.2. The following data are fixed: a finite Galois field exten-

sion L/F and an F-variety T. The L/F-form (see Definition 5.1) of the variety

x, ¢ [1o 71 determined by the cocycle z € Z'(L/F, Aut(Xy)) constructed

above will be denoted by R(T") or Ry/r(T).

REMARK 5.3. The variety Ry p(T) is the same as the Weil transfer (see
[8, 6.6 de §1 de Chapitre I] and/or [77, Chapter 4]) of the L-variety T}, with
respect to the extension L/F. Usually, working with varieties over fields, one
defines the Weil transfer for any finite separable field extension L/F and a
quasi-projective L-variety. However, we are interested here only in the case
where the extension L/F' is Galois and the L-variety “comes from F”. Defi-
nition 5.2 can be regarded as an alternative definition of the Weil transfer in
this particular situation. It is more convenient for our purposes: the property
of R(Y') we need (see Lemma 5.5 below) becomes evident.



6. GALOIS ACTION ON GROTHENDIECK GROUP 95

EXAMPLE 5.4. Let us take as L/F a quadratic extension L = F(v/d) with
some d € F* and as T the Severi-Brauer variety of a quaternion F'-algebra
(a,b). Then R(T) is the quadric determined by the quadratic form

(—a,—b,ab,d) .

LEMMA 5.5. Let L/F be a finite Galois field extension with the Galois
group G. Let T be an F-variety. For any 7 € G, the following diagram of
1somorphisms commutes

id®T
—

RT). R(T).

| !

(id®T) 0 27
HTL —_— HTL
a a
PRrROOF. It is a direct consequence of Definition 5.2. O

6. Galois action on Grothendieck group

In this Section, F'is an arbitrary field, L/F is a field extension (e.g. a
Galois extension), GG is a group of automorphism of L over F' (e.g. the Galois
group in the case where L/F is a Galois extension), Y is an F-variety.

The group G acts on the Grothendieck group K(Y7) of the L-variety Y.
We are interested in a condition on Y which guarantees that the action of G
on K(Y) is trivial.

LEMMA 6.1. Suppose that the group K(Y7) is torsion-free and that the
cokernel of the restriction map respp: K(Y) — K(Y1) is a torsion group.
Then the action of G on K (Y1) is trivial.

ProOOF. Take any y € K(Yz) and any o € G. Since Coker(resy/r) is a
torsion group, some multiple ny of y is in Im(resy r), therefore o(ny) = ny.
Since the group K(Y7) is torsion-free, it follows that o(y) = . O

Working with homogeneous varieties, we have the first condition of Lemma
6.1 for free: the group K(Y) is natural (with respect to extensions of the base
field F') isomorphic to K(A), where A is a separable algebra (i.e. the direct
product of simple algebras with centers separable over F') ([65, Introduction]).
As to the second condition, it is equivalent to the condition that every simple
component of A is central over F'. We are not interested here in a complete
list of homogeneous varieties satisfying this condition. We only notice that
the generalized Severi-Brauer varieties are included (see [69, Theorem 4.1 of
§8] for the case of usual Severi-Brauer varieties and/or [50, Theorem 4.4] for
the case of generalized Severi-Brauer varieties) as well as their direct products
([59, §1.8]). So that we have

COROLLARY 6.2. Let Y be a product of generalized Severi-Brauer vari-
eties. Then the action of G on K(Y1) is trivial. O
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COROLLARY 6.3. Let L/F be a finite Galois extension, G its Galois group,
and Y a product of generalized Severi-Brauer varieties over F. Let us identify
R(Y) with [[, YL (see Definition 5.2). Then for any o € G the automor-
phism of K(R(Y')r) given by o corresponds to the automorphism of K(I ], Yz)
given by the automorphism of the product induced by the permutation z, of the
factors, where z, is the left translation by o.

Proor. By Lemma 5.5, the diagram
KRY)) —2— K(R(Y)L)

| |

E(Ivy) —= K(IYz)
€] a
commutes. By Corollary 6.2, ¢ over the bottom arrow is the identity. O

7. Product of conics

In this Section, the ground field is denoted by [ in order to adopt the
notation to the situation where the results of this Section will be applied.
We fix an algebraic closure [ of the field . All algebras and varieties in this
Section are algebras and varieties over I. For any variety X, we denote by X
the [-variety X;. For any homogeneous variety X, we identify the ring K(X)
with its image in K (X) under the restriction homomorphism which is injective
because the group K(X) is torsion-free ([65, Introduction]).

We also need to introduce certain terminology concerning the abelian groups
with filtration.

Let A be an abelian group. We consider only the descending filtration A®
(i € Z) on A satisfying the condition A® = A.

DEFINITION 7.1. Let A be an abelian group with filtration and a € A.
We define the codimension codimg a of a in A as

codimy a < sup{i € Z| a € AV}

DEFINITION 7.2. Let A be an abelian group with filtration. A system of
generators ag,...,a, of A is called filtering if for any i € Z the term A® is
generated by a subsystem of ay, ..., a, (and hence, generated by the subsystem
of the elements of codimensions > 7). A filtering system is called a filtering
basis if the abelian group A is free and aq, ..., a, form its basis.

Clearly, to determine a filtration on A, it suffices to give a filtering system
of generators with their codimensions. Giving a filtering system of generators,

we shall first write down its elements of codimension 0; then, after the “;”-sign,
the elements of codimension 1; and so on.

LEMMA 7.3. Let Q) be a split quaternion algebra and let Y be its Severi-
Brauer variety. Denote by p € K(Y) the class of a rational point. Then 1;p is
a filtering basis of K(Y). The multiplication in the ring K(Y') is determined
by the formula p* = 0.
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PROOF. Since the quaternion algebra @ is split, the variety Y is (isomor-
phic to) a projective line. The statement on the filtering basis follows now e.g.
from Corollary 3.9 (note that the tautological vector bundle 7T corresponds to
the locally free module O(—1) and that p = 1 — [T]). Since p? € K(Y)® and
dimY = 1, it follows that p? = 0. O]

LEMMA 7.4. Let () be a quaternion dwvision algebra and let Y be its Severi-

Brauer variety. Denote by p € K(Y') the class of a rational point. Then 1;2p
is a filtering basis of K(Y).

PROOF. Since there exists a quadratic extension of L splitting (), the trans-
fer argument shows that 2p € K (Y)®). Thus K(Y) contains the subgroup of
K(Y) generated by 1 and 2p; the index of the latter subgroup in K(Y) is 2.
Since there is a natural (with respect to extensions of scalars) isomorphism

K(Y)~K(L)® K(Q) ([69, Theorem 4.1 of §8]), the index of K(Y) in K(Y)
equals ind @ = 2. Consequently, K (Y') coincides with the subgroup generated
by 1 and 2p.

Now we check the statement on the filtration. We have K(Y)®M c K(Y)N
K(Y)® and the intersection is evidently generated by 2p. From the other
hand, we have already shown that 2p € K(Y)®. Thus K (Y)® coincides with

the subgroup generated by 2p. O
For two next lemmas, we fix the following notation: )1, ..., Q, are quater-
nion algebras; for ¢ = 1,...,n, let Y; be the Severi-Brauer variety of (); and

let pr;: Yy x ... xY, — Y, be the projection.

LEMMA 7.5. Suppose that the quaternion algebras Qq,...,Q, are split.
Then the map

pri-pri i K(Y1) @z @2, K(Y,) = K(Y; x -+ x Yp)
s an isomorphism of rings with filtration. In particular,
L Apits {pipjticss -5 D1 P

is a filtering basis of K(Yy X -+ X Y,,), where p; € K(Y;) are the classes of
rational points.

PROOF. Since the quaternion algebras )y, ..., Q, are split, the varieties
Yi,...,Y, are (isomorphic to) projective lines. O

LEMMA 7.6. Suppose that the quaternion algebras Q1, . .., Q, are such that
the tensor product ()1 @; - - ®; @y, s a skewfield. Then the map
pri-pri K(Y1) ®z - @7 K(Y,) = K(Y; X -+ xY,)
1 an isomorphism of rings with filtration. In particular,
L {2pi}s; {4pipiticss -5 2"P1 D

is a filtering basis of K(Yy x --- x'Y,,), where p; € K(Y;) are the classes of
rational points.



98 5. NEW EXAMPLES OF QUADRATIC FORMS

ProOF. The map pri---pri: K(Y1) ®z - @z K(Y,) = K(Y1 x --- X Y,)
(which is a homomorphism of rings with filtrations) is evidently injective. To
check that its image, i.e. the group K(Y7)--- K(Y,,), coincides with K(Y; x
.-+ x Yy,) it suffices to check equality of the indexes (compare to the proof of
Lemma 7.4). Since by [69, Theorem 4.1 of §§]

K(Y; % xY,) =2 K((FXQ1)® & (FXQy))

and for any 1 <1¢; < --- <4 < n the product Q;, ®---® @), , being a division
algebra, has the index 2%, the index of K(Y; x --- x Y,,) in K(Y} x --- x Y},)
coincides with the index of K (Y;)--- K(Y,).

Now we check the statement on the filtrations. For any p > 0, the following
inclusions are evident:

(K(yl) e K(Yn))(p) def Z K(Y'l)(il) K (Y,) 0 ¢
11++'Ln:p
CEYyx - xY) P CKY; x---xY,)NK(Y; x---xY,)®
Since the first term coincides with the last one, we are done. O
Let vV & SB(Q) and Y aof SB(Q°P), where @) is a quaternion algebra.
The canonical vector bundle Z on Y is a right ()y-module while the canonical

vector bundle Z on Y is a left Qy-module. Denote by £ the tensor product
7 ®q, Z. It is a vector bundle of rank 1. Let p and p be the classes of

rational points on Y and V.

A

LEMMA 7.7. In the notation introduced right above, the class of £ in K(Y x
Y) equals (1 —p)(1 — p).

PROOF. First note that 4[€] = [Z] - [Z], because 4 = dim; Q. For the rest
of the proof we assume that () is split. The varieties f/, Y are (isomorphic to)
projective spaces and [Z] = 2[Oy(—1)], [Z] = 2[Oy(—1)] ([69, §8.4]). Finally,
since p is the class of a hyperplane, we have p = 1 — [Oy(—1)]. Analogously,
p=1—[05(—=1)]. So, we get the formula 4[] = 4(1 — p)(1 — p). Since the
Grothendieck group is torsion-free, one can divide by 4. m

8. Preliminary calculations I

The goal of this Section is Proposition 8.5.

In this Section, the ground field is denoted by [ in order to adopt the
notation to the situation where the results of this Section will be applied.

We are going to treat a rather special situation which will occur in Section

10. Let @, and @, be quaternion division [-algebras such that the tensor
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product ) o @, lQQ is a skew-field. For ¢ = 1,2, we put
Y def A O \% def A OP
Q; = Q : Q Q
Y: E€SBQ,). Vi € SB(Q)
T “sB2Q). T “SBEQ).
X, ¥y, <y, X X, xXy, ¥ “xuTxT.

Let I 1 be the canonical vector bundle on Yl, IQ the canonical Vector bundle
on YQ, and j the canonical vector bundle on T The tensor product I 1 ®IQ of
the Vector bundles over X i 1s a right Qae module, while .7 is a left QX module.
Put T o (%1 ®Ig) ®A j and denote by —n, 1 € K(X) the first and the

second Chern classes of T
Let I 1 be the canonical vector bundle on Yl, IQ the canonical veotor bundle

on Yg, and j the canonical vector bundle on T The tensor product Zl ®IQ of

the Vector bundles over X i 1s a right Qx module, while j is a left Qx module.

Put T o (I, ® IQ) ®é j and denote by —n, 1 € K(X) the first and the
ES

second Chern classes of 7v'

By pl, p2, pl, and p2 we denote the classes of rational points on Yl, Yz,
Yl, and Y2

PROPOSITION 8.1. A filtering basis of the group K(X) is given by the prod-
ucts of elements of the following table such that from every column at most one
element is taken:

AN A N Vv ANV A Vv NV N vV
1] 2py | 2py | Py + D1 — P1P1 | P2+ Do — DaDo 'rz2 n2
2 /\7% v7/'\//,
3 P | g
2 V2

4 Iz p

The codimension of an element in the table is the number of the line where it
is placed; the codimension of an element of the filtering basis is the sum of the
codimensions of the factors.

Proor. By Corollary 2.4, the projection Y| X Yo xT — Y x Y, is a

\%
grassmanian. Thus X — X x T is a grassmanian as well (this morphism is
obtained from the previous one by a base change). More precisely, it is the
grassmanian of 2-planes in a rank 4 vector bundle. Moreover, by Corollary 2.4,

T is the tautological vector bundle of this grassmanian. Therefore, by Corol-
A A2 AN A2

lary 3.10, K(X) is a free K (X x T) module with the basis 1,7, 11,7 , an, i’ and



100 5. NEW EXAMPLES OF QUADRATIC FORMS

the topological filtration on K (%) is induced by the conditions 7 € K (%)™V;
A2 A AN A2
n,pe K(X)®; que KXW, p e K(X)W.

We have reduced the problem of computation of the group K (X) with the
filtration to the similar problem for K (X x T').

\% \% \%

By Corollary 2.4, the projection Y x Yo x T — Y| x Y5 is a grassmanian.

\%
Thus X x T" — X is a grassmanian as well (this morphism is obtained from
the previous one by a base change). More precisely, it is (once again) the

grassmanian of 2-planes in a rank 4 vector bundle (Corollary 2.4). Moreover, T
is the tautologlcal vector bundle of this grassmanian. Therefore, by Corollary
\2 \/2 VvV Vv \/2
3.10, K (X x T) is a free K(X)- module with the basis 1,7, £, 77 un, i and the
topological filtration on K (X ><T) is mduced by the conditions n € K (X ><T)( )
2 v2 v

€ K(X x T)(Q) ni e K(X x T) € K(X xT)W

We have reduced the problem of computation of the group K (X x T') with
the filtration to the similar problem for K (X).

By Proposition 3.3, the projection Y2 X Y2 — Y2 is a projective line

bundle. Thus X — X; x Y2 is a projective line bundle as well (this morphism
is obtained from the previous one by a base change). Moreover, according
to Lemma 7.7, the class of the tautological vector bundle on this grassmanian

equals (1— p2)(l — 1v92) Consequently, by Corollary 3.9, K(X) is a free K (X3 x

Yg) module with the basis 1 p2 +p2 DPoby; the topological filtration on K (X))

is induced by the condition p, + p, — Popy € K (X)W,
We have reduced the problem of computation of the group K (X) with the

A
filtration to the similar problem for K (X; x Ys).
By Proposition 3.3, the projection X; — Y is a projective line bundle.
N A

A
Thus X; x Yy, — Y X Y, is a projective line bundle as well. Moreover,
according to Lemma 7.7, the class of the tautological vector bundle on this

grassmanian equals (1—p, )(1—p,). Consequently, by Corollary 3.9, K (X, xlA/g)
is a free K(ZAH X lA/Q)—module with the basis 1,p, + p, — p,py; the topological
filtration on K (X) is induced by the condition p, +p, — p,p, € K (X7 % lA/Q)(l).

We have reduced the problem of computation of the group K (X; X lA/Q)

with the filtration to the similar problem for K(Y; x Y5).
According to Lemma 7.6, the elements 1; 2]A91, 2?)2; 4]31}92 form a filtering

A A
basis of K (Y x Ys). O
A quaternion algebra has a canonical antiautomorphism (the canonical
simplectic involution). For ¢ = 1,2, via this isomorphism, we can identify the

algebras @), and (),. Taking the product of the antiautomorphisms, we identify
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the algebras ) and () as well. Thus the following varieties are identified: Y,

and Y, Yoand Yy, T and T.
Denote by s the automorphism of

N \ N \ A \
X=Y XY  xXYyxYyxTxT
given by the permutation of the factors interchanging every r-factor with the

corresponding v-factor. The induced ring automorphism of K (X) will be also
denoted by s.

LEMMA 8.2. Application of s to an element of the filtering basis of K(X)
given in Proposition 8.1 changes every ~-sign to vV-sign and vise versa.

PRrROOF. Clearly, the vector bundles 7 and T are interchanged by s. Thus,
the following elements of K(X) are interchanged by s: 7 and 7; 11 and f.
We can also consider s as an automorphism of K (X). Clearly, the following

elements of K (X) are interchanged by s: p, and p,; p, and p,. O

REMARK 8.3. Note that unfortunately s is not given by a permutation of
the basis of K(X) (although it is “almost” so): for instance, s(2p,) = 2p, is
not a basis element while 2]%1 is. If x is a basis element not containing 2}3,;
(1 =1,2) as a factor, then s(x) is a basis element.

Denote by L the function field [(T" x T') of the variety 7' x T. We are
going to work with the pull-back homomorphism K(X) — K(Xp). First we
calculate it in terms of the basis of K(X). Since it is a homomorphism of

K (X)-algebras, it suffices to calculate the images of 7A7, [/\L, 7V7, and /Vx
LEMMA 8.4. For the pull-back K(X) — K(XL), one has
A N A VANAY A VANRAY
n = 2(py+ Dy — Piba) ; i = 2pip,
n = 2P+ P2 —pipy) ; [ 2pip,
Proor. It suffices to check the statement over an extension of the base
field. Thus we may assume that the algebras Ql and Q2 are spht

Since 7 (Il®22)®A j and dim g Q = 16, we have 16[7'] [Iﬂ [%2][3]

Applying the pull-back to the rlght—hand side product, we get [Il] . [IQ] - 8
because the rank of the vector bundle j equals 8. Slnce Y1 and Yg are
projective lines, for i = 1,2, we have [ ] = 251, Where§ = [OA (=1).

Since the Chern classes are compatible with the pull-back, 1t follows that
the images of 77 and of p are respectively the first and the second Chern classes

of 2£,&5. o
Let us compute the total Chern class ¢; of 2£,&,:

Ct(22122) = (Ct(glgz))Q = (1 + (%122 - 1)t)2
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T herefore the first Chern class equals 2(5 52 — 1) and the second Chern class

equals (5152 — 1)2. Substituting 5 =1- pl We get the statement on n and
[ required (remember that by the definition, 7 is the first Chern class with
minus).

The statement on 7v7 and ZL is obtained in the similar way. O]

Let K(X)®* c K(X)“ be the subgroup of the s-invariant elements.
Let p be the class of a rational point on X. Note that p = p,p,pop, € K(X).

PROPOSITION 8.5. 2p & Im(K (%)% — K(X.)).

PrRoOOF. We are going to work with the following composition:
B K(X) » K(X1) —5 K(Xp) » K(X1)/4- K(Xp),

where L is an algebraic closure of L. We are going to show that 3 (K (%)(4)8) =
0. Since the class of 2p in the quotient K (X7)/4-K(X}) is non-zero (see Lemma
7.5), the affirmation of Proposition will then follow.

A filtering basis of the group K (X) is given in Proposition 8.1. The elements
of this basis having codimensions > 4 form a basis of the term K(X)® (see
Definition 7.2). The basis of K(X)® contains the elements

def AV A \V2 AV (A Vdef/\ \2 Y A \V2 AV (V
5 = (pr+p1—D101) (Do +Da—popo)it and € = (py+py—p1py) (Po+Da—DaDo )t -

Denote by H the subgroup of K (X)® generated by all basis elements except
¢ and &.
LEMMA 8.6. The sum H + 2K (X)W lies in Ker 8 and is s-invariant.

PROOF. Every basis element is a product of the following elements where
in the first column the codimension of the element in K(X) (see Definition
7.1) is given; in the last column the image under /3 of the element is given (see
Lemma 8.4):

(codim = 1) 2D, = 2

(codim = 1) 2D, = 2P

(codim = 1) P+ p1 p1p1 = Pt pl p1p1
(codim = 1) Do+ Do — DiD2 — Dyt pz DD
(codim = 1) 7 —  2(p1 + P2 — D1Ds)
(codim = 1) 7 = 2(p1 + P2 — Pips)
(codim = 2) [ = 21D,

(codim = 2) L = 2piD,

The image of each element of the table but that of p,+p, —p,p; and Dy+py—pPopy
is divisible by 2. If we like to form a product which is a basic element with
a non-zero image under 3, we are allowed to take no more than one copy of

]Aol + ]v91 — f)lgval, no more than one copy of ]A92 + ]V92 — ]A92]v92, and no more than
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one other element of the table. Therefore, the only generators of K (%)(4)
which have a non—zero image Wlth respect to 3, are f and f So, B(H) =

Moreover, since b’(f) =2p = 5(5), it follows that ﬁ(2§) =0 = 5(2¢). Thus
H + 2K(3€)< ) C Ker 3.
Since 2K (X)® is evidently s-invariant, it suffices to check the inclusion
s(H) C H+2K (X)W .
Take a basis element of H. It is a product of the elements in the table of
Proposition 8.1. Therefore, it is either x, either (2]31)31:, either (2?)2)50, either
(2D,)(2Dy)x, where z is a basis element of K (X) not containing 2p, (i = 1,2).

Since s(x) is again a basis element of H, we have no problem in the first case.

Set h; o pi +D; — b;p;. Note that p; = h; — p; + p;hs (here the relation of

A2
Lemma 7.3 p; = 0 is used).
In the second and in the third cases, we have (here again ¢ = 1,2):

s(2p;x) = 2p;s(x) = 2his(x) — 2ps(x) + 2p,his(z) .
The first summand is in 2K (X)®, the second summand is in H, the third
summand is in K (X)® c H.
Finally, in the fourth case, we have

s((2p1)(2py)z) = (291)(2p2) () =
= (2h1 + (2py) (hn — 1)) (2he + (2py) (he — 1)) s(2) =
= (2p1)(202) (A1 — 1) (hy — 1)s(x) = (2p,)(2p2)s(2) € H

where the first congruence is modulo 2K (X)) and the second congruence is
modulo K(X)® c H. O

—_~—

Denote by K(X)® the quotient K(X)®/(H + 2K (X)®). According to

Lemma 8.6, 3 determines a homomorphism of K(X)® and s determines an

—_—

automorphism of K (X)®). To show that B((K(X)®)*) = 0 it suffices to show
that

e~

ﬁ((K(f)(“))S) =0.
The group K/(\%)/ ) is generated by 5 and 5 subject to the only relations 25 =0,
25 = 0. These two generators are interchanged by s. Therefore, the group
(K/(SE)T‘*))S is generated by 2 + E Since 5(2 + E) = 2p + 2p = 0, we get the
relation required. O

9. Preliminary calculations 11

The goal of this Section is Proposition 9.4.
In this Section, the ground field is denoted by [ in order to adopt the
notation to the situation where the results of this Section will be applied.
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We are going to treat a special situation which will occur in Section 11.

AN AN
Let Ql and Q2 be quaternion division [-algebras such that the tensor product

Q o Q1 &y Q2 is a skew-field. For ¢ = 1,2, we put

\Y def W \Y Vv

Q; = Qz : Q EQ o0,

N def \% W\ def \ A

Q = Q1 Ry Q@ =0Q;90Q,

A ef d ef 4

vi SBQ), Vi TSBQ),

T LI SB(2, Q. T ' 9B(2, )

T ¢ SB(2,Q), T & 9B(2,Q), .

Xo Hyixy, X Y¥xixX, x ¥XxTxTxTxT.

Let % 1 be the canonical vector bundle on }A/'l, %2 the canonical vector bundle
on }A/Q, and 9 the canonical vector bundle on % . The tensor product %1 ®%2 of
the Vector bundles over X is a right g)x—module, while 9 is a left g\)x—module.
put 7 % (%1 ® %2) ®/y\ 9 and denote by —7, 11 € K(X) the first and the

second Chern classes of ’7'
Let I 1 be the canonical vector bundle on Yl, IQ the canonical Vector bundle

on Yg, and j the canonical vector bundle on T . The tensor product I 1 ®I2 of

the Vector bundles over X is a right (Qx-module, while 7 is a left ()y-module.

Put T % (7, © T,) @y J and denote by —0, i € K(X) the first and the
X

second Chern classes of %A’ » "
We define the vector bundles 7 and 7 in the similar way:

NN

and denote by —n, u € K(X) the first and the second Chern classes of %v’; by
—1, i € K(X) the first and the second Chern classes of 7.

By f)l, ]Aog, ]val, and ]V72 we denote the classes of rational points on Y, Y5,

}\}1, and {/Q.

PROPOSITION 9.1. A filtering basis of the group K(X) is given by the prod-
ucts of elements of the following table such that from every column at most one
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element is taken:

M\ N W W

1 21A91 2162 lgr + lv91 - lgrlvh ZA?Q + 1V72 - 1A72Zv72 Ui Ui n n
m M2 A N2 T w2 w w2
2 1| BT g, | 0T
3 pn | pm | pn | pn
4 m2 2 W2 w2

1 1 [t [

The codimension of an element in the table is the number of the line where it
1s placed; the codimension of an element of the filtering basis is the sum of the
codimensions of the factors.

Proor. By Corollary 2.4, the projection Y| X Yy xT — Y x Y, is a
grassmanian. Thus X — X xXT'xT x T is a grassmanian as well (this morphism

is obtained from the previous one by a base change). More precisely, it is the
grassmanian of 2-planes in a rank 4 vector bundle. Moreover, by Corollary

2.4, T is the tautological vector bundle of this grassmanian. Therefore, by
Corollary 3.10, K(X) is a free K(X x T x T x T)-module with the basis

WA WA \//\2 WAVA WA

L, u,n, ;m i and the topological filtration on K(X) is induced by the
V/\2 A%\ VAVA /\2
conditions n € K(X)W; 0", ne K(X)®; npe K(X)®; 1 e K(X)W.
We have reduced the problem of computatron of the group K (X) with the
filtration to the similar problem for K (X x T X T X T)

\% N A

By Corollary 2. 4 the prOJectron Y1 XYoxT —Y;x Y2 is a grassmanian.
Thus X x T X T X T — X X T X T is a grassmanian as well. More premsely, it

is the grassmanian of 2-planes in a rank 4 vector bundle. Moreover, T is the
tautological vector bundle of this grassmanian (Corollary 2.4). Therefore, by

Corollary 3.10, K(X x T xT x T) is a free K(X x T x T) module With the

NN /\\/2 NN /\\/2

basis 1,m, 1, n ,un, 1 and the topological filtration on K (X X T xT x T) is

NN ( ) /\v2 ( )

/\\/2 /\V
induced by the conditions 7 € KO: 5", ne K@, e K®: " e K
We have reduced the problem of computatlon of the group K (X x T X T>< T)

with the filtration to the similar problem for K (X x T x T) A filtering basis

for the latter group is given in Proposition 8.1 (note that the notation there is
MV WA \

slightly different: namely, n =17, 7 =1, i = i, and i = Ji. ]

A quaternion algebra has a canonical antiautomorphism (the simplectic
involution) For i = 1,2, via this isomorphism, we can identify the algebras
Q and Q Taklng the product of the antiautomorphisms, we 1dent1fy Q Wrth
Q and Q with Q Thus the following varieties are identified: Yl and Yl, Y2

MW

and Yg, T and T, T and T
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Denote by s; the automorphism of

N

X = Y1><Y1><Y2><Y2><T><T><T><T

glven by the permutatlon of the factors interchanging Y1 with Yl, T with T

and T with T (and leaving Y2 and Y2 untouched).
Denote by s the automorph1sm of X glven by the permutatlon of the

factors interchanging YQ with YQ, T with T and T with T (and leaving Yl

and Y1 untouched).
The induced ring automorphisms of K (X) will be also denoted by s; and
S9.

LEMMA 9.2. Application of s1 to an element of the filtering basis of K(X)
given in Proposition 9.1 changes every “first” ~-sign (i.e. a ~-sign placed over
p1 or a ~-sign placed on the first place over n or over u) to the v-sign and vise
versa: every “first” v-sign to the ~-sign; the “second” ~-and-v-signs are left
untouched. Application of sy to an element of the filtering basis changes every
“second” ~-sign to the v-sign and vise versa; the “first” r-and-v-signs are left
untouched.

Proor. We prove only the statement on si.
Clearly, s; interchanges 'T with 'T and T Wlth T Consequently, the fol—

W N

lowing elements of K (X) are interchanged by si: n and 7; 7 and 7; {1 and p;
ﬁ and ﬂ -
We can also consider s; as an automorphism of K (X). Clearly, the elements

p, and p; of K(X) are interchanged by s while the elements 132 and ]V92 are left
untouched. O

\%% A% WA\

Denote by L the function field of the variety T X T xT xT. We are going to
work with the pull-back homomorphism K (X) — K(Xp). First we calculate it
in terms of the basis of K (X). Since it is a homomorphism of K (X)-algebras,

W/\\/\//\/Y\\)\//\\/

it suffices to calculate the images of 1, 1, 1, 0, &, i, 1, and u
LEMMA 9.3. For the pull-back K(.’f) — K(X1), one has

Aﬁ\ = 2(]A71 +1A72_pAl]A72)§ ﬁ = 2]911%
W Vv \2 VARV W

n = 2(p; + Py — P1P2) ; poo— 2p1p2
n = 2(p; + Py — P1P2) ; L 2pips
VA Vv A vV A WA VvV A
n = 2(p; + Py — P1Py) ; [ 2pip,

PROOF. See the proof of Lemma 8.4. O]
Denote by G the subgroup of Aut K(X) generated by s; and ss. Let
KXx)®Yc K(x)®

be the subgroup of the G-invariant elements.
Let p be the class of a rational point on X. Note that p = p,p,p,p, € K(X).
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PROPOSITION 9.4. 2p ¢ Im(K(%)®¢ = K(X)).
ProOOF. We are going to work with the following composition:
B K(X) » K(X;) —" K(Xp) - K(X;)/4- K(X;),

where L is an algebraic closure of L. We are going to show that the residue
class of 2p is not in B((K(X)®)%).

We introduce some additional notation for elements of K (X) in order to
avoid repetitions of long expressions. For i = 1,2, we put

def A Vv def A v
Di = PiDis i = P; +D; — Pi

(although it is not essential for the consequent, we remark that: p; is the class
of a rational point on Xj; h; is the class of a hyperplane section if we identify
X; with the quadric hypersurface in the 3-dimensional projective space via the
Segre imbedding). Note that p = p1ps. We also put h o hihs.

A filtering basis of the group K (X) is given in Proposition 9.1. The elements
of this basis having codimensions > 3 form a basis of the term K(X)® (see

Definition 7.2). Denote by H the subgroup of K (X)® generated by all basis
elements except the following ones:

Qﬁzha 7*7h7 ,&ha ﬁhz
where : = 1,2 and * =m v, w.

LEMMA 9.5. The sum H + 2K (X)®) lies in Ker 8 and is G-invariant.

PROOF. Every basis element is a product of the following elements where
in the first column the codimension of the element in K(X) (see Definition
7.1) is given; in the last column the image under /3 of the element is given (see
Lemma 8.4):

(codim = 1) 2}31 = 2291

(codim = 1) 2D, = 20y

(codim = 1) hq =

(codim = 1) ho = hy

(codim = 1) n = 2(?’1 + ZA72 - pAlIgz)
(codim = 1) i = 2(p + Py — D1ps)
(codim = 1) n = 2(py + Py — Pipy)
(codim = 1) n = 2(%)1 + ZA72 - leIA72)
(codim = 2) 1 = 2p1p,

(codim = 2) it = 2pip,

(codim = 2) i = 2p1p,

(codim = 2) i = 2pip,

The image of each element of the table but that of h; and hy is divisible
by 2. Easily seen, the basis elements of K (X)®, which have a non-zero image
with respect to (3, are precisely the basic elements excepted in the definition
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of H. In particular, 5(H) = 0. Moreover, since the image under  of any
excepted basis element is divisible by 2, it follows that H + 2K (X)® C Ker 3.

Now we are going to check the G-invariance. We shall check only the
affirmation on s; (the affirmation on s, is checked in the similar way). Since
2K (X)® is evidently s;-invariant, it suffices to check the inclusion

s1(H) C H+2K(%)® .

Note that the elements 2f)1, h1, ho, and h are s;-invariant.
Take a basis element of H. It is a product of the elements in the table

of Proposition 8.1. Therefore, it is either x, either (Qﬁl)x, where z is a basis

element of K (¥) not containing 2p, as a factor. Since sy(z) is again a basis
element of H, we have no problem in the first case.
In the second case, we have v € K(X)® and

31(2f71m) = 2{)131(37) = 2hys1(x) — Qﬁlsl(x) + Zﬁlhlsl(x) )

The first summand is in 2K (X)® and the second summand is in H. We are
going to show that the third summand is in H.
First suppose that = contains h; as a factor. Since h; is sj-invariant, s;(x)

contains hy as well. Since h? = 2p,p, and (p;)?> = 0 (Lemma 7.3), we have
Zf)lhlsl(a:) = 0 in this case. So, consider the case where x does not contain h;
as a factor. Since x also does not contain 2]A91, s1(x) contains neither hy nor
2p, and so, the product Qﬁlhlsl(aﬂ) is a basis element of K (X)@. If it is not in
H, then it should be an excepted basis element. However the excepted basis
element of the codimension 4 are hp, * =ma,wmw, and Qﬁlhlsl(x) is not of

that kind. Thus 2p,his;(z) € H.
O

P

Denote by K(X)® the quotient K (X)® /(H + 2K (X)®). According to
Lemma 9.5, 8 determines a homomorphism of K (X)®) and the group G acts
on K(X)®). To show that S(K(X)® ) F 2p, it suffices to show that

—~——

B(K(X)@)Y) F2p.

The group K (X)®) is a vector Z/2-space with the basis given by the classes
of the excepted basis elements:

oph . nh, [h, [ih; .
It is easy to calculate their images under S:
B(2p,h) = 2pihy i B(2p,h) = 2pahy
(1) 5(7*7}1) = 2p1ha + 2pahy + 2p ;5(/%) =2p;
ﬁ(ﬁfh) = 2291;72 3 5(ﬁh2) = 21.91192 ;
where o,0 € {v,7}.
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Since for i = 1,2
5i(2p;h) = 2p;s(h) = 2hih — 2p;h + 2p;hih =
= 2h;h — 2p;h = 2p;h (mod 2K (X)),

and s3_;(2p;h) = 2p;h, the residue classes in K(X)® of 2p,h and 2p,h are
G-invariant. The action of G on nh, jh, and ph; is described in Lemma 9.2
(G permutes these generators). Summarizing, one sees that the G-invariant

part of K(X)® is generated by
Qﬁlhv 2ﬁ2h‘7 Zﬁha Z,&ha Z:&h‘lv ZﬁhQ

Using the formulas {, one can easily compute the images of these generators

under [:
5(2;91]1) = 2p1hy ; 5(21A72h) = 2pohy ;

5 (Sin) =0t = 0; 5 (Sin) = 45(m) =0

p (Z ﬁhl) = 4P1]A92 + 4p1]v72 =0; B (Z /*ih2> = 4]31172 + 41v?1p2 =0.

It follows that B ((K (X)®)) is the subgroup of K (X;)/4K (X) generated
by the residue classes of 2pihy = 2D, Dy (Py + Dy — DoDs) and 2pahy = 2pypy (py +
P, — pupy)- Therefore 2p = 2p,p,Dopy & B((K(%)(i”))G) (by Lemma 7.5, the
group K(X7j) is free with the basis given by the products of D1y D1y Dy, and

p2>- L

10. First basic construction
Let k£ be a field of characteristic different from 2, containing elements

ay, b17a27627d S k*
def

such that | = k(v/d) is a field and the biquaternion l-algebra
((alu bl) Ok (a27 62))1

is a skewfield.
Let T' be the generalized Severi-Brauer variety (see Section 2) of rank 2
right ideals in the biquaternion k-algebra (ai, b;) ® (az,be). Denote by K the

function field of the k-variety R(7T") = Ry (T") (see Definition 5.2).

Put L & K(V/d). Since R(T); ~ T; x T (see Section 5), one has

ind ((al, b1) ® (asg, bg))L =2

by the index reduction formula [7, Theorem 3].
For i = 1,2, let ¢; be the quadratic form (—a;, —b;, a;b;, d) over K.
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THEOREM 10.1. For any odd field extension K'/K, the quadratic forms
(1) and (q2) g+ are non-linked. In particular, the forms ¢ and qo themselves
are non-linked.

PrROOF. Remember that the quadratic forms ¢; and ¢, are in fact defined
over k and denote by X; and X, the projective quadrics over k£ determined by

¢1 and ¢o. Set X def X1 x X5. We have to show that the degree of any closed
point on the variety X is divisible by 4.

Consider the Grothendieck group K (Xf) of the variety Xy supplied with
the topological filtration. Let p € K(Xj) denote the class of a rational point.
To show that degree of every closed point on X is divisible by 4, it suffices
to show that 2p ¢ K(Xk)q), where K(Xg)() is the O-dimensional term of
the topological filtration on K(Xg). Since dim X = 4, we have K (Xg)q) =
K(Xg)W

The pull-back homomorphism K (X x R(T))® — K(Xg)@W, given by the
flat morphism of schemes Xx — X x R(T'), is surjective by Corollary 4.3.
Therefore it suffices to show that 2p is not in the image of this homomorphism.

Denote by o the non-trivial automorphism of [ over k. The group K (X X
R(T))™ is contained in the o-invariant part of the group K(X; x R(T);)™.
Thus it suffices to show that

2p & Im (K (X; x R(T )W 7 — K(Xp)) .

For this, we apply Proposition 8.5.

In order to meet the conditions of Proposition 8.5, note that for i = 1,2,
one has X; ~ R(Y;), where R = Ry, and Y is the Severi-Brauer variety of
the quaternion k-algebra (a;, b;) (see Example 5.4).

Thus we have X x R(T) ~ R(Y1 x Yo x T'). Therefore, we can identify
X; X R(T'); with the product

def A A Vv \%

X = Y1XY2XTXY1XY2XT

where Y, Y, are two copies of (Y;); and T, T are two copies of T;. More-
over, by Corollary 6.3, the automorphism of K(X; x R(T);) induced by o
corresponds to the automorph1sm of K (%) induced by the permutation of the

factors interchanging Y with Y and T with T
We have met the conditions of Proposition 8.5. Applying it, we get the
affirmation required. O]

COROLLARY 10.2. For any field ky with charky # 2 there exist a field
extension K /kq and elements ay, as, by, by, d € K* with the following properties:

o ind((al, bl) ® (GQ, b2)>K(\/E) = 2;
e for any odd field extension K'/K, the quadratic forms

q o (—a1, =bi,a1b1,d) and g¢o o (—ag, —by, azby, d)

are not linked over K'.
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ProOF. Put k & ko(a1, by, az,be,d) where aq,by,as,by,d are indetermi-

nates. Then [ & k(V/d) is a field and the biquaternion l-algebra ((a1,b1) ®

(a9, bg)) , is a skewfield. For the field K D k as in Theorem 10.1, all affirmations
of Corollary hold. m

11. Second basic construction
Let k be a field of characteristic different from 2, containing elements
ai, by, a0, by, dy,dy € k7
such that 1 % k(v/dy,/ds) is a field and the biquaternion l-algebra
((Gl, b1) @y (az, bz))l

is a skewfield.
Let T be the generalized Severi-Brauer variety (see Section 2) of rank 2
right ideals in the biquaternion k-algebra (ai, b;) ® (az,b2). Denote by K the

function field of the k-variety R(T') = Ry(T') (see Definition 5.2).

Put LY K(/dy, /dy). Since R(T); ~ T;** (see Section 5), one has

ind ((al, bl) & (CL27 bQ))L =2

by the index reduction formula [7, Theorem 3].
For i = 1,2, let ¢; be the quadratic form (—a;, —b;, a;b;, d;) over K.

THEOREM 11.1. Denote by X, and Xy the projective quadric over K de-
termined by q1 and q. The Chow group CHQ(Xl x X3) has a torsion.

ProOF. Put X % X, x X, and consider the Grothendieck group K(X)

of the variety X. There is an isomorphism CH?(X) ~ K(X)®? (see [81,

§9]), where K (X)®3) ¥ K(X)®/K(X)® is the 2-codimensional successive
quotient of the topological filtration on K(X) . We are going to show that
this quotient contains a torsion.

Denote by p € K(Xj) the class of a rational point. As we did all the time,
we identify K (X) with a subgroup of K(Xj) via the restriction homomor-
phism.

LEMMA 11.2. 2p € K(X).

PRrROOF. Fori = 1,2, denote by U; Swan’s vector bundle on X; ([82]). It has
a structure of right (Q;) x,-module, where Q); o (ai, b;) . For the class [U;(2)] €
K(X;) of the 2 (because 2 = dim X;) times twisted Swan’s vector bundle, there
is a formula ([32, Lemma 3.6]): [U;(2)] = 4 + 2h; + h?, where h; is the class of
a general hyperplane section of X;. Lifting to X, we can consider the tensor
product Uy ®x Us. It has a structure of right Q)1 ®x (Q2-module. Therefore,
since ind Q; ®x Q2 = 2, the class [U;(2) @U(2)] = (4+ 2hy +h3)(4+2hy + h3)
is divisible by 2 in K(X). Thus the product h?h3 is divisible by 2. Since
h?h% = 4p, we are done. ]
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Since one can find a field extension of K of degree 4 such that the forms ¢;
and ¢, become isotropic over this extension, one has 4p € K (X)®. Therefore,
if we manage to show that 2p ¢ K(X)®, we get an element of order 2 in the
quotient K (X)/K(X)® namely the class of 2p. Since the groups K (X )V
and K(X)1/? are torsion-free (see [74, Lemme 6.3, (i)] for the statement on
K(X)/2) ~ CH' (X)), it will be a non-trivial torsion element in K (X)®/3).

So, the last step in the proof of Theorem is the following

LEMMA 11.3. 2p & K(X)©.

PrROOF. Remember that the quadratic forms ¢; and ¢, are in fact defined

over k. Let us change the notation and from now on denote by X; and X, the

projective quadrics over k£ determined by ¢; and ¢o. Set X = o X1 x Xy, We

have to show that 2p ¢ K (Xx)®).

The pull-back homomorphism K (X x R(T))® — K(Xg)®, given by the
flat morphism of schemes Xx — X x R(T), is surjective by Corollary 4.3.
Therefore it suffices to show that 2p is not in the image of this homomorphism.

Denote by G the Galois group of the biquadratic field extension I/k. The
group K (X xR(T))® is contained in the G-invariant part of the group K (X, x
R(T);)®. Thus it suffices to show that

2p & Im (K (X; x R(T)))®Y — K(X1)) .

For this, we apply Proposition 9.4.

In order to meet the conditions of Proposition 9.4, for ¢« = 1,2, put [; aof

k(v/d;) and denote by o; the non-trivial automorphism of I over l3_;. The
group G consists of 1, 01, 09, 0109 and is generated by o1, 0.

Let Y; be the Severi-Brauer variety of the quaternion k-algebra (a;,b;).
One has X ~ Ry, /k(Y) (see Example 5.4). Therefore, we can identify (X;),

with Y X YZ, where Y and Y are two copies of the variety (Y;);; moreover,
by Lemma 5.5, the automorphism of (X;); given by o; corresponds to the

A \%
automorphism of Y; x Y, given by o; composed with the interchanging of
the factors. The automorphism of (X;); given by o3_; corresponds to the

automorphism of Y; x Y; given by o3_;.
We also can identify R(T); with [[, 7;. Choosing the following correspon-
dence between the signs m, w, ~, v and the elements of G:

m = 1.1 = 1
W 0109
N & 1l-og = 09
w & o011 = o1

M WA W

we identify R(7T'), with % X % X % X % where T, T, T, T are copies of T;. The

automorphism of ’R( ); given by o7 corresponds under this identification to the
w A WA\

automorphism of T x T x T x T given by o, composed with the interchanging
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of T with T and of T with T'. Analogously, the automorphism of R(7T); given

W N WA
by o9 corresponds to the automorphism of T'x T x T x T given by o9 composed

M\ N wW VA

with the interchanging of 7" with T" and of T with T
Summarizing and passing to the Grothendieck group of the varieties, we

get the following commutative diagram (for i = 1, 2):

K(Ruy k(Y1) X Ruype(Ya)y X R(T)1) ——= K (R, je(Y1)i X Rupe(Ya)r X R(T):)

| |
K(%) Zio%, K (%)

where X and s; are as in Proposition 8.5. By Corollary 6.2, g; over the bottom
arrow is the identity.

We have met the conditions of Proposition 8.5. Applying it, we get the
affirmation required. O

Theorem is proved. O

COROLLARY 11.4. Letk be a field of characteristic # 2 and a,b,u,v,d,d €
k*. Suppose that d,d,dd ¢ k** and ((a,b) & (u, V) (vave) 18 a division alge-
bra. Put p = (—a,—b,ab,d), ¥ = (—u,—v,uv,0). Then there exists a field
extension K/k such that

Tors CH*(X,,. x Xy,.) ~7Z/2Z and ind Co(pr) @ Co(vx) =2 .

PK

ProOF. To come to the situation considered above, we simply put a; = a,
by =0, ay = u, by = v, dy = d, and dy = ¢, so that ¢ = p and ¢ = 9.

Let K be the field extension of k constructed in the beginning of this
Section. By Theorem 11.1, the group Tors CH?*(X,, X Xy, ) is non-trivial.
From the other hand, by Theorem 5.7 of Chapter 4, the order of this group is
at most 2. Therefore Tors CH*(X,,. x Xy, ) ~ Z/2Z.

Finally, let us note that Co(p) ~ (a,b), g and Co(¥) = (u,v), /5. Con-
sequently ind Cy(px) ® Co(¢x) = ind ((a,b) ® (u,v)), = 2. O

12. Quadratic forms over complete fields

In this section we need some results concerning the Witt ring over a com-
plete discrete valuation field. We fix the following notation:

e (L,v) is a complete discrete valuation field.

o We set Op = {z € L*|v(z) > 0}, M, = {z € L|v(x) > 0}, and
Uy =90, —M;p = {ZL’E L|U(I) :0}.

e Residue field L is defined as O /M.

e For any a € O, we denote by @ the class of a in L = O /M.

If @ € U, we obviously have @ € L*. Let m be an element of L such that
v(m) is odd. Since L*/L** = U,/Us* x {1,7}, an arbitrary quadratic form
¢ over L can be written in the form ¢ = (ay,...,ax) L 7 (b,...,b) where
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ay ... ag,bi,..., b € . We define quadratic L-forms dl(¢) and d2(¢) as
follows:

d71r(¢> = <&1a S 7dk>an7 di(qﬁ) = <617 e 7Bl>an

REMARK 12.1. 1) Springer’s theorem asserts that a quadratic form ¢ and
an element 7 € L* determine quadratic forms d!(¢) and d2(¢) uniquely up to
isomorphism !. The maps

dL, d> : {isometry classes of L-forms} — {isometry classes of L-forms}

give rise to group homomorphisms W (L) — W(L), which are called the first
and the second residue class and denoted by 0, and 0, (see [48, §1 of Chapter
6] or [76, Definition 2.5 of Chapter 6]).

2) In the case where ¢ is anisotropic, quadratic forms (ay,...,a;) and
<51, e ,Bl> are anisotropic as well. Thus, in this case

Q(6) = (an,....a0), (@)= (..., B).

LEMMA 12.2. Let ¢ and 7 be anisotropic quadratic forms over a complete
discrete valuation field (L,v). Let m be an element of L such that v(r) is odd.
Suppose that T C ¢. Then d.(7) C dL(¢) and d*(T) C d2(¢).

PROOF. Let v be such that 7 1 v = ¢. It follows from Remark 12.1 that
dp(1) L dp(7) = di(¢) and di(7) L di(y) = d2(¢). Thus d;(7) C di () and
d;(1) C d2(9). O

LEMMA 12.3. Let ¢1 and ¢ be anisotropic quadratic k-forms. Let K =
E((t)), and let ¢ = ¢1 L téo be a quadratic form over K. Let L/K be an odd
extension. Suppose that there exists T € GPy(L) such that T C ¢r. Then there
exists an odd extension l/k of degree < [L : K| such that at least one of the
following conditions holds:

o there exists p € GPa(l) such that p C (¢1);.
o there exists p € GP(l) such that p C (¢2);.
e quadratic forms (¢1); and (@), are linked.

Moreover, we can take | = L.

PROOF. Since L/K is a finite field extension, L is a complete discrete
valuation field. Let v be a valuation on L, and let [ = L be the residue field
of L. We have [l : k] = [L : K] < [L: K]. Since L/K is odd, [l : k] is odd too.
Besides, the ramification index e(L/K) = v(t) is odd. Thus, d} and d? are well
defined. Since dim 7 = 4 and det 7 = 1, it follows that dim d} (7) and dim d?(7)
are even, dimd} () + dimd?(7) = 4, and det d; (1) det d?(7) = 1. Thus one of
the following conditions holds:

1) di(7) € GPy(L) and d2(7) = 0,

2) d?(1) € GPy(L) and d}(7) = 0,

'In the original version of Springer’s theorem, 7 is an uniformizing element of L. How-

ever, we can suppose that 7 is an arbitrary element such that v(7) is odd because there
exists a prime element 77, € L such that 7 = ny, in L*/L*Q.
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3) dimd}(7) = dimd?(t) = 2 and d}(7) is similar to dZ(7).
Clearly, d;(¢) = (¢1); and d2(¢) = (¢a);. It follows from Lemma 12.2 that
dL(r) C dL(¢) = (¢1); and d2(7) C d2(¢) = (¢2);. Thus, we are done. O

13. 8-dimensional quadratic forms ¢ € I*(F)

It is an important problem to find a good classification of 8-dimensional
quadratic forms ¢ € I?(F). One of important invariants of ¢ is the Schur index
of the Clifford algebra C(¢). Clearly, ind C'(¢) is equal to one of the integers:
1,2, 4, or 8.

If ¢ is a “generic” 8-dimensional form with det¢ = 1, then we have
ind C'(¢) = 8. This shows that we cannot say anything specific in the case
indC(¢) = 8. In the case ind C(¢) = 1 we have plenty information on the
structure of ¢. Indeed, in this case c(¢) = 0, and hence ¢ € I*(F). Finally,
APH implies that ¢ € GP3(F). The case ind C(¢) = 2 is well known too (see
for example [41, Example 9.12]). Namely, for a quadratic form ¢ € I*(F) the
following two conditions are equivalent: a) ind C'(¢) < 2; b) ¢ can be written
in the form ¢ = ((a)) ¢, where dim g = 4.

Thus, the only open case is ind C(¢) = 4. It is very easy to give examples of
quadratic forms ¢ with ind C'(¢) < 4. If ¢ = m L mo where my,m € GPa(F),
then c¢(¢) = c¢(m) + ¢(m2), and hence ind C'(¢) < 4. This example gives rise to
the following natural

QUESTION 13.1. Suppose that ¢ € I*(F) is an 8-dimensional quadratic

form with ind C(¢) < 4. Do there necessarily exist quadratic forms my,ms €
GPy(F) such that ¢ =m L my ¢

In this section we construct a counterexample for this question. We start
from the following

DEFINITION 13.2 (cf. [32, §7]). Let ¢ be a quadratic form over F.

1) By S(F) we denote the set of quadratic forms over F' satisfying the
following condition: there exists p € GP(F') such that p C ¢.

2) By Soaa(F') we denote the set of quadratic forms over F' satisfying the
following condition: there exist an odd extension L/F and p € GP,(L)
such that p C ¢. In other words,

Sodad(F) = {¢ | there exists an odd extension L/F such that ¢, € S(L)}.

Clearly, S(F') C Soaa(F). We do not know if there exists a field I’ such
that S(F) # Soaa(F).2 Our interest in the set Syqq(F') is motivated by the
following

THEOREM 13.3 (see [32, Theorem 7.3]). Let ¢ be a quadratic form of di-
mension > 3. The group Tors G1K(X,) is zero or equal to Z/2Z. The group

’In [32, Remark 7.2], it is remarked that a field F' and a 7-dimensional form ¢ €
Sodd(F) \ S(F') can be constructed. However, recently O. Izhboldin showed that the form ¢
the author had in mind is in fact in S(F).
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Tors G1 K (Xy) is nontrivial if and only if ¢ is anisotropic, dim¢ > 5, and
¢ € Soaa(F). [

PROPOSITION 13.4. Let ¢ € I*(K) be an anisotropic 8-dimensional qua-
dratic form such that ind C(¢) = 4. Then the following conditions are equiva-
lent:

1) ¢ € S(K), i.e., there exists p € GPy(K) such that p C ¢,
2) there exist p1, py € GPy(K) such that ¢ = p1 L po,
3) ¢ and q are linked, where q is an Albert form corresponding to the algebra

(o).

PROOF. 1)=2). Let p’ be a complement of p in ¢. We have ¢ = p L p'.
Clearly det p/ = 1 and dim p’ = 4. Therefore p' € GP(K).

2)=3). One can write p;, ps as follows: p; = ki {a1,b1)) and py =
ks ((az,be)). Then ¢(q) = c(¢) = (a1,b1) + (ag,b2). Therefore, ¢ is similar
to the form (—ay, —b1, aiby, as, by, —ashs). Obviously, ¢k ( /ar) and qx(/ap) are
isotropic. Hence ¢ and ¢ are linked.

3)=-1). Suppose that ¢ and ¢ are linked. Then there exists s € K* such
that ¢x (s and g5 are isotropic. We claim that iw (¢x(5) > 2. Sup-
pose at the moment that iy (¢x(s) = 1. Then (¢x( /5 )an is an anisotropic
Albert form. Then ind C(¢k(5) = 4. Since c¢(q) = c(¢), we see that
ind C'(qx(y5) = 4. Hence the Albert form gg () is anisotropic, a contra-
diction. Thus iy (¢x(5)) > 2. Hence there exists a 2-dimensional form p such
that p ((s)) C ¢. To complete the proof it is sufficient to set p = p (s)). O

In this section we construct some new examples of quadratic forms ¢ such
that ¢ ¢ Soqa(K) (and hence ¢ ¢ S(K)). The main tool for our construction
is the following

LEMMA 13.5. 1) Let ¢1 and ¢y be anisotropic k-forms such that ¢1, ¢ ¢
Soad(k). Denote by ¢ the quadratic form ¢y L tps over k((t)). Suppose that
¢ € Soad(k((t))). Then there ezists a finite odd extension l/k such that (¢1),
and (¢9); are linked.

2) Let ¢y and ¢ be anisotropic k-forms such that ¢1,¢s ¢ S(k). Let
¢ = ¢ L tdy be a quadratic form over k((t)). Suppose that ¢ € S(k((t))).
Then ¢1 and ¢o are linked.

PROOF. It is an obvious consequence of Lemma 12.3. O]

COROLLARY 13.6. Let ¢y and ¢ be 4-dimensional k-forms not belonging
to GPy(k). Suppose that (¢1); and (¢2); are not linked for any odd exten-
sion l/k. Then the quadratic form ¢ L tés over k((t)) does not belong to

Sodd(k((t)))' [

THEOREM 13.7. There exist a field K and an 8-dimensional quadratic
form ¢ € I*(K) such that ind C(¢) = 4 but ¢ & Seqa(K).
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PRrOOF. Let field k, elements aq, as, by, by, d € k*, and 4-dimensional qua-
dratic forms ¢, ¢ be as in Corollary 10.2. We set K = k((¢)) and

¢=q Ltg = (—ay, —bi,aiby,d) Lt (—as, —by,asby,d).
Clearly, dim¢ =4 +4 =8 and detL ¢ = 1. In W(K) we have ¢ = ({(a1,b1)) —
(d)) — t((az, b2)) — (d))) = (a1, b1)) —t {az, b2)) + ((d,)). Therefore, c(¢) =
(a1,b1) + (ag,bs) + (d,t). Applying Tignol’s theorem [83, Proposition 2.4], we
see that

ind C(¢) = ind((a1,b1) ® (az,b2) ® (d,t)) =
= 2ind((a1,b1) ® (a2, b2)) gy =2-2=4.
It follows from Corollary 13.6 that ¢ ¢ Syqq(K). O
COROLLARY 13.8. The answer to Question 13.1 is negative. O]

COROLLARY 13.9. There exist a field K and an 8-dimensional quadratic
form ¢ € I*(K) such that Tors G'K (Xy) = 0 for i # 4 and Tors G*K (X,) =
7)27.

PROOF. It is an obvious consequence of Theorem 13.7 and [32, Theorem
8]. m

THEOREM 13.10. Let ¢ € I*(k) be an 8-dimensional quadratic form. Then
the following conditions are equivalent:
1) ind C(9) < 4,
2) at least one of the following conditions holds:
(a) there exist wp,my € GPa(k) such that ¢ = m L 7o,
(b) there exist a field extension l/k of degree 2 and a quadratic form
T € GPs(l) such that ¢ = sy/5(7).

PROOF. 1)=2). If ¢ is isotropic, we can write ¢ as a sum ¢ = ¢ L (1, —1),
where ¢ is an Albert form. Writing ¢ in the form ¢ = s (—a, —b, ab, u, v, —uv, ),
we have ¢ = s {(a,b)) L —s{(u,v)). Setting m; = s ((a,b)) and m = —s (u, v)),
we are done. Thus we can suppose that ¢ is anisotropic.

Since ind C(¢) < 4, there exists an Albert form ¢ such that ¢(q) = ¢(¢).
If ¢ is isotropic, then ind C'(¢) < 2, and hence ¢ can be written in the form
925 = <<CL>> X <b1, bg, b3, b4> Settlng T = <<Cl>> ® <b1, b2> and To = <<CL>> ® <b3, b4>, we
have ¢ = m; L my and 7y, my € GPa(k). Thus in the case where ¢ is isotropic,
the proof is complete.

Now, we can suppose that ¢ and ¢ are anisotropic. Let p = ¢ L tq be
a quadratic form over K = k((t)). Obviously, dimp = 14 and p € I3(K).
It follows from [72] that there exist d € K and m € P3(K(v/d)) such that
p=¢ L tq is similar to sK(ﬁ)/K(\/aﬂ’). Let L = K(Vd).

Since K*/K** = k*/k*? x {1,t}, it is sufficient to consider the following
two cases:

e d=ac€k",

e d has the form at with a € k*.
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First, consider the case d = a € k*. In this case we have L = [((t)) with
| = k(y/a). Then an arbitrary L-form ~ can be written in the form ¢; L teps,
where ¢; and ¢, are [-forms. We have

sp/r () = spyr(d1 Ltde) = syw(d1) L tsyn(da).

Applying this formula to the case v = v/dn’, we see that ¢ L tq is similar to
syk(é1) L tsyr(¢2). Hence, one of the k-forms s;/,(¢1), Si/k(P2) is similar to
¢ and the other is similar to ¢q. Let ¢ be such that s;/,(¢;) ~ ¢, and let j be
such that s;/(¢;) ~ ¢. Then dim¢; = 4 and dim ¢; = 3. Since s;/(¢;) ~ &,
there exists r € k* such that ¢ = 7 - s;/x(¢:) = syk(r¢;). Now it is sufficient
to prove that r¢; € GPy(l). Let ¢; = ¢; L (det(e;)det(¢;)). Obviously,
¢; L to; € I*(L). Clearly, ¢, L t¢s is similar to ¢; L t¢;. Therefore 7' is
similar to ¢; L t¢;, and hence 7 is similar to ¢; L t¢;. Since w € I3(1((1))),
it follows that ¢;, ¢; € I%(1). Since dim ¢; = 4, we have ¢; € GPy(l). Thus in
the case d € k* we are done.

Now, consider the case d = at, a € k*. In this case L = k((t))(Vat) is a
complete discrete valuation field with residue field £ and uniformizing element
Vat. Then an arbitrary L-form v can be written in the form ¢ L vatgs,
where ¢; and ¢, are k-forms. We have

sp/x(7) = 5L/K(¢1 1 \/a@)
= sy k(1)) ®@ ¢ L spyr((Vat ) ® b
= (L,at) @ ¢1 L (1,—1) ® ¢
= (1 L(1,-1) ® ¢o) L t-ag.

Applying this formula to the case v = vdn', we see that ¢ L ¢q is similar to
(¢ L (1,—1) ® ¢p2) L t-ap;. Therefore one of the forms ¢, ¢ is similar to
o1 L (1,—1)®¢9 and the other is similar to a¢;. Since ¢ and ¢ are anisotropic,
we see that dim ¢, = 0. Therefore dim(¢; L (1, —1) ® ¢) = dima¢,. Hence
dim ¢ = dim ¢, a contradiction.

2)=-1). In the case where ¢ = m; L m and m,m € GPy(k), we have
indC(¢) < indC(m) -indC(my) < 2-2 = 4. Now, suppose that there exist
a field extension [/k of degree 2 and a quadratic form 7 € GP»(l) such that
¢ = sii(7). First of all, we have dim¢ = [l : k] - dim7 = 8. Since 7 € I*(l),
it follows that ¢ = s;,(7) € I*(k) ([76, Corollary 14.9]). Finally, we have
c(¢) = c(syk(7)) = Tryp(c(r)). Therefore, ind C(¢) < 4. O

REMARK 13.11. 1) Setting [ = k x k, one can consider Condition 2(a) of
Theorem 13.10 as a degenerate case of Condition 2(b).

2) Actually, Theorem 13.10 is an easy consequence of deep Rost’s theorem
[72]. Rost’s proof uses numerous results on the algebraic groups. It would be
interesting to find a direct proof of Theorem 13.10 in the framework of theory
of quadratic forms.
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14. 14-dimensional quadratic forms ¢ € I3(F)

In this section we discuss the problem of classification of anisotropic forms
¢ € I*(K). For anisotropic quadratic forms ¢ € I3(K), the following results
are known: if dim ¢ < 8, then ¢ is hyperbolic; if dim ¢ = 8, then ¢ is similar to
a 3-fold Pfister form; there are no anisotropic 10-dimensional forms belonging
to I3(K); if dim ¢ = 12, then there exist a 2-dimensional quadratic form p and
a 6-dimensional Albert form ¢ such that ¢ = u ® ¢. Analyzing these results,
one can see that:

e all anisotropic quadratic forms ¢ € I3(K) of dimension < 12 belongs to
S(K),

e any quadratic form ¢ € I*3(K) of dimension < 12 can be represented as
a sum Zle pi with p; € GP3(K) and k < 2.

Here we consider the case dim¢ = 14. It is not difficult to construct a
form of dimension 14 belonging to I3(K). Let 7{ and 75 be pure subforms
of 3-fold Pfister forms 7 and 7. Then for any £ € K* the quadratic form
¢ = k(7{ L —7) has dimension 14 and belongs to I*(K). This example gives
rise to the following

QUESTION 14.1. Suppose that ¢ € I*(K) is a 14-dimensional quadratic
form. Do there necessarily exist quadratic forms 1,7 € P3(K) and k € K*

such that ¢ = k(r{ L —13) ¢
We have the following

PROPOSITION 14.2. Let ¢ € I3(K) be an anisotropic 14-dimensional form.
The following conditions are equivalent:

1) ¢ € S(K), i.e., there exists p € GPy(K) such that p C ¢,

2) There exist p1, p2 € GP3(K) such that ¢ = py + pa in W(K),

3) There exist 71,19 € P3(K) and k € K* such that ¢ = k(r{ L —75). Here
71 and 1, denote pure subforms of Pfister forms i, To,

4) There exist 71,7, € P3(K) such that ¢ = 7 + 7 (mod I*(K)),

5) e3(¢) is a sum of two symbols, i.e., there exist ay,bicy,as, by, co € K*
such that €3(¢) = (a1, by, c1) + (ag, ba, c2).

PROOF. 1)=2). Let s € K* be such that pp) is isotropic. Since
p € GPy(K), it follows that iy (dx(ss)) > 2. Therefore dim(¢x(5))an < 10,
and hence Pfister’s theorem [68] implies that dim(¢(/5)en < 8. Thus,
iw (@K (ys) = 3. Hence there exists a 3-dimensional form y such that p ((s)) C
¢. We set p1 = (u L (detu)) ((s)). Clearly, p; € GP3(K). Let py = (¢ L
—p1)an- We have ¢ = p; + py in W(K). It is sufficient to prove that
p2 € GP3(K). Since dim¢ = 14 > 8 = dimp; and ¢ = p; + po, it follows
that po # 0. Since ¢,p; € I*(K), it follows that py € I*(K). Therefore,
dimps > 8. Since p; and ¢ contain a common 6-dimensional form pu ((s)),
we have dimpy, = dim(¢ L —p1)en < 14 +8 —2-6 = 10. Since py is

anisotropic and py € I3(K), Pfister’s theorem implies that dim p, = 8. There-
fore, p, € GP3(K).
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2)=3). It is a particular case of [17, Lemma 3.2] (see also [9, Theorem
4.5])

3)=4). Since k(1] L —75) =7 + 72 (mod I*(K)), we are done.

4)=1). Let L = K(/s) be a field extension such that (ps), is isotropic.
We have ¢, = (p1 + p2)1(p) = 0 (mod I*(L(p1))). Since dim ¢ = 14 < 16,
APH implies that ¢ ,,) is hyperbolic. Hence there exists an L-form v such
that (¢r)an = (p1)r - 7. Hence, dim(oy,)qy is divisible by 8. Since dim ¢ = 14,
it follows that iy (¢r) > (14 — 8)/2 = 3. Since L = K(4/s), there exists a 2-
dimensional form p such that {(s)) u C ¢. Now it is sufficient to set p = ((s)) p.

4)<=5). Tt is an easy consequence of bijectivity of & : I*(K)/I*(K) —
H3(K). O

THEOREM 14.3. There exist a field E and a 14-dimensional quadratic
form T € I3(E) such that T ¢ Seqa(E).

PROOF. Let K and ¢ € I*(K) be as in Theorem 13.7. Since ind C'(¢) = 4,
there exists an Albert form ¢ such that ¢(¢) = ¢(q). Let E = K((t)), and
let 7 = ¢ L tq be a quadratic form over E. Clearly, dim¢ = 14. We have
c(1) = (@) +¢(q) = 0. Therefore T € I*(E). To complete the proof, it suffices
to verify that 7 ¢ Soaqa(E)

Suppose at the moment that 7 € Syqq(E). By Theorem 13.7, we have
¢ ¢ Soaa(K). Since ¢ is an anisotropic Albert form, it follows that ¢ ¢ Soqa(K).
Now, it follows from Lemma 13.5 that there exists an odd extension L/K such
that ¢ and ¢ are linked. Proposition 13.4 implies that ¢, € S(L). Since
L/K is an odd extension, we have ¢ € Syqq(K), a contradiction. ]

COROLLARY 14.4. The answer to Question 14.1 is negative. O

COROLLARY 14.5. There exist a field K and a 14-dimensional form ¢ €
I3(K) such that e3(¢) cannot be represented as a sum of two symbols. O

REMARK 14.6. It was proved by D. W. Hoffmann and the first author
(independently) that an arbitrary 14-dimensional quadratic form ¢ € I3(K)
can be written in the form 7 + 7 + 75 in W(K) where 7, 7,73 € GP3(K)
(see for instance [21]). In particular, €3(¢) can be represented as a sum of 3
symbols.

REMARK 14.7. Let n be an even integer such that n > 14. It is not
difficult to construct a field F and a quadratic form ¢ € I3(FE) of dimension
n such that ¢ ¢ S,qq(E). The following example shows how to construct a
quadratic form ¢ € I3(F) of dimension 6n (n > 4) so that ¢ & Syqq(E).

EXAMPLE 14.8. Let n > 4, and let kg be an arbitrary field of characteris-
tic # 2. Let k = ko(Xy, ..., X, Y1,..., Yo, Up, ..., Uy, Vi, ..., V). Forany i =
17 <., NWE set A’L = (X17 }/1)®k(U’L7 ‘/;) and q; = <_Xza _}/ia X’L}/;y Ui7 ‘/ia _Uz‘/;>
Let A = A ® - ® A, and K = E(SB(A4)). Let 1 < i < j < n. By
the index reduction formula [78], we have ind(A4; ®x A;j)x = min(ind(A4; ®
Aj),ind(A; ® A; @ A)) = min(4%,4"7%) = 16. Therefore, for any odd exten-
sion L/K we have ind(A4; ®; A;j), = 16. Then (¢;)1, and (g;)., are not linked.



15. NONSTANDARD ISOTROPY 121

Now we set £ = K((t1))...((tn)) and ¢ = t1(q1)g L -+ L t,.(¢n) . We have

c(¢) = [(A1)g] + - + [(An)B] = [AR] = [(Arsp(ay)r] = 0. Hence ¢ € I*(E).
Applying Lemma 13.5, one can show that ¢ & Soqq(F).

15. Nonstandard isotropy

Let ¢ and v be anisotropic quadratic forms over F. An important problem
in the algebraic theory of quadratic forms is to find conditions on ¢ and v so
that ¢p(y) is isotropic. In the case where dim ¢ < 6 the problem was studied
by many authors: the case dim ¢ < 4 was studied by Schapiro in [75]; the case
dim ¢ = 5 was studied by D. W. Hoffmann in [15]; for 6-dimensional forms ¢
the problem was studied by D. W. Hoffmann ([16]), A. Laghribi ([44], [45]),
D. Leep ([49]), A. S. Merkurjev ([54]), and in Chapters 3, 4.

In these papers the authors show that under certain conditions on ¢ and 1
the isotropy of ¢ over F(v) is standard in a sense. Let us recall the definition
of “standard isotropy” given in Chapter 4. 3

DEFINITION 15.1. Let ¢ and ¥ be anisotropic quadratic forms such that
@ r(y) is isotropic. We say that the isotropy of ¢p(y) is standard, if at least one
of the following conditions holds:

e 1) is similar to a subform in ¢;

e there exists a subform ¢y C ¢ with the following two properties:
— the form ¢ is a Pfister neighbor,
— the form (¢o) () is isotropic.

Otherwise, we say that the isotropy is non-standard.

The main theorem of Chapter 4 asserts that in the case dim¢ < 6, the
isotropy ¢r(y) is standard except (possibly) the following case: dim¢ = 6,
dimy =4, 1 # dety ¢ # dety ¢ # 1, and ind Cy(¢) = 2 = ind Cy(¢) @ Co(V).

In this section we show that there exist a 6-dimensional quadratic form
¢ and a 4-dimensional quadratic form 1 such that ¢p(y) is isotropic, but the
isotropy is not standard. More precisely, we prove the following

THEOREM 15.2. Letk be a field of characteristic # 2, and let a,b,u,v,d,§ €
k*. Suppose that d,d,dd ¢ k** and ((a,b) @ (u, V) (vanve) 18 a division alge-
bra. Then there exist a field extension K/k and ¢ € K* with the following
properties:
1) Quadratic forms ¢ = {(a,b) L —c{(d) and ¢p = (—u,—v,uv,d) are
anisotropic, and Qg () 18 1sotropic,
2) the isotropy ¢ (y) is not standard.

PROOF. Let p = (—a, —b,ab,d). Tt follows from Corollary 11.4 that there
exists a field extension K/k such that Tors CH*((X,)k % (X,)k) = Z/27Z and
ind Cy(vVk) ® Co(px) = 2. To complete the proof, it is sufficient to apply
Theorem 9.1 of Chapter 4. O]

3If dim ¢ < 6, this definition coincides with definitions given in [23] and [30]. In this
section we consider only the case dim ¢ < 6.
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Let ¢ be a K-form and E/F be a field extension. We recall that a quadratic
form ¢ is called E-minimal [20, Definition 1.1] if the following conditions hold:

e ¢ is anisotropic,

e ¢p is isotropic,

e (¢o)g is anisotropic for any form ¢y C ¢ with dim ¢y < dim ¢.

LEMMA 15.3. Let ¢ be a 6-dimensional and ¢ a 4-dimensional quadratic
Jorms over K. Suppose that ¢ is anisotropic and ¢py) is isotropic. Then the
following conditions are equivalent:

1) the isotropy ¢k (y) is not standard,
2) ¢ is a K(¢)-minimal form.

PROOF. 1)=2). Suppose at the moment that ¢ is not F'(¢))-minimal. Then
there exists ¢y C ¢ with dim ¢y < dim ¢ such that (¢)r(y) is isotropic. The
isotropy (¢o)r(y) is standard because the dimension of ¢y is < 5. The defi-
nition of standard isotropy shows that the isotropy ¢y is standard too, a
contradiction.

2)=-1). Suppose that isotropy ¢p(y) is standard. Then at least one of the
cases of Definition 15.1 holds. First suppose that v is similar to a subform
of ¢. Let ¢9 C ¢ be such that 1 ~ ¢g. Clearly, (¢o)r(y) is isotropic and
dim¢y = 4 < 6 = dim ¢. Therefore ¢ is not F'(¢))-minimal, a contradiction.
Now, consider the second case in Definition 15.1, i.e., suppose that there exists
a subform ¢y C ¢ which is a Pfister neighbor such that (¢o) gy is isotropic. If
dim ¢y < dim ¢, then ¢ is not a F(¢))-minimal, and we have a contradiction.
Now, let dim ¢y = dim ¢ = 6. Then ¢ = ¢ is a 6-dimension Pfister neighbor.
Since ¢p(y) is isotropic, it follows that an arbitrary 5-dimensional subform of
¢ is isotropic over F'(¢)). Hence, ¢ is not F(¢))-minimal, a contradiction. [

COROLLARY 15.4. Let v be an anisotropic 4-dimensional quadratic form
over k with dety v # 1. Then there exist a field K and a 6-dimensional form
¢ over K such that ¢ is a K(1)-minimal form.

PRrROOF. Replacing ¥ by a similar form, we can suppose that ¥ has the
form (—u, —v,uv,d). Replacing k by a field of rational functions k(a, b, d), we
can suppose that there exist a,b,d € k* such that d,d,dd ¢ k* and ((a,b) ®
(4, v))p(va.vs is a division algebra. Let K/k and ¢ € K* be as in Theorem
15.2. Let ¢ = ((a,b)) L —c{(d)). Theorem 15.2 implies that ¢y is isotropic,
but isotropy is not standard. Lemma 15.3 shows that ¢ is a K(t)-minimal
form. O]



CHAPTER 6
On the group H*(F (¢, D)/F)

Let F' be a field of characteristic different from 2, ¢ a quadratic F-form of
dimension > 5, and D a central simple F-algebra of index 8 and exponent
2. We denote by F(¢, D) the function field of the product X, x Xp, where
Xy is the projective quadric determined by 1 and where Xp is the Severi-
Brauer variety determined by D. We compute the relative Galois cohomology
group H3(F (¢, D)/F) (with the coefficients Z/2) under the assumption that
the index of D goes down when extending the scalars to F'(¢)). Using this, we
give new, very short proofs for the following results:

— Theorem 7.1, originally proved by Laghribi in [47] and
— Theorem 7.2, originally proved by Esnault, Kahn, Levine, and Viehweg
in [10].
We also generalize the computation of H*(F (¢, D)/F) to the case of arbitrary
ind D.
Results of this Chapter are obtained in joint work with Oleg Izhboldin.

0. Introduction

Let ¢ be a quadratic form and D be an exponent 2 central simple algebra
over a field F' (always assumed to be of characteristic not 2). Let X, be the
projective quadric determined by v, X the Severi-Brauer variety determined
by D, and F(i, D) the function field of the product X, x Xp.

A computation of the relative Galois cohomology group

H3(F (¢, D)/F) < ker (H*(F,Z/2) — H*(F(¢, D), Z/2))

played a crucial role in obtaining the results of Chapters 3 and 7 concerning
the problem of isotropy of quadratic forms over the function fields of quadrics.

The group H*(F (v, D)/F) is closely related to the Chow group CH?(X,, x
Xp) of 2-codimensional cycles on the product X, x Xp. The main result of
this chapter is Theorem 8.1, where the both groups are computed assuming
dim > 5 and the index of D goes down when extending the scalars to the
function field of .

The essential part of the proof is Theorem 6.9 dealing with the case where
D is a division algebra of degree 8. This Theorem has two applications in
the theory of quadratic forms: a new shorter proof of Theorem 7.1, originally
proved by Laghribi ([47, Théoreme 1)), and a new, shorter, and more elemen-
tary proof of Theorem 7.2, originally proved by Esnault, Kahn, Levine, and
Viehweg ([10, Corollary 9.2]).

123
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An important role in the proof of Theorem 6.9 plays the formula of Propo-
sition 4.4, which is in fact applicable to a wide class of algebraic varieties.

1. Terminology, notation, and backgrounds

1.1. Quadratic forms. Mainly, we use notation of [48] and [76]. How-
ever there is certain slight difference: we denote by ((ay,...,a,)) the n-fold
Pfister form

(1,—a1) ®--- ® (1, —ay)
and by P,(F') the set of all n-fold Pfister forms; GP,(F) is the set of forms
similar to a form from P, (F).

We recall that a quadratic form v is called a (Pfister) neighbor (of a Pfister
form 7), if it is similar to a subform in 7 and dim ¢ > % dim 7. Two quadratic
forms ¢ and ¢* are half-neighbors, if dim ¢ = dim ¢* and there exists s € F*
such that the sum ¢l s¢* is similar to a Pfister form.

For a quadratic form ¢ of dimension > 3, we denote by X the projective
variety given by the equation ¢ = 0 and we set F'(¢) = F(X,).

1.2. Generic splitting tower. Let v be a non-hyperbolic quadratic form

over F'. Put Fy © Foand Yo of Yan- For i > 1 let F; of Fi_1(yi-1) and

Vi def ((7i—1)F, )an- The smallest h such that dim~y, < 1 is called the height of

7. The sequence Fy, F1, ..., Fy is called the generic splitting tower of v ([40]).
We need some properties of the fields Fj:

LEMMA 1.2.1 ([41]). Let M/F be a field extension such that dim(yas)an =
dim~,. Then the field extension M Fy/M is purely transcendental.

The following lemma is a consequence of the index reduction formula [55].

LEMMA 1.2.2 (see [22, Theorem 1.6] or [19, Proposition 2.1]). Let ¢ be a
quadratic form from I*(F) with ind C(¢) > 2" > 1. Then there is s with
0 <s < h(¢) such that dim g5 = 2r + 2 and ind C(¢s) = 2".

COROLLARY 1.2.3. Let ¢ € I*(F) be a quadratic form with ind(C(¢)) > 8.
Then there is s (0 < s < h(¢)) such that dim ¢ = 8 and indC(¢s) =8. O

1.3. Central simple algebras. We are working with finite-dimensional
associative algebras over a field. Let D be a central simple F-algebra. We
denote by Xp the Severi-Brauer variety of D and by F(D) the function field
F(Xp).

For another central simple F-algebra D’ and for a quadratic F-form v of
def def

dimension > 3, we set F'(D', D) = F(Xp xXp) and F (¢, D) = F(X, x Xp).
1.4. Galois cohomology. By H*(F') we denote the graded ring of Galois
cohomology
H*(F,Z)2Z) = H* (Gal(Fyp/ F),Z/2).

For any field extension L/F, we set H*(L/F') oo ker(H*(F) — H*(L)).
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We use the standard canonical isomorphisms HY(F) = Z/2Z, H'(F) =
F*/F*2 and H*(F) = Bry(F).

We also work with the cohomology groups H"(F,Q/Z(i)), i = 0,1,2, de-
fined by B. Kahn (see [29]). For any field extension L/F, we set

def

H*(L/F,Q/Z(i)) = ker (H*(F,Q/Z(i)) — H*(L,Q/Z(1))) .
For n = 1,2, 3, the group H"(F') is naturally identified with
Torse H"(F,Q/Z(n — 1)) .

1.5. K-theory and Chow groups. We are mainly working with smooth
algebraic varieties over a field, although the smoothness assumption is not
always essential.

Let X be a smooth algebraic F-variety. The Grothendieck ring of X is
denoted by K(X). This ring is supplied with the filtration “by codimension
of support” (which respects the multiplication); the adjoint graded ring is
denoted by G*K(X). There is a canonical surjective homomorphism of the
graded Chow ring CH*(X) onto G*K(X); its kernel consists only of torsion
elements and is trivial in the O-th, 1-st and 2-nd graded components ([81, §9]).
In particular we have the following

LEMMA 1.5.1. The homomorphism CH'(X) — G'K(X) is bijective if at
least one of the following conditions holds:

e ;1 =0,1, or2,

e CH'(X) is torsion-free.

Let X be a variety over F' and E/F be a field extension. We denote by
ip/r the restriction homomorphism K(X) — K(Xg). The same notation we
use for the restriction homomorphisms CH*(X) — CH*(Xg) and G*K(X) —
G*K(Xg). We fix a separable closure F of the ground field ' and denote by X
the variety X . The image of the restriction homomorphism iz ,p : G*K(X) —
G*K(X) is denoted by G*K(X). The image of the restriction homomorphism
ir/p s CH(X) — CH*(X) is denoted by CH"(X).

For a projective homogeneous variety X, we identify K (X) with a subring
of K(X) via the restriction homomorphism iz : K(X) — K(X) which is
injective by [65].

We denote by |S| the order of a set S (if S is infinite we set |S| = o0).

2. The group Tors G*K (X)

LEMMA 2.1. Let X be a variety over F and E/F be a field extension such
that the homomorphism ig/p : K(X) — K(Xg) is injective and the factor
group K(Xg)/ig/r(K(X)) is finite. Then

(6 £06) - )| = (S e G KO

PROOF. The proof is the same as the proof of [33, Proposition 2]. n
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LEMMA 2.2. Let X be a variety, ¢ be an integer, and E/F be a field ex-
tension such that the group G'K(Xg) is torsion-free. Then
ker(G'K(X) = G'K(Xp)) = Tors G'K (X)) .
PROOF. Since G'K(X) is torsion-free, one has
ker(G'K(X) = G'K(Xg)) D TorsG'K (X) .
On the other hand, transfer (and specialization) arguments show that
ker(G'K(X) = G'K(Xg)) C TorsG'K (X) .
O

LEMMA 2.3. Let X be a smooth variety, i be an integer, and E/F be a
field extension such that the group CH'(Xg) is torsion-free. Then

o CH(Xg) ~ G'K(Xg) (and hence the group G'K(Xg) is torsion-free),

o CH'(Xg)/ig/r(CH (X)) ~ G'K(XEg)/ip/r(G'K(X)).

PROOF. The first assertion is contained in Lemma 1.5.1. The homomor-
phism CH'(Xp) — G'K(Xg) induces a homomorphism

CH'(Xg)/ip/r(CH(X)) — G'K(Xp)/ip/r(G'K (X))

which is bijective since CH (Xg) — G'K(Xp) is bijective and CH'(X) —
G'K (X)) is surjective. O

PROPOSITION 2.4. Suppose that a smooth F-variety X and a field exten-
sion E/F satisfy the following three conditions:

o the homomorphism ig)p : K(X) — K(Xg) is injective,

o the factorgroup K(Xg)/ig/r(K(X)) is finite,

e the group CH*(Xg) is torsion-free.

Then
G*K(Xg)/i G*K(X CH*(Xg)/i CH*K(X
o G ()] — (€K X8 (G K(X))|_ [OH(Xi) i (CH' K (X))
|K(XEg)/ig/p(K(X))] |K(Xg)/ig/r(K(X))]
PROOF. It is an obvious consequence of Lemmas 2.1, 2.2, and 2.3. O

3. Auxiliary lemmas
For an abelian group A we use notation rk(A) = dimg(A ®z Q).

LEMMA 3.1. Let Ay C A, By C B be free abelian groups such that rk Ay =
tk A=ry, tk By =1k B =rg. Then

’ A®y, B

A "
:’A_O

Ay ®z By By

B ‘B

PRrROOF. One has
(A® B)/(Ao @ B) = (A/Ag) ® B = (A/A¢) ® Z'™ ~= (A/A)"”,
(Ay® B) /(Ao ® By) ~ Ay ® (B/By) ~ 7™ & (B/By) ~ (B/By)™ .
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Therefore,

TA

A® B
By

A0®BO

|A®B| |A®B
Ao ®@ B| | Ay ® By

A
=4

rB‘B

The following lemma is well known.

LEMMA 3.2. Let A be an abelian group with a finite filtration A = F°A D
F'AD .- D FFA =0. Let B be a subgroup of A with the filtration FPB =
BNFPA. Let G*A =D, FPA/FPHLA and G*B = D, >0 FPB/FPTIB. Then

e |A/B| =|G"A/G" B,

o if A is a finitely generated group then tk G*A = rk A. O

In the following lemma the term “ring” means a commutative ring with
unit.

LEMMA 3.3. Let A and B be rings whose additive groups are finitely gen-
erated abelian groups. Let I be a nilpotent ideal of A such that A/I ~ 7. Let
R be a subring of A ®z B and Agr be a subring of A such that Ag ® 1 C R.
Then the following inequality holds
A B |4

R ~ |Ag
where r4 =1tk A and rg = rk B.

TA

B A®; B
R+ (I ®z B)

PROOF. Let us denote by Bgr the image of R under the following compo-
sition A® B — (A/I)® B ~7Z ® B ~ B. Obviously,

A®y B B E
R+ (I®zB)| |Bg

For any p > 0 we set FPA = {a € A|3Im € N such that ma € [?}. Clearly,
Tors(A/FPA) = 0, and so A/FP? is a free abelian group. Therefore all factor
groups FPA/FPTIA (p=0,1,...) are free abelian. Since A/I ~ Z, it follows
that F'A = I. Thus A/F'A ~ Z. Since [ is a nilpotent ideal of A, there
exists k such that I¥ = 0. Then F*A = 0. Thus the filtration A = F°A D

F'A D F?2A D ... is finite and results of Lemma 3.2 can be applied.

Let FPAr € RN FPA, FP(A® B) ¥ im(FPA® B — A ® B), and

def

FPR = RNJFP(A® B). If K is one of the rings A, Ar, A ® B, or R,

we set GPK < FPR/FPHEK and G°K € @), FPK/FPT K. Obviously,

FPK - FIK C FPHK for all p and ¢q. Therefore, K = F°K D F'K D --- D
FPK D ... is a ring filtration. Hence, the adjoint graded group G*K has a
graded ring structure. Since the additive group of B is free, we have a natural
ring isomorphism G*A ® B ~ G*(A ® B).

Since Ag ® 1 C R, we have G*Ar ® 1 C G*R. Clearly G°(A ® B) =
(A/I) ® B, and GR coincides with the image of the composition R — A ®
B — (A/I) ® B. By definition of Bg, one has G°R = 1ga ® Bgr (here
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lg+a denotes the unit of the ring G*A). Therefore 1g+y ® Br C G*R. Since
G*Ar®1 C G*R, 1+ a® Br C G*R, and G*R is a subring of G* A® B, we have
Applying Lemmas 3.1 and 3.2, we have

A® B G*(A® B) G*A® B G*A|"" | B|™

’ R ‘: G*R |~ |G*Ar® Br| |G*Ap ‘B_R -
LA | B AP | A®zB [
_‘A_R Br|l T |Ar '\m

4. On the group CH*(X xY)
Let X be a smooth variety. We denote by FPCH*(X) the group

Pcr(x).

Let Y be one more smooth variety. For a subgroup A of CH*(X) and a
subgroup B of CH*(Y'), we denote by A X B the image of the composition
A® B — CH(X)® CH*(Y) —» CH*(X x Y.

The following assertion is evident (see also [39, §3] and Proposition 4.1 of
Chapter 5).

LEMMA 4.1. Let X and Y be smooth varieties over F. Then

o the natural homomorphism CH*(X xY) — CH*(Yp(x)) is surjective,
o the kernel of the homomorphism CH*(X xY) — CH*(Yp(x)) contains
the group F'CH* (X)X CH*(Y).
[

COROLLARY 4.2. If the natural homomorphism
CH"(X)® CH"(Y) - CH"(X x Y)
is bijective and CH*(Y') is torsion-free then the homomorphism CH*(X xY') —
CH*(Yp(x)) induces an isomorphism
CH* (X x Y)
FICH (X)X CH (V)

PROOF. Since
CH*(X) ® CH*(Y) ~ CH*(X x Y) and CH*(X)/F'CH*(X) ~ CH’(X),
the factor group CH*(X x Y)/(F'CH*(X) X CH*(Y)) is isomorphic to
CH%(X) ®z CH*(Y) ~ Z ®; CH*(Y) ~ CH*(Y) .

Thus, it is sufficient to prove that the homomorphism CH*(Y) — CH*(Yp(x))
is injective. It is obvious since CH*(Y") is torsion-free. O
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COROLLARY 4.3. Let X andY be smooth varieties and E/F be a field ex-
tension such that the natural homomorphism CH*(Xp)@CH*(Yg) — CH" (XX
YE) is bijective and CH*(YE) is torsion-free. Then there exists an isomorphism

CH*(Xg x Yg) N CH*(Yg(x))
Proo¥F. Obvious in view of Corollary 4.2. [

PROPOSITION 4.4. Let X and Y be smooth varieties over F' and E/F be
a field extension such that the following conditions hold

o CH*(Xg) is a free abelian group of rank ry,
e CH*(YE) is a free abelian group of rank ry,
e the canonical homomorphism

CH*(Xg) ®z CH*(Yg) —» CH"(Xg X Yg)
18 an isomorphism.
Then
CH*(Xg x Yg) ‘ CH*(XEg) ‘ CH*(Yg(x)) X
ig/r(CHY (X xY))| ™ |ig/pr(CH (X)) ipx)Px) (CH (Yrx)))
PrOOF. Let A = CH"(Xg), Ag = ig/pr(CH"(X)) and
I =@ CH(Xp) = F'CH (Xp) .
p>0

Let B = CH*(YE). By our assumption, we have CH*(Xp® Yg) ~ A®z B. We
denote by R the image of the composition

CH* (X xY) = CH (Xp® Ygp) ~ ARy B .

Clearly, all conditions of Lemma 3.3 hold. Moreover,

TY

CH*(Xg x Yg) A®z B CH*(Xg) A
inrCT (X xY))| | R ‘ o) ‘ B ‘A_R |
By Corollary 4.3 we have
‘ A®y B B CH*(Yg(x)) '
R+ (I &z B)|  |inxore(CH (Yrx)) |
To complete the prove it suffices to apply Lemma 3.3. O

5. The group Tors CH?*(X, x Xp)

LEMMA 5.1 (see [32, (2.1)]). Let ¥ be a (2n + 1)-dimensional quadratic

form over a separably closed field. Set X =4 Xy and d ©lim X = 2n — 1.
Then for all 0 < p < d the group CHP(X) is canonically isomorphic to Z (for
other p the group CHP(X) is trivial). Moreover,
e if 0 < p<n, then CH*(X) = Z - h?, where h € CH'(X) denotes the
class of a hyperplane section of X ;
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o ifn <p<d, then CH/(X) =Z - lq_,, where lq_, denotes the class of a
linear subspace in X of dimension d — p, besides 23—, = hP.

COROLLARY 5.2. Let ¢ be a (2n + 1)-dimensional quadratic form over F
and let X = Xy. Then
CH*(X) is a free abelian group of rank 2n,
if 0 < p <mn then |[CH(X)/CH(X)| =1,
ifn <p<2n—1 then |[CH(X)/CH(X)| < 2,
|CH*(X)/CH"(X)| < 2™ O

LEMMA 5.3. Let D be a central simple F-algebra of exponent 2 and of
degree 8. Let E/L/F be field extensions such thatind D, = 4 and ind Dy = 1.
LetY = SB(D). Forany0 < p < dimY =7, the group CHP(Yg) is canonically
isomorphic to Z. Moreover, the image of the homomorphism g/, : CHP(Y) —
CHP(Yg) = Z contains 1 if p=0,4; 2 if p=1,2,5,6; 4 if p=3,7.

PROOF. Since deg D = 8 and ind D = 1, Y is isomorphic to P%. Hence,
the group CHP(Yg) = CH?(P%) (where p = 0,...,7) is generated by the class
h? of a linear subspace ([14]).

The rest part of Lemma is contained in [34, Theorem|. For convenience of
the reader, we also give a direct construction of the elements required. Let us
denote by CH"(Y}) the image of the composition

CHP(Y2) %5 CHP(Yy) ~7 -
The class of Y7, itself gives 1 € C~H0(YL). Let £ be the tautological line bundle

on the projective space P%L ~ Yx. Since exp D = 2, the bundle £%? is defined

over F' and, in particular, over L. Its first Chern class gives 2 € CNHl(YL).
Since ind D;, = 4, the bundle ¢®4 is defined over L. Its second Chern class

gives 6 € C~H2(YL).1 Thus 2 € C~H2(YL). The third Chern class of €% gives

4 € C~H3(YL). The fourth Chern class of €% gives 1 € C~H4(YL). Finally,
taking the product of the cycles constructed in codimensions 1, 2, and 3 with
the cycle of codimension 4, one gets the cycles of codimensions 5, 6, and 7
required. O

COROLLARY 5.4. Under the condition of Lemma 5.3, we have
|CH*(Yg)/ig/ (CH"(Y))| < 256 .

7
Proor. [] |CHP(Yg)/ig/(CHP(Y))| <1-2-2-4-1-2-2-4=256. O
p=0
PROPOSITION 5.5. Let D be a central division F-algebra of degree 8 and

exponent 2. Let ¢ be a 5-dimensional quadratic F'-form. Suppose that Dy,
is not a skewfield. Then Tors G*K(Xy x Xp) = 0.

n fact, it is enough only to know that the Grothendieck classes of the bundles £€¥? and
¢9% are in K(Y7) what can be also seen from the computation of the K-theory.
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PrOOF. Let X = X, and Y = Xp. Corollary 5.2 shows that CH*(Xf) is
a free abelian group of rank rx = 4 and |CH"(Xp)/ip r(CH"(X))| < 2> = 4.

Since D is a division algebra of degree 8 and Dpy) is not division algebra,
it follows that ind Dp(x) = 4. Applying Corollary 5.4 to the case L = F(X),
E = F(X), we have [CH"(Yr(x)) /ir(x)/ro0 (CH (Yrx)))| < 256.

Since Yz = SB(Dr) ~ PZ, the group CH*(Yz) is a free abelian of rank
ry = 8 and CH"(Xz) ® CH*(Yz) ~ CH" (X x Yz) (see [12, Proposition
14.6.5]). Thus all conditions of Proposition 4.4 hold for X, Y, E = F and we
have

CH* (Xp X Yp)
ip/F(CH*(X xY))

Using [69, Theorem 4.1 of §8] and [82, Theorem 9.1], we get a natural
(with respect to extensions of F') isomorphism

K(XXxY)~K((F*®xC)@p (F** x D)) ~
~ K(FX12 % O><4 % D><12 % (C Qp D)X4)

< 48 . 92561 = 298,

where ' & Co(v) is the even Clifford algebra of 1. Note that C' is a central
simple F-algebra of the degree 22. Since Dp(y) is not a skewfield, [55, Theorem
1] states that D ~ C'®p B with some central division F-algebra B. Therefore,
indC =degC =22 and indC ® D = ind B = deg B = 2. Hence

K(Xp x Yp)

: = (ind C)* - (ind D)2 - (ind C ®@ D)* = 224+3 12414 _ 948

Applying Proposition 2.4 to the variety X x Y and E = F, we have
CH" (X xYg)/ip,p(CH* (X XY 248

|[K(Xp % YE)/ipp(K(X xY))] 2
Therefore, Tors G*K (X xY) = 0. O

=1.

Applying Lemma 1.5.1 we get the following

COROLLARY 5.6. Under the condition of Proposition 5.5, the group
CH?*(Xy x Xp) is torsion-free. O

6. The group H3(F(¢, D)/F)

PROPOSITION 6.1 ([5, Satz 5.6]). Let ¢ be a quadratic F-form of dimen-
sion > 5. The group H*(F()/F) is non-trivial iff 1 is a neighbor of an
anisotropic 3-Pfister form.

PROPOSITION 6.2 (see [66, Proposition 4.1 and Remark 4.1]). Let D be a
central division F'-algebra of exponent 2. Suppose that D is decomposable (in
the tensor product of two proper subalgebras). Then

H*(F(D)/F) = [D|UH'(F) .

LEMMA 6.3. If D and D' are Brauer equivalent central simple F'-algebras,
then the function fields F(D) and F(D') are stably birational equivalent.
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PROOF. Since the algebras Dg(psy and D%( p) are split, the field extensions
F(D,D")/F(D") and F(D,D")/F(D)

are pure transcendental. Therefore each of the field extensions F(D)/F and
F(D'")/F is stably birational equivalent to the extension F'(D,D")/F. O

COROLLARY 6.4. Fix a quadratic F'-form 1 and integers i,j € Z. For any
central simple F-algebra D, the groups H'(F(D)/F), H(F(D)/F,Q/Z(j)),
H (F(y,D)/F), H(F(y,D)/F,Q/Z(j)) depend only on the Brauer class of
D. O

LEMMA 6.5. Let D be a central simple F-algebra of exponent 2 and let v
be a quadratic F-form. The group H3(F(y,D)/F,Q/Z(2)) is annihilated by
2.

PROOF. Let 9y be a 3-dimensional subform of . Clearly,

H*(F(¢,D)/F.Q/Z(2)) C H*(F (¢, D)/F.Q/Z(2)) .
Therefore, it suffices to show that the latter cohomology group is annihilated

by 2. Replacing 1y by the quaternion algebra Cy(1)g), we come to a statement
covered by [24, Lemma A.8]. O

COROLLARY 6.6. In the conditions of Lemma 6.5, one has

H*(F(4, D)/F,Q/Z(2)) = H*(F(4, D)/ F) .
[]

PROPOSITION 6.7. Let D be an exponent 2 central simple F-algebra and
let ¢ be a quadratic F'-form of dimension > 3. Suppose that ind Dpyy < ind D.
Then v is not a 3-Pfister neighbor and there is an isomorphism

H*(F(y, D)/ F)
H3(F(y)/F) + [D]U H'(F)

Proo¥r. By Proposition 2.2 of Chapter 4, there is an isomorphism

H*(F(v, D)/ F,Q/Z(2)) N
H3(F(¢)/F,Q/Z(2)) + H*(F(D)/F,Q/Z(2))
N Tors CH*(Xy x Xp)
~ pr;, Tors CH?(Xy) + pry, Tors CH*(Xp) -

By Corollary 6.6, we have H*(F(¢, D)/F,Q/Z(2)) = H*(F(v,D)/F); by
Lemma 2.8 of Chapter 4, we have H*(F(y)/F,Q/Z(2)) = H*(F(¢)/F); and
by [24, Lemma A.8], we have H3(F(D)/F,Q/Z(2)) = H*(F(D)/F).

Let D’ be a division algebra Brauer equivalent to D. By Corollary 6.4, we
have H3(F(D)/F) = H3(F(D')/F); by Proposition 1.1 of Chapter 2, we have
Tors CH*(Xp) ~ Tors CH*(Xp/). Since Dip(yy is no more a skewfield, there
is a homomorphism of F-algebras Cy(¢0) — D’ ([84, Théoreme 1], see also
[56, Theorem 2]). Although the algebra Cy(v)) is not always central simple, it

~ Tors CH2<X¢ X XD) .




7. COROLLARIES 133

always contains a non-trivial subalgebra central simple over F. Therefore, D’
is decomposable, what implies H*>(F(D’)/F) = [D]U H'(F) (Proposition 6.2)
and Tors CH*(X /) = 0 (Proposition 5.3 of Chapter 1). Finally, the existence
of a homomorphism Cy(1)) — D’ implies that 1 is not a 3-Pfister neighbor;
therefore Tors CH?(X,) = 0 ([32, Theorem 6.1)). O

COROLLARY 6.8. Let D be a central division F'-algebra of degree 8 and

exponent 2. Let ¢ be a 5-dimensional quadratic F'-form. Suppose that Dpy)
is not a skewfield. Then H*(F(¢, D)/F) = [D]U H'(F).

PRroOOF. It is a direct consequence of Proposition 6.7, Corollary 5.6, and
Proposition 6.1. O

THEOREM 6.9. Let D be a central division F'-algebra of degree 8 and ex-
ponent 2. Let 1 be a quadratic form of dimension > 5. Suppose that Dp(y is
not a skewfield. Then H*(F(¢,D)/F) = [D]UH'(F).

PROOF. Let 1y be a 5-dimensional subform of 1. Applying Corollary 6.8,
we have [D|U HY(F) C H3(F(¢,D)/F) C H3(F(vy,D)/F) = [D] U H'(F).
Hence H3(F(¢, D)/F) = [D]U H'(F). O

COROLLARY 6.10. Let ¢ € I*(F) be a 8-dimensional quadratic form such
that ind C(¢p) = 8. Let D be a degree 8 central simple algebra such that c(¢) =
[D]. Let ¥ be a quadratic form of dimension > 5 such that ¢p(y) is isotropic.
Then

1) D is a division algebra;

2) Dpy) s not a division algebra;

3) H(F(y,D)/F)=[D|UH(F). O
7. Corollaries

In this section we demonstrate two applications of Corollary 6.10. Namely,
we give very short proofs of the following two theorems:

THEOREM 7.1 ([47]). Let ¢ € I*(F) be an 8-dimensional quadratic form
such that ind C(¢) = 8. Let 1) be a quadratic form of dimension > 5 such that
Gr(yp) ts isotropic. Then there exists a half-neighbor ¢* of ¢ such that ¢ C ¢*.

THEOREM 7.2 ([10, Corollary 9.3]). Let ¢ € I*(F) be a quadratic form
such that ind C(¢) > 8. Let A be an algebra such that c(¢) = [A]. Then
bray ¢ I*N(F(A)). In particular, pp(ay is not hyperbolic. Moreover, if dim ¢ =
8 then ¢r(a) is anisolropic.

We need several lemmas.

LEMMA 7.3. Let ¢ € I*(F) be a 8-dimensional quadratic form and let D
be an algebra such that c(¢) = [D]. Then ¢ppy € GP5(F(D)).

Proor. We have C(ng(D)) = C(¢)F(D) = [DF(D)] = 0. Hence ng(D) €
I3(F(D)). Since dim ¢ = 8, we are done. O
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LEMMA 7.4. Let ¢, p* € I*(F) be 8-dimensional quadratic forms such that
c(¢) = c(¢*) = [D], where D is a 3-quaternion division algebra. Suppose that
there is a quadratic form 1 of dimension > 5 such that the forms ¢p, py and
(b;“(w,D) are isotropic. Then ¢ and ¢* are half-neighbors.

PRrOOF. Lemma 7.3 implies that ¢py,p), Op(, py € GP3(F(¢, D)). By the
assumption of the lemma, ¢p(y py and qb*F( D) are isotropic. Hence ¢p(y py and
@w.py are hyperbolic. Thus ¢, ¢* € W(F (¢, D)/F).

Let 7 = ¢ L ¢*. Clearly 7 € W(F (¢, D)/F). Since ¢(1) = ¢(¢) + ¢(¢*) =
[D] + [D] = 0, we have 7 € I*(F). Thus €*(7) € H3(F(y,D)/F). Tt follows
from Corollary 6.10 that ¢*(7) € [D] U H*(F). Hence there exists s € F* such
that (1) = [D] U (s). We have €*(1) = [D] U (s) = c(¢) U (s) = €3(¢ (s)).
Since ker(e® : I3(F) — H3*(F)) = I*(F), we have 7 = ¢ ((s)) (mod I*(F)).
Therefore ¢+ ¢* =7 = ¢ ((s)) = ¢ — s¢ (mod I*(F)). Hence ¢* + s¢ € I*(F).
Hence ¢ and ¢* are half-neighbors. O]

The following statement was pointed out by Laghribi ([47]) as an easy
consequence of the index reduction formula [55].

LEMMA 7.5. Let ¢ be a quadratic form of dimension > 5 and D be a
division 3-quaternion algebra. Suppose that Dpy) is not division algebra. Then
there exists an 8-dimensional quadratic form ¢* € I*(F) such that ¢ C ¢* and
c(¢*) = [D]. O

PROOF OF THEOREM 7.1. Let D be 3-quaternion algebra such that ¢(¢) =
[D]. Since ind C(¢) = 8, it follows that D is a division algebra. Since ¢p(y)
is isotropic, Dp(y) is not a division algebra. It follows from Lemma 7.5 that
there exists an 8-dimensional quadratic form ¢* € I?(F) such that ¢ C ¢* and
c(¢*) = [D]. Obviously, all conditions of Lemma 7.4 hold. Hence ¢ and ¢* are
half-neighbors. m

LEMMA 7.6. Let D be a division 3-quaternion algebra over F'. Then there
exist a field extension E/F and an 8-dimensional quadratic form ¢* € I*(E)
with the following properties:

(i) Dg is a division algebra,
(i) e(¢*) = (D),
(ili) ¢@fpy ts anisotropic.

PROOF. Let ¢ € I*(F) be an arbitrary F-form such that c¢(¢) = [D].
Let K = F(X,Y,Z) and v = ¢x L (X,Y,Z) be a K-form. Let K =
Ko, Ky, ..., Kp; v,7, - - -, be a generic splitting tower of ~.

Since 7 = ¢ (mod I*(K)), we have c(y) = c(¢x) = [Dg]. Since K/F is
purely transcendental, ind Dy = ind D = 8. Hence ind C(y) = 8. It follows
from Corollary 1.2.3 that there exists s such that dim v, = 8 and ind C'(v5) = 8.
We set £ = Eg, ¢* = ;.

We claim that the condition (i)—(iii) of the lemma hold. Since c¢(¢*) =
c(vg) = c(ér) = [Dg], condition (ii) holds. Since [Dg| = c¢(¢*) = c(7s), we
have ind D = ind C'(75) = 8 and thus condition (i) holds.
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Now we only need to verify that (iii) holds. Let My/F be an arbitrary
field extension such that ¢y, is hyperbolic. Let M = My(X,Y,Z). We have
v = ¢ou L (XY, 2Z)),,. Clearly (X,Y,Z)) is anisotropic over M. Since
¢n is hyperbolic, we have (ya)an = (X,Y,Z)),, and hence dim(yar)en =
8. Therefore dim(vps)en = dim~s. By Lemma 1.2.1, we see that the field
extension M E/M = MK,/M is purely transcendental. Hence dim(vy/g)an =
dim(yas)an = 8. Since (¢5p)an = (YME)an, We see that ¢}, is anisotropic.
Since ¢y is hyperbolic, it follows that [Dy;] = ¢(¢p) = 0. Hence [Dy | =0
and therefore the field extension M E(D)/M FE is purely transcendental. Hence
¢7\4E( p) 1s anisotropic. Therefore gb*E( p) 18 anisotropic. O

LEMMA 7.7. Let ¢,¢* € I*(F) be 8-dimensional quadratic forms such that
c(@) = ¢(¢*) = [D], where D is a 3-quaternion division algebra. Suppose that
Pp(py s anisotropic. Then ¢p(p) is anisotropic.

PROOF. Suppose at the moment that ¢p(p) is isotropic. Then letting 1) aof
¢*, we see that all conditions of Lemma 7.4 hold. Hence ¢ and ¢* are half-
neighbors, i.e., there exists s € F* such that ¢* + s¢ € I*(F). Therefore
Dr(p) T SOF(D) € I*(F(D)). Since ¢p(py is hyperbolic, we see that i) €
I*(F(D)). By the Arason-Pfister Hauptsatz, we see that @ (py is hyperbolic.
So we get a contradiction to the assumption of the lemma. O

PROPOSITION 7.8. Let ¢ € I*(F) be an 8-dimensional quadratic form such
that ind C'(¢) = 8. Let A be an algebra such that c(¢) = [A]. Then ¢p(ay is
anisotropic.

PROOF. Let D be a 3-quaternion algebra such that c¢(¢) = [D]. Since
ind C(¢) = 8, D is a division algebra. Let E/F and ¢* be such that in Lemma
7.6. All conditions of Lemma 7.7 hold for F, ¢, ¢*, and Dg. Therefore ¢g(p)
is anisotropic. Hence ¢p(py is anisotropic. Since [A] = c(¢) = [D], the field
extension F'(A)/F is stably isomorphic to F(D)/F (Lemma 6.3). Therefore
®r(a) is anisotropic. ]

PROOF OF THEOREM 7.2. Suppose at the moment that ¢4y € I*(F(A)).
Since ind C(¢) > 8, it follows that dim¢ > 8. By Corollary 1.2.3 there ex-
ists a field extension E/F such that dim(¢g)s, = 8, ind C(¢gr) = 8. Since
dim(¢g)e, = 8 and ¢pa) € I*(E(A)), the Arason-Pfister Hauptsatz shows
that ((#£)an)E(a) is hyperbolic. We get a contradiction to Proposition 7.8. [

8. A generalization

In this section, we generalize Corollary 5.6 and Theorem 6.9 to the case of
arbitrary ind D.

THEOREM 8.1. Let D be a central simple F'-algebra of exponent 2. Let 1
be a quadratic form of dimension > 5. Suppose that ind Dp(yy < ind D. Then
Tors CH*( Xy, x Xp) =0 and H*(F(¢y,D)/F) = [D]U H\(F).
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PrRoOOF. By Proposition 6.7, there is a surjection
H*(F (¢, D)/F)
(DU H'(F)
Thus, it suffices to prove the second formula of Theorem.

Proving the second formula, we may assume that dim = 5 (compare to
the proof of Theorem 6.9) and D is a division algebra (Corollary 6.4). Under
these assumptions, we can write down D as the tensor product Cy(¢)) @ B
(using [55, Theorem 1]). In particular, we see that Cy(1)) is a division algebra,
i.e. ind Cy(v)) = deg Co(v) = 4.

If deg D < 8, then D ~ Cy(¢)). In this case, ¥p(p) is a 5-dimensional qua-
dratic form with trivial Clifford algebra; therefore 1 p(py is isotropic; by this

reason, the field extension F'(¢, D)/F(D) is pure transcendental and conse-
quently H3(F (¢, D)/F(D)) = 0. It follows that

H*(F(4, D)/F) = H(F(D)/F) = [D]UH'(F) ,

where the last equality holds by Proposition 6.2.
If deg D > 8, then ind B > 4. Applying the index reduction formula [78,
Theorem 1.3], we get

ind Cy () p(py = min{ind Cy(v)), ind B} =4 .

Therefore 1 p(p) is not a 3-Pfister neighbor and by Proposition 6.1 the group
H3(F(¢, D)/F(D)) is trivial. Thus once again

H*(F (¢, D)/F) = H(F(D)/F) = [D] U H'(F) .

Finally, if deg D = 8, then we are done by Theorem 6.9 and Proposition
6.7. O

REMARK 8.2. A computation of the group H*(F (1, D)/F) in some other
cases not covered here is given in Chapters 3 and 7.

— Tors CH*(X,, x Xp) .



CHAPTER 7

Isotropy of 8-dimensional quadratic forms over function
fields of quadrics

Let F' be a field of characteristic different from 2 and ¢ be an anisotropic
8-dimensional quadratic form over F’ with trivial determinant. We study the
last open cases in the problem of describing the quadratic forms v such that
¢ becomes isotropic over the function field F(1)).

Results of this Chapter are obtained in joint work with Oleg Izhboldin.

0. Introduction

Let F be a field of characteristic different from 2 and let ¢ and ¢ be two
anisotropic quadratic forms over F. An important problem in the algebraic
theory of quadratic forms is to find conditions on ¢ and 1 so that ¢p(y is
isotropic. More precisely, one studies the question whether the isotropy of ¢
over F(v) is standard in a sense.

In this chapter we consider the case where ¢ is an 8-dimensional anisotropic
quadratic form with trivial determinant. Necessity of certain sufficient con-
ditions for isotropy of ¢ over F(¢) was studied by A. Laghribi; we call the
isotropy, caused by one of these conditions, L-standard:

DEFINITION. Let ¢ and v be anisotropic quadratic forms such that ¢p(y)
is isotropic. Besides we suppose that dim¢ = 8 and det ¢ = 1. We say that
the isotropy of ¢p(y) is L-standard, if at least one of the following conditions
holds:

e there exists a half-neighbor ¢* of ¢ such that ¢ C ¢*;
e there exists a 5-dimensional subform ¢q C ¢ with the following two
properties:
— the form ¢ is a Pfister neighbor,
— the form (¢o)r(y) is isotropic.

Otherwise, we say that the isotropy is non-L-standard.

In the case when dim > 5, the isotropy of ¢p(y) is always L-standard
([46], [47], see also Chapter 6). The main result of this chapter is the following

THEOREM. Let ¢ be an anisotropic 8-dimensional quadratic form with
detp = 1 and ¢ be a 4-dimensional quadratic form with detty # 1. Sup-
pose that ¢py) is isotropic. Then the isotropy of ¢r(y) is L-standard except
the case ind C(¢) = ind(C(¢) @r Cy(¢0)) = 4.

137
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For the exceptional case of the theorem see Corollary 7.4.
For the case where dim ¢ = 3 or where dimy = 4 and det ) = 1 see §8.

1. Terminology and notation

1.1. Quadratic forms. Mainly, we use notation of [48] and [76]. How-
ever there is certain slight difference: we denote by (a4, ...,a,)) the n-fold
Pfister form (1, —a;) ® - - ® (1, —a,). We denote by P,(F) the set of all n-fold
Pfister forms; GP,(F') is the set of the forms similar to a form from P,(F). For
any field extension L/F, we denote by P,(L/F) the set of forms from P,(F)
hyperbolic over L; GP,(L/F) is the set of the forms similar to a form from
P,(L/F).

We recall that a quadratic form v is called a (Pfister) neighbor (of a Pfister
form 7), if it is similar to a subform in 7 and dim ¢ > % dim 7. Two quadratic
forms ¢ and ¢* are half-neighbors, if dim ¢ = dim ¢* and there exists s € F*
such that the sum ¢l s¢* is similar to a Pfister form.

For a quadratic form ¢ of dimension > 3, we denote by X, the projective
variety given by the equation ¢ = 0. We set F'(¢) = F(X,) if dim¢ > 3;
F(¢) = F(Vd) if dim¢ = 2 and d = d+¢ # 1; and F(¢) = F otherwise.

1.2. Algebras. We consider only finite-dimensional F-algebras.

For a central simple F-algebra D, we denote by deg(D), [D], and exp(D)
respectively the degree of D, the class of D in the Brauer group Br(F), and
the exponent of D, i.e., the order of [D] in the Brauer group.

For a simple F-algebra A, we denote by ind(A) the Schur index of A. For
an algebra B of the form B = A x --- x A with simple A, we set ind B = ind A.

Let ¢ be a quadratic form. We denote by C(¢) the Clifford algebra of ¢.
By Cy(¢) we denote the even part of C(¢). Note that for any quadratic F-form
1 and any central simple F-algebra D, the index of Cy(¢) @ D is well-defined.

If ¢ € I*(F) then C(¢) is a central simple algebra. Its class [C'(¢)] in the
Brauer group Bry(F') is denoted by ¢(¢).

Let D be a central simple algebra. We denote by Xp the Severi-Brauer
variety of D and by F(D) the function field F(Xp). For another central
simple F-algebra D" and for a quadratic F-form 1 of dimension > 3, we set

F(D', D)% F(Xp x Xp) and F(¢, D) < F(X, x Xp).

1.3. Cohomology groups. By H*(F') we denote the graded ring of Ga-
lois cohomology H*(F,Z/2Z) ¢ H*(Gal(Fyp/F), Z/27Z).

For n = 0,1,2,3, there is a homomorphism e™ : ["(F') — H”(F) Wthh is
uniquely determined by the condition e™({(a1,...,a,)) = (a1, ...,
The homomorphism e" is surjective and ker ¢ = [""!(F) for n =
(53], [62], and [71]).

We also work with the cohomology groups H"(F,Q/Z(7)), (i = 0,1,2),
defined by B. Kahn (see [29]). For n = 1,2,3, the group H"(F') is naturally
identified with Torsy H"(F,Q/Z(n — 1)).
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1.4. K-theory and Chow groups. For a smooth algebraic F-variety
X, its Grothendieck ring is denoted by K(X). This ring is supplied with the
filtration by codimension of support (also called the topological filtration).

We fix an algebraic closure F of the base field F' and denote by X the
F-variety Xp. If the variety X is projective homogeneous, we identify K (X)
with a subring of K(X) via the restriction homomorphism which is injective
by [65].

For a ring (or a group) with filtration A, we denote by G*A the adjoint
graded ring (resp., the adjoint graded group).

There is a canonical surjective homomorphism of the graded Chow ring
CH*(X) onto G*K (X)), its kernel consists only of torsion elements and is trivial
in the 0-th, 1-st, and 2-nd graded components ([81, §9]).

Let X; and X, be two smooth F-varieties. For any x; € K(X;) and
xe € K(X3), we denote by x; X xy the product pri(z) - pri(zs) € K(X; x X3)
where pr} and prj are the pull-backs with respect to the projections pr; and
pry of X7 x X5 on X5 and X, respectively. For an Ox,-module F; and an Oy, -
module F5, we denote by F; K F, the tensor product pri(Fi) ®o, pri(Fa).

1.5. Relative groups. Let ® be an arbitrary functor on the category of
fields (of characteristic # 2) with values in the category of abelian groups. For
a field extension L/F we use the notation ®(L/F) for ker(®(F) — ®(L)).
Here is a list of examples that we need in this chapter: W(L/F), I"(L/F),
H(L/F), and H(L/F,Q/Z(3).

2. The groups H3(F(y,D)/F) and I*(F (v, D)/F)

PROPOSITION 2.1. Let D be a central simple F'-algebra of exponent 2 and
Y be a quadratic form of dimension > 3. Then there exists a natural isomor-
phism

H3(F(,D)/F) N Tors CH?*( Xy x Xp)
H3(F(y)/F)+ H3(F(D)/F) ~ pr;, Tors CH*(Xy) + pr, Tors CH?(Xp)

where pry, and pry, are the pull-backs with respect to the projection pry and
prp Owa X XD to Xw and XD.

PRroOOF. By Proposition 2.2 of Chapter 4, the factor group

H3(F (4, D)/ F,Q/Z(2))
H3(F()/F,Q/Z(2)) + H*(F(D)/F),Q/Z(2))

is isomorphic to

Tors CH*(Xy x Xp)
pry, Tors CH?*(Xy) + pri, Tors CH*(Xp)
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Now it is sufficient to apply isomorphisms

H(F(4)/F,Q/2(2)) = H(F(¥)/F),
H*(F(D)/F.Q/Z(2)) = H*(F(D)/F),
H*(F(y, D)/F,Q/Z(2)) = H*(F(y, D)/ F).

(see e.g. Lemma 2.8 of Chapter 4, [24, Lemma A.8], Corollary 6.6 of Chapter
6). O

COROLLARY 2.2. Let D be a biquaternion algebra and 1 be a 4-dimensional
quadratic form. Then there exists a natural isomorphism
H*(F(y, D)/F)
H3¥F(y)/F) + H3(F(D)/F)
In particular, 2 - Tors CH*(X,, x Xp) = 0.

PROOF. Since dim ) = 4, we have Tors CH*(X,) = 0 (see e.g. [32, Theo-
rem 6.1] or Lemma 2.4 of Chapter 4). By Proposition 5.3 of Chapter 1, we have
Tors CH*(Xp) = 0. To complete the proof it is sufficient to apply Proposition
2.1. O

~ Tors CH*(X,, x Xp).

LEMMA 2.3. Let ¢ be a quadratic form of dimension > 3. Then
1. the map 3 : P3(F(¢)/F) — H3(F()/F) is surjective;
2. P(F()/F)+INF) = B(F(¢)/F) + I'(F).

PROOF. 1. Really, we have to verify that the set H3(F(i))/F) consists of
symbols. This fact is proved in [5, Satz 5.6].
2. Follows from Item 1 and from injectivity of e* : I*(F)/I*(F) — H3(F). O

LEMMA 2.4. Let D be a biquaternion algebra and q be an Albert form of
D. Then

L. H*(F(D)/F) = [D]U H'(F);

2. P(F(D)/F)+IY(F) ={q{s) |s € F*} + I'(F);

3. the map € : I*(F(D)/F) — H3(F(D)/F) is surjective.

PROOF. 1. See [66, Corollary 4.5].
2. Obviously €3(¢ ((s))) = [D] U (s). Now, it is sufficient to apply Item 1 and
injectivity of €3 : I3(F)/I*(F) — H3(F).
3. Follows from Items 1 and 2. [

LEMMA 2.5. Let D be a biquaternion algebra and i be a quadratic form
of dimension > 3. Then the natural homomorphism
F(F(y,D)/F) + I'(F) R H*(F(y, D)/F)
B(F()/F)+ IP(F(D)/F)+ I4(F)  HF()/F)+ H(F(D)/F)
18 1njective.
In particular, the condition H3(F (¢, D)/F) = H3(F(¢)/F)+H?3*(F(D)/F)
implies that I*(F (¢, D)/F) C I3(F(Y)/F) + I3(F(D)/F) + I*(F).
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ProoOF. Obvious consequence of the following facts:

a) I3(F)/I*(F) — H3(F) is injective;

b) I3(F(¢)/F)) — H3(F(¢)/F) is surjective (Lemma 2.3);

c) I’ (F(D)/F)) — H3(F(D)/F) is surjective (Lemma 2.4). O

COROLLARY 2.6. Let D be a biquaternion algebra and v be a quadratic
form of dimension > 3 such that Tors CH*(X,, x Xp) = 0. Then

I*(F(,D)/F) C I'(F(¢)/F) + I'(F(D)/F) + I'(F) .

Proor. Follows from Lemma 2.5 and Proposition 2.1. O

3. The group K (X, x Xp)

In this section, 9 is a quadratic F'-form of dimension 4, D is a biquaternion
F-algebra.

LEMMA 3.1. Consider the tensor product K(Xy) ®z K(Xp) together with
the filtration induced by the topological filtrations on K(X,) and K(Xp). The
adjoint graded group G*(K(X,) ® K(Xp)) is torsion-free.

PrOOF. The adjoint graded group G*K(X,,) is torsion-free (see e.g [32]).
The adjoint graded group G*K(Xp) is torsion-free as well (see [34, Example]).
We have a surjection

G*K(Xy) @ G*K(Xp) — G*(K(X,) ® K(Xp)) .

The left-hand side term is a finitely generated torsion-free abelian group, i.e.
a free abelian group of finite rank. This rank coincides with the rank of the
right-hand side term. Therefore, the map is an isomorphism. O

We consider the subgroup K (X)X K(Xp) of K(X, x Xp) together with
the filtration induced by the topological filtration on K (X, x Xp).

LEMMA 3.2. The homomorphism K(X,)® K(Xp) = K(Xy)XK(Xp) is

an isomorphism of groups with filtrations.

PRrROOF. It is a homomorphism of groups respecting the filtrations. First of
all let us check that it is an isomorphism of groups, regardless the filtrations. It
is evidently an epimorphism. So, we only have to check the injectivity. Since
for any extension of the base field F', the restriction homomorphism on the
product K (Xy)®K (Xp) is injective, it suffices to check the injectivity in a split
situation. However, if D splits, then Xp is isomorphic to a projective space;
therefore the map K (X,) ® K(Xp) - K(Xy) XK K(Xp) is an isomorphism.

To finish the proof, it is suffices to show that the homomorphism of the
adjoint graded groups is injective. Consider the commutative diagram

G(K(Xy) ® K(Xp)) — G*(K(Xy) W K(Xp))

| |

G (K(Xy) © K(Xp)) —— G*(K(Xy) K K(Xp))
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The left-hand side arrow is injective since the group G*(K(Xy) ® K(Xp)) is
torsion-free (Lemma 3.1) The upper arrow is injective because Xp is isomor-
phic to a projective space. Therefore the bottom arrow is injective too. O]

COROLLARY 3.3. The group G*(K(Xy) X K(Xp)) is torsion-free. O

We denote by C' the even Clifford algebra Cy(¢)). Let U(2) be Swan’s sheaf
U on the quadric X, ([82, §6]), twisted twice. It has a structure of C-module.
Let J be the canonical sheaf on the Severi-Brauer variety Xp ([69, §8.4]). It
has a structure of D-module.

Put F ¥ U)X J. It is a sheaf on X, x Xp with a structure of C ®p D-
module. Denote by f the homomorphism K(C'® D) — K(Xy x Xp) given by

the functor of tensor multiplication by F over C'® D.

Put g def U(2)RT®3. Tt is a sheaf on Xy x Xp with a structure of C®p D®3-

module. Consider the homomorphism K(C ® D®?*) — K (X, x Xp) given by
the functor of tensor multiplication by G over C'® D®3. Since the algebra
D®? is split, the group K(C' ® D®3) is canonically isomorphic (via Morita
equivalence) to K(C' ® D). Denote by g the the composition K(C ® D) —
K(C@ D®3) — K(Xd, X XD)

LEMMA 3.4. 1. The homomorphism
K(C®D)* — K(X, x Xp)/(K(Xy) XK (Xp)),
induced by the homomorphisms f + g, is surjective.
2. If C® D is a skewfield, then K(X, x Xp) = K(Xy,) X K(Xp).

PrOOF. 1. Using Swan’s computation of the K-theory for quadrics [82,
Theorem 9.1] (with U(2) instead of U) and a generalized Peyre’s version
[66, Proposition 3.1] of Quillen’s computation of K-theory for Severi-Brauer
schemes [69, Theorem 4.1 of §8], we get an isomorphism

K(F)* e K(C)* o K(D)* @ K(C® D)** ~ K(X, x Xp)
such that the image of K(F)®* @ K(C)®?@® K(D)®* is contained in K (X)X
K(Xp) and the summand K (C' ® D)®? is mapped into K (X, x Xp) via f+g.
Therefore, K(C®D)** — K(Xyx Xp)/(K(Xy)XK(Xp)) is an epimorphism.
2. If the algebra C' ® D is a skewfield, then its class generates the group
K(C®D). The images of this class under f, g are F,G € K(X,)XK(Xp). O

COROLLARY 3.5. If C® D is a skewfield, then the group G*K (X, x Xp)
is torsion-free.

PRrROOF. By Lemma 3.4, K(X; x Xp) = K(Xy) X K(Xp). By Corollary
3.3, the group G*(K(X,) X K(Xp)) is torsion-free. O
4. The group Tors CH*(X, x Xp)

THEOREM 4.1. Let D be a biquaternion algebra and v be an anisotropic
4-dimensional quadratic form with det # 1. Then the group CH?(X, x Xp)
is torsion-free except (possibly) the following two cases:



4. THE GROUP Tors CH?(X, x Xp) 143

(1) indCy(v) ® D = ind D = 4,
(2) indCo(¢) ® D = 2.

PROOF. Set C' < Co(¢) and s o ind(C' ® D). The possible values of s are
1,2, 4, 8.

Assume that s = 8. Since det ) # 1, it follows that C' ® D is a skewfield.
Therefore, the group CH*(X, x Xp) ~ G?K(X, x Xp) is torsion-free by
Corollary 3.5.

Now assume s = 1. Then ind(Cy(¥'r(p))) = 1. Therefore the quadratic
form ¢ p(p) is isotropic. Hence the extension F(i, D)/F(D) is purely tran-
scendental and H*(F (¢, D)/F) = H*(F(D)/F). Now, Corollary 2.2 shows
that Tors CH*(X,, x Xp) = 0.

Finally, assume s = 4 and ind D # 4. Then the biquaternion algebra D
is Brauer equivalent to a quaternion F-algebra D'. Since Tors CH?*(X,, x Xp)
depends only on the Brauer class of D (see e.g. Chapter 6 ), we may replace
D by D'. Let ¢’ be a 3-dimensional quadratic F-form such that Cy(¢') ~ D'.
The Severi-Brauer variety X is isomorphic to the conic X. Since the tensor
product Cy(v)) ® Cy(¢') has index 4, it is a division algebra. Therefore, by
Corollary 4.4 of Chapter 4, the group CH?*(X, x Xy) is torsion-free. O

REMARK 4.2. The assumption v is anisotropic is not essential: if v is
isotropic, then
H*(F(¢,D)/F) = H*(F(D)/F)
and therefore the group CH?(X, x Xp) is torsion-free as well (by Corollary
2.2).

PROPOSITION 4.3. Let D be a biquaternion algebra and let 1 be a 4-
dimensional quadratic form with det # 1. Then the group Tors CHZ(X¢ X
Xp) is equal to zero or isomorphic to 7./2.

PROOF. Since we already know that the torsion in the group CH? (X, x Xp)

is annihilated by 2 (Corollary 2.2), it suffices to show that the torsion is cyclic.

Once again we set C' o Co(¥). According to Theorem 4.1, it suffices to

consider the case where ind(C' ® D) equals 2 or 4.

Consider the quotient K (X x Xp)/(K(Xy) XK (Xp)) with the filtration
induced by the topological filtration on K (X, x Xp). Since in the exact
sequence of the adjoint graded groups

0 — G*(K(X,) B K(Xp)) = GK(X, x Xp) —
— G*(K(Xy x Xp)/(K(Xy) X K(Xp))) —0
the left-hand side term is torsion-free (Corollary 3.3), we have an injection
Tors G*K(Xy x Xp) — G*(K(Xy x Xp)/(K(Xy) X K(Xp))) .

Since CH?*(X,, x Xp) ~ G?K (X, x Xp), it suffices to show that the group
G*(K(Xy x Xp)/(K(Xy) X K(Xp))) is cyclic.
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Denote by h € K(Xy) the class of a general hyperplane section of X,,. Let
¢ € K(Xp) be the class of the tautological linear bundle on the projective
space Xp. Note that for any i > 0, the multiple (ind D®?) - £ of & belongs to
K(Xp). Thus ¢ € K(Xp) for i even and 4¢' € K(Xp) for i odd.

The algebra C' ® D is simple. Therefore, its Grothendieck group is cyclic.
By Lemma 3.4, it follows that the quotient K (X, x Xp)/(K(Xy) X K(Xp))

is generated by two elements, namely by (s/2)x and (s/2)y, where x o (4+

2h + h*) K &, y o (44 2h+ h*) K&, and s “indCc® D (we use here the

equality [U(2)] =4+ 2h + h* € K(Xy), [32, Lemma 3.6]).

We have a congruence z = h* K (£ — 1) — h K (£ — 1) (mod K(Xy) K
K(Xp)). The right-hand side element belongs to K (X, x Xp)®? | because it is
in K(Xy,xXp)® and K(XyxXp)? = K(XyxXp)PNK(XyxXp) (see [74,
Lemme 6.3, (i)]). Therefore, (s/2)z € (K(X, x Xp)/(K(Xy) R K(Xp)))®
(take into account that the coefficient s/2 is an integer).

We also have another congruence modulo K(Xy) X K(Xp):

y—z=(RRE-1)-ARE-1)?) - 1R(E-1)).
The right-hand side element is in K(X, x Xp)? as a product of an element
in K(Xy x Xp)® and the element 1X (2 — 1) € K(X,, x Xp)®. Therefore,
(s/2)(y — x) € (K(Xy x Xp)/(K(Xy,) X K(Xp)))® and it follows that the
group G*(K (X, x Xp)/(K(Xy) X K(Xp))) is generated by (s/2)z. So, in
particular, this group is cyclic. O

REMARK 4.4. The assumption det # 1 is not essential: if dety = 1,
then H*(F(1, D)/F) — HY(F (i, D)/F) and HY(F(¢)/F) = H(F({/)/F),
where 1/ is an arbitrary 3-dimensional subform of ¢ (Lemma 5.2 of Chapter
4). Therefore,

CH*(Xy x Xp) ~ CH*( Xy x Xp) ~ CH*(Xpr x Xp)

where D' is the even Clifford algebra of ¢/’. The group Tors CH*(Xp x Xp)
is zero or Z/2 according to Theorem 6.1 of Chapter 2.

THEOREM 4.5. Suppose that = (—x, —y,zy,d) (withd ¢ F**) and D =
(z,y) ® (u,v) where z,y,d,u,v € F*. Then Tors CH*(X, x Xp) = 0.

PrRoOOF. The even Clifford algebra of the quadratic form ) is isomorphic to
the quaternion algebra (z,y) F(Va) Therefore, the tensor product Cy(¢) @ D
is Brauer equivalent to the quaternion algebra (u,v) F(Va) and in particular
has index 2 or 1. In the case, where the index is 1, we are done by Theorem

4.1. Let us assume the index equals to 2. It suffices to show that the element

€ R2R(E—1)—hR(E—1)%is in K(Xyx Xp)® (see the proof of Proposition

4.3).
By definition, the element h € K (X,) is the class of a hyperplane section
of the quadric X,. This hyperplane section is the quadric X,/ determined

by a 3-dimensional subform ¢’ of 1. Clearly, x is equal to the image of x’ def
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R'R(E—1)—1K(£—1)* € K(Xy x Xp) under the push-forward homomorphism
K(Xy x Xp) = K(Xy x Xp). Moreover, 2’ € K(Xy x Xp)?, because 1’ €
K(XyxXp)® and K(Xy x K(Xp))? = K(Xy x Xp)PNK(Xy x K(Xp)).
Since the codimension of X, x Xp in X, x Xp equals to 1, it follows that
z € K(Xy x Xp)®, O

REMARK 4.6. The assumption d € F*? is not essential: if d € F*2, then
Tors CH*(Xy x Xp) =~ Tors CH*(X¢y(y) X Xp), where ¢/ oo (—x, —y, zy);
since Cy(¢') ~ (z,y), we have ind Cy(¢") ® D < 2; therefore, by Theorem 6.1
of Chapter 2, the latter group is zero.

5. Standard isotropy in the case Tors CH2(X¢ X Xp)=0

DEFINITION 5.1. We say that (¢, D, q) is a special triple if the following
conditions hold:

1) ¢ is an 8-dimensional anisotropic form with det ¢ = 1,

2) D is a biquaternion algebra,

3) ¢ is an Albert form,

4) [D] = c(¢) = c(q) € Bra(F).

In this section we need the following

THEOREM 5.2. Let ¢ be an anisotropic 8-dimensional quadratic form with
det¢ = 1 and let D be an algebra such that c(¢) = [D]. Then ¢ppy is
anisotropic.

PROOF. See [46, Théoreme 4] and [10, Corollary 9.3], see also Theorem
7.2 of Chapter 6. O

Our study of isotropy of 8-dimensional forms over function field of quadrics
is based on the following assertion.

PROPOSITION 5.3. Let (¢, D, q) be a special triple and ¢ be a quadratic
form. Then

1. The following two conditions are equivalent:
() 6+ q € I(F(b, D)/ F);
(ii) @rey) is isotropic.
2. The following two conditions are equivalent:
(i) ¢+q€ P(F())/F)+ P(F(D)/F) + I'(F);
(ii) there exists a 5-dimensional Pfister neighbor ¢o such that ¢g C ¢
and (¢o) p(y) 15 isotropic.

PRrROOF. (1i)=-(1lii). Condition (1i) implies that the quadratic form (¢ L

Q)F(w,p) is hyperbolic. Since gr(py is hyperbolic, it follows that ¢py p) is

hyperbolic. Let E &f F(v). We see that ¢ppy is hyperbolic. Theorem 5.2

implies that ¢ is isotropic, i.e., condition (1ii) holds.

(1ii)=-(1i). Suppose that ¢p(y) is isotropic. Since c(¢) = c(q), it follows that
¢ + q € I*(F). Hence it is sufficient to prove that ¢pey py and gpey py are hy-
perbolic. The form gg(y,py is hyperbolic because qp(p) is. Since ¢(¢) = [D], we
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have ¢y py € I°(F(1, D)). Since ¢p(y) is isotropic, we have dim(@p(y,p))an <
8. The Arason-Pfister Hauptsatz shows that ¢p(y p) is hyperbolic.
(2i)=-(2ii). By Lemmas 2.3 and 2.4, there exist 7 € P3(F(¢)/F) and s € F*
such that
p+a=r+als) (mod I'(F).

We have ¢+sq = (mod I*(F)). Since m € P3(F), Tp(r is hyperbolic. Hence
(¢ + $q)p(x) = Trey = 0 (mod I*(F)). Since dim(¢ + sq) < 8 +4 < 16, the
Arason-Pfister Hauptsatz shows that (¢ + sq)p(x) is hyperbolic. Hence there
exists a form ~ such that (¢ L sq)s, = 7y. Clearly 0 < 8 — 6 < dim(¢ L
5¢)an < 8+ 6 < 16. This implies that dim~y = 1, i.e., there exists k € F* such
that v = (k). Thus ¢ + sq = kn. Therefore (¢ L. —kn) = —sq. Hence ¢ and
k7 contain a common subform of dimension

dim¢ +dim7m —dimqg 8+8—6

2 2

Let us denote such a form by ¢q. Since dim ¢y = 5 and ¢y C km, it follows that
¢o is a Pfister neighbor of . Since m € P5(F()/F), it follows that (¢o)r(y)
is isotropic.
(2ii)=(21). Let ¢y be a 5-dimensional quadratic form such as in (2ii). By
the assumption, there exists 7 € GP5(F) such that ¢y C m. Since (¢g)p(y) is
isotropic, it follows that 7 € GP5(F(¢)/F).

Since ¢y C ¢ and ¢ C m, there exist 3-dimensional quadratic forms p/, p”
such that ¢ = ¢ L p/ and 7 = ¢9 L p”". We set p = p” L —p'. Clearly
dim p = 6. In the Witt ring W (F') we have p = p"” — p/ = m — ¢. In particular,
p € I*(F). Hence p is an Albert form.

We have ¢(p) = ¢(m) + c(¢) = 0+ ¢(¢) = ¢(q). Hence p is similar to ¢ ([28,
Theorem 3.12]). Let s € F* be such that p = sq. We have m — ¢ = p = sq.
Hence ¢ = m — sq. Therefore

p+q=m+q(s) € GR(F[)/F)+[q - I(F) C
Cc ¥ (F(Y)/F) + I}(F(D)/F) + I*(F).
O

COROLLARY 5.4. Let (¢, D, q) be a special triple and ¢ be a quadratic form
of dimension > 3. Suppose that Tors CH*(X,, x Xp) = 0. Then the following
conditions are equivalent:

(1) ¢p(y) is isotropic,
(2) there exits a 5-dimensional Pfister neighbor ¢o such that ¢g C ¢ and

(¢0) p(y) is isotropic.
PRroOF. Obvious in view of Proposition 5.3 and Corollary 2.6. |

=9.

6. The group H?(F(x, D)/F) in the case ind(Cy(¢y) ®p D) = 2

In this section we study the group H3(F (), D)/F) in the case where v is a
4-dimensional quadratic form with a non-trivial discriminant, D is a biquater-
nion division F-algebra, and ind(Cy(¢)) @ D) = 2.
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Let d % det . By our assumption, d ¢ F*?. Replacing ¢ by a similar
form, we can suppose ¢ = (—a, —b,ab,d) with a,b € F*. Let L o F(\/d).
By our assumption, we have ind((a,b) ®r D), = 2. Hence there exists a
quaternion F-algebra @) such that (a,b); + [Dr] = [@Qr] in Bra(L) (see [42,
Proposition 16.2]). Let us write @ in the form @ = (r,s) with r,s € F*. We
set Y = (—r, —s,rs, d).

Let ¢ be an Albert form corresponding to D.

LEMMA 6.1. There exist k, k' € F* such that ki + k'y' + q € I3(F).

PROOF. Since (a,b)+[DL] = [QL] = (r,s)r, it follows that (a,b)+ (1, s) +
[D] € Bry(L/F). Hence there exist k € F* such that (a,b)+(r, s)+[D] = (d, k).
Let ¥ & —1 and ¢ & ko) + K4’ + ¢. We claim that ¢ € I3(F). To prove this,

it is sufficient to verify that ¢ € I*(F) and c¢(¢) = 0. We have

¢o=k+ K +q=k(—a,—b,ab,d) — (—r,—s,rs,d) +q =
= k({a,0) — () — ({(r,s) — (@) + ¢ =
=k {(a,b)) + (d, k)) — (r,s)) + q.

Hence ¢ € I*(F) and ¢(¢) = (a,b) + (d, k) + (r,s) + c(q) = (a,b) + (d, k) +
(r,s)+[D]=0. O

DEFINITION 6.2. Let D be a biquaternion algebra and ¢ be a 4-dimensional
quadratic form such that det ¢ # 1 and ind(Cy(¢0) @ D) = 2. We denote by
I'(¢, D) the set defined as follows

{y € I*(F) | there exist k, k’,] € F* such that v = kv + k'Y’ + g},

where ¢ is an Albert form corresponding to D and v’ is a 4-dimensional qua-
dratic form satisfying the following two properties: det )’ = det ¢ and Cy(¢)
is Brauer-equivalent to Cy(¢)) ®p D.

REMARK 6.3. 1. The set I'(¢), D) does not depend on the choice of ¢
and ¢": indeed, the condition on ¢ and v’ determines them uniquely up
to similarity.

2. Lemma 6.1 shows the set I'(¢), D) is not empty.

LEMMA 6.4. (¢, D) C I3(F (¢, D)/ F).

PROOF. Let v = ki + k'Y’ + lq € T'(¢, D). By the definition of T'(¢), D),
we have v € I3(F). Thus it is sufficient to prove that vp py is hyperbolic.
We have dim(vp(y))an < 2 and dim(qp(p))an = 0. Therefore dim(vpy,p))an =
dim((ky L K'Y L 1g)pw,p))an < 2+4+0 =06 < 8 Since v € I’(F), the
Arason-Pfister Hauptsatz shows that vgy, py is hyperbolic. O]

LEMMA 6.5. Let v € I'(¢, D), m € P3(F(¢)/F), and s € F*. Then there
ezists v € T'(¢, D) such that v = v+ 7+ q((s)) (mod I*(F)).
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PROOF. Let us write 7 in the form v = k¢ + k¢’ + lq. Since & €
Py(F(y)/F), there exists r € F* such that m = ¢ ((r)).

We have kY + 7 = ki — kr = k¢ — k¢ ((r)) = rki¢ (mod I*(F)) and
lg+q{((s) =lq —lq{s)) = lsq (mod I*(F)). Therefore

YT +q(s) = kY +EY +lg+ 74 q((s) = vk + K'Y +1sq (mod I'(F)).
Now it is sufficient to set v/ = rki + k')’ + lsq. O
COROLLARY 6.6.
L(¢, D)+ I'(F) =T(4, D) + I*(F($)/F) + I*(F(D)/F) + I'(F) .
Proor. Obvious in view of Lemmas 6.5, 2.3, and 2.4. m

LEMMA 6.7. The following conditions are equivalent:
(1) I*(F(¢,D)/F) C I’(F(¢)/F) 4+ I’(F(D)/F) + I*(F);
(2) T(¥,D) C IP(F(y)/F)+ IP(F(D)/F) + I*(F);
(3) there exists v € I'(¢, D) such that

v € P(F()/F) + I'(F(D)/F) + I'(F);

(4) T'(¢p, D) contains a hyperbolic form, i.e. 0 € I'(y, D);

(5) there exist x,y,u,v,d € F* such that ¥ ~ (—x,—y,xy,d) and D =
(z,y) @F (u,v);

(6) Tors CH*(X,, x Xp) = 0;

(7) H(F(¢,D)/F) = H*(F(¢)/F) + H*(F(D)/F).

PROOF. (1)=(2). Obvious in view of Lemma 6.4.
(2)=(3). Obvious, because I'(1), D) is not empty.
(3)=>(4). Condition (3) implies that 0 € T'(¢, D)+I3(F () /F)+I*(F(D)/F)+
I*(F). Tt follows from Corollary 6.6 that 0 € I'(¢), D) + I*(F). Hence there
exists v = k¢ + k') + lqg € T'(x, D) such that v € I*(F). Since dim~y =
4+446 =14 < 16, the Arason-Pfister Hauptsatz shows that v = 0.
(4)=(5). Let v = kv + k'Y’ + lq be a hyperbolic form. We have (kv L 1q)a, =
—k'y!,.. Therefore ki) and —lq contain a common subform of dimension

%(dimlp +dim g — dim¢') = %(4 +6—4)=3.

Let us denote such a 3-dimensional form by 7. Let z,y € F™ be such that
T ~ (—x,—y,zy). Thus (—z, —y, zy) is similar to a subform of ¢ and similar
to a subform of gq. Let d = det 4. Since (—z, —y, zy) is similar to a subform of
Y it follows that (—z, —y, zy,d) is similar to 1. Since (—x, —y,zy) is similar
to a subform of the Albert form ¢, it follows that there exist u,v € F* such
that ¢ is similar to (—z, —y, zy, u, v, —uv). Then [D] = ¢(q) = (z,y) + (u,v).
Therefore D 2 (x,y) ®F (u,v).

(5)=(6). See Theorem 4.5.

(6)=(7). See Proposition 2.1.

(7)=(1). See Lemma 2.5. O
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PROPOSITION 6.8. Let D be a biquaternion algebra and let ) be a 4-dimen-
sional quadratic form such that det ¢ # 1 and ind(D ®@p Cy(v))) = 2. Then for
any v € I'(¢, D) one has

H(F(4,D)/F) = H(F(¢)/F) + H*(F(D)/F) + () H*(F).

PROOF. By Lemma 6.4, the element e3(v) belongs to H*(F(¢, D)/F). If
the group CHQ(X¢ x Xp) is torsion-free, then, by Proposition 2.1, we have

H(F(4,D)/F) = H(F(¢)/F) + H(F(D)/F)

and the proof is complete. If Tors CH*(X, x Xp) # 0, Lemma 6.7 shows
that v ¢ I3(F(¢)/F) + I3(F(D)/F) + I*(F). Tt follows from Lemma 2.5 that
e3(v) ¢ H3(F(v)/F)+ H*(F(D)/F). To complete the proof it is sufficient to
apply Proposition 4.3 and Proposition 2.1. O

COROLLARY 6.9.
P(F(¢,D)/F) C I’(F()/F) + I’(F(D)/F) + T'(s, D) + I'(F),
where I"(¢, D) =T'(¢, D) U {0}.

PROOF. Let 7 € I3(F(¢, D)/F). Choose an element v € T'(4, D). By
Proposition 6.8, either the element e3(7) or the element ¢3(7 — ) is in

H(F(4)/F) + H*(F(D)/F) .
It remains to apply Lemma 2.5. O

PROPOSITION 6.10. Let A € I}(F(¢, D)/F). Then at least one of the
following conditions holds

1) A€ P(F(y)/F) + I*(F(D)/F) + I*(F);

2) Ae (v, D)+ I'(F).

PRrROOF. Obvious in view of Corollaries 6.9 and 6.6. O

7. Main theorem

THEOREM 7.1. Let ¢ be an anisotropic §8-dimensional quadratic form with
det p =1 and let 1) be a 4-dimensional quadratic form with dety # 1. Suppose
that ¢y is isotropic and let the case ind C(¢) = ind(C(¢) @p Co(v)) =4 be
excepted. Then the isotropy of ¢p(y) is L-standard.

PROOF. In the case where ind C(¢) = 8, the theorem is proved in Chapter
3. Thus we can suppose that ind C'(¢) < 4. Then there exists a biquaternion
algebra D such that ¢(¢) = [D]. Let ¢ be an Albert form corresponding to D.
Clearly (¢, D, q) is a special triple .

By Corollary 5.4, we can suppose that Tors CH?*(X,, x Xp) # 0. Theorem
4.1 asserts that at least one of the following conditions holds:

1) ind(D ® Cy(v)) = ind D = 4,

2) ind(D ® Cy(v)) = 2.
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If ind(D ® Cy(10)) = 2, then all the conditions of Definition 6.2 hold. Thus we
have a well-defined set I'(¢), D).

By Proposition 5.3, we have ¢ + q € I*(F (v, D)/F). By Proposition 6.10,
we see that at least one of the following condition holds:

1) ¢ +q € I’(F(y)/F) + IP(F(D)/F) + I'(F);

2) ¢+qel(¥, D)+ IY(F).

In the first case, Proposition 5.3 shows that there exists a 5-dimensional
Pfister neighbor ¢ such that ¢9 C ¢ and (¢o)r(y) is isotropic. This implies
that the isotropy of ¢p(y) is L-standard.

Therefore, we may assume that ¢ + ¢ € I'(¢, D) + I*(F). Thus there exist
k. k')l € F* (and a 4-dimensional quadratic form ") such that

¢+ q=k+ k¢ +1g (mod I'(F)).
Since k¢ + k"¢’ +1q € I3(F) it follows that
ky + kY +lg =1k + K +1g) (mod I*(F)).
Therefore
¢+q=lkp+ 1KY +q (mod I*(F)).

def

Thus ¢ = lk¢ + Ik (mod I*(F)). Let ¢* = + L kk'y'. Since ¢ = lko*
(mod I*(F)) and dim ¢* = 8, it follows that ¢ and ¢* are half-neighbors.
Since ¢ C ¢*, the isotropy is L-standard and the proof is complete. O]

COROLLARY 7.2. Let ¢ be an anisotropic 8-dimensional quadratic form
with det ¢ = 1 and let 1 be a 4-dimensional quadratic form with dety # 1.
Suppose that ¢py is isotropic but the isotropy is not L-standard. Then ¢ can
be written in the form ¢ = m L mo with m, 19 € GPy(F).

PROOF. Since det¢ = 1, it is sufficient to verify that ¢ contains a 4-
dimensional quadratic form with trivial determinant. Suppose at the mo-
ment that ¢ contains no 4-dimensional quadratic form with trivial determi-
nant. Then [25, Theorem 6.1] implies that there exists a homomorphism of
F-algebras, Cy(1)) — Co(¢). Since det ¢ = 1 and dim ¢ = 8, there exists a 3-
quaternion algebra A such that Cy(¢) has the form A x A and C(¢) ~ My(A).
Thus we get a homomorphism Cy(¢)) — A which is injective because Cy(1))
is a simple algebra. Then ind(Cy(¢)) ®p A) = 2. Since My(A) ~ C(¢), we
have ind(Cy(¢) ®p C(¢)) = 2. Theorem 7.1 implies that isotropy of ¢p(y) is
L-standard. The contradiction obtained completes the proof. O

It is a natural question if there exists an example of non-L-standard isotropy.
One way to find non-L-standard isotropy is based on the following

LEMMA 7.3. Let q be a 6-dimensional quadratic form and let ¥ be a 4-

dimensional quadratic form over a field k. Suppose that q is a k()-minimal

form (see definition in [20]). Let F oo k((t)), ¢ Lt (1,det(q)). Then the

Jorm ¢py) is isotropic, but the isotropy is not L-standard.
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PRrROOF. The proof of this lemma is absolutely analogous to the proof of
Theorem 5.1 of Chapter 3 and we omit it. O

COROLLARY 7.4. There exist a field F', an 8-dimensional quadratic form
¢ € I*(F), and a 4-dimensional F-form 1) with nontrivial determinant such
that ¢ry) is isotropic, but the isotropy is not L-standard.

Proor. By Corollary 15.4 of Chapter 5, there exists a field k, a quadratic
form ¢ of dimension 6, and a quadratic form 1 of dimension 4 over a field
k such that ¢ is a k(¢))-minimal form. Now the required result follows from
Lemma 7.3. 0

8. Isotropy over the function field of a conic

In this section we still assume that ¢ is an anisotropic 8-dimensional qua-
dratic form of trivial determinant. We are interested in the question when ¢
is isotropic over the function field of a quadratic form .

For the forms 1 of dimension > 5, the question was studied in [47] and [46].
The case dim) = 4, d41 # 1 is done in the previous section. Thus it suffices
to consider only two cases: dim = 3 or ¢ € GP,(F). Since the function field
of a form ¢ € GP,(F) is stably birational equivalent to the function field of
an arbitrary 3-dimensional subform of ¢ (see e.g. Lemma 5.2 of Chapter 4),
it suffices to handle only one of these cases.

Let us consider the case where ) € GPy(F).

THEOREM 8.1. Let ¢ be an anisotropic 8-dimensional quadratic form (we
do not assume det ¢ = 1) and let 1 € GPo(F). Then the form ¢p(y) is isotropic
if and only if at least one of the following conditions holds:

a) there ezists a 10-dimensional form ¢* such that ¥ C ¢* and sp = ¢*
(mod I*(F)) for suitable s € F*;
b) there exists a 5-dimensional subform ¢g C ¢ with the following two
properties:
— the form ¢q is a Pfister neighbor,
— the form (¢o)rq is isotropic.

PROOF. First, suppose that ¢p(y) is isotropic. The excellence property
of the field extension F'(1)/F implies that there exist a 6-dimensional form
7 and a form v such that ¢ — 7 = 1 (see [20, Proof of Proposition 1.1]).
Comparing dimensions, one can see that 1 < dim~ < 3. First, consider the

case where dim ~y is odd (i.e., dim~y = 1 or 3). Weset s &t d+7y. Clearly, v = (s)
(mod I*(F)). Hence v = s (mod I*(F)). Since ¢—7 = 1), it follows that

¢ =T+ =T7+51 = s(st+1) (mod I*(F)). Setting ¢* ' sr 1 1, one can
see that condition a) holds. Now, suppose that dim~ is odd, i.e., dim~y = 2.
Then v¢) € GP3(F). We have ¢ — v = 7. Therefore, the quadratic forms ¢
and 1) contain a common subform of dimension %(dim ¢+dimyy —dimT) =
$(84 8 —6) = 5. Let us denote that 5-dimensional form by ¢y. Clearly,

condition b) holds.
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Now, suppose that at least one of conditions a) and b) holds. We have
to verify that ¢p(y) is isotropic. It is obvious in the case where condition b)
holds. Suppose now that condition a) holds. Since ¢ C ¢* and dim ¢* = 10,
one has dim(¢jy))en < 6. Therefore dim((¢ L —5¢")rw))an < 8+ 6 =
14 < 16. Since ¢ 1 —s¢* € I*(F), the Arason-Pfister Hauptsatz implies that
dim((¢ L —5¢*)r(p))an is hyperbolic. Hence (¢p(yp))an = (S¢*F(w))an. Therefore
dim(@p(y))an < 6. Hence ¢p(y) is isotropic. O

COROLLARY 8.2. Let ¢ be an anisotropic 8-dimensional quadratic form
with det ¢ = 1 and let ¢ be a 4-dimensional quadratic form with detvy =1 (or
Y is a S-dimensional form). Suppose that ¢p(y) is isotropic but the isotropy is
not L-standard. Then ind(C(¢) ® Cy())) = 4.

PROOF. We can assume that ¢» € GP(F) (if dim = 3, then we replace
Y by ¢ L (detv))) . Let us suppose that ind(C(¢) ® Co(1))) # 4. By Theorem
8.1, there exist a 10-dimensional form ¢* and an coefficient s € F* such that
Y C ¢* and s¢ = ¢* (mod I*(F)). Then ¢* can be written in the form
¢* =1 L q. Clearly, g is an Albert form and c(q) = ¢(¢*) + ¢(¢0). Therefore
ind C(q) = ind(C(¢*) @ C(¢)) = ind(C(¢) @ Co(¢))) # 4. Hence, q is isotropic.

Thus there exists a 4-dimensional form ¢ such that Gu, = Gan- Set é* o v L q.

Clearly, dim ¢* = 8, ¢ C ¢* and s¢ = ¢* = ¢* (mod I*(F)). Therefore, the
isotropy ¢p(y) is L-standard, a contradiction. O]

REMARK 8.3. There are many examples of ¢ and ¢ with ¥ € GP(F)
such that the isotropy of ¢p(y) is not L-standard. The condition of Theorem

8.1 can be regarded as a modification of the notion of the L-standard isotropy
for the case ¥ € GPy(F).



CHAPTER 8

A generalization of the Albert-Risman theorems

Let A be a central simple algebra of a prime degree p over a field F' and let
By, ..., B,_1 be central simple F-algebras of degrees p™, ..., p"~'. We show
that if every tensor product A @ B; has zero divisors, then there exists a field
extension E/F of degree < p™* -1 which splits the algebras By, ..., B,_1
as well as the algebra A. In the case p = 2, this statement was proved 1975
by L. Risman ([70]); in the case p = 2 and ny = 1, it is a classical theorem of
A. Albert (see [1] or [2]).

0. Introduction

A well-known theorem of A. Albert states (see [1] or [2]): if tensor product
of two quaternion algebras has zero divisors, then the quaternion algebras can
be split by a common extension of the base field of degree < 2.

1975 L. J. Risman gave the following generalization of Albert’s theorem
([70, Theorem 1]): if tensor product of a degree 2" (where n > 1) central
simple algebra A and a quaternion algebra B has zero divisors, then A and B
possess a common splitting field of degree < 2.

Attempts to find a generalization of Risman’s theorem to the case of an
odd prime p was unsuccessful for a long time. Even worth: 1993 B. Jacob and
A. R. Wadsworth ([27], see also Chapter 9) have shown that already Albert’s
theorem has no generalization to the case of two degree p algebras. Two degree
p central simple algebras A, B with no common splitting field of degree p, they
found for every odd prime p, possessed the following property: for any integers
i,7 > 0 the index of the tensor product A% ® B% was < p.

We propose here the following generalization of Risman’s theorem:

THEOREM 0.1. Let A be a central simple algebra of a prime degree p over
a field F' and let By, ..., By_1 be central simple F'-algebras of degrees p"™', ...,

ptr=1. Setn o ny + -+ +n,_1 and suppose that for everyi=1,...,p—1 the
tensor product A @p B; has zero divisors. Then there exists a field extension
E/F of degree < p™ which splits all the algebras A, By, ..., By_1.

In the particular case where n; = --- = n,_1 = 1, Theorem 0.1 can be
regarded as a generalization of Albert’s theorem. For instance, taking p = 3
we get the following

ExaMPLE 0.2. Let A, B, C be three degree 3 central simple algebras over
a field F'. Suppose that each of the two tensor products A ® B and A ® C
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has zero divisors. Then there exists a field extension E/F of degree < 9 which
splits all the three algebras A, B, C.

In fact, a general method of obtaining results of the type similar to Theorem
0.1 is developed in Chapter 10. However this method allows to control degrees
of common splitting fields of algebras only up to a prime to p factor. In order
to obtain the announced exact statement, we use here a refinement of that
method. It is based on the intersection theory and especially on the theory
of non-negative intersections developed in [12, Chapter 12] (see the proof of
Proposition 1.2).

Terminology and notation. Let F' be a field. We fix an algebraic closure
F of F and, for any F-variety X, denote by X the F-variety Xz. Let o be
a cycle on X. We denote by [o] its class in the Chow group CH*(X) and by
& the corresponding cycle on X. Sometimes, while working on X x Y, where
Y is another F-variety, we denote, abusing notation, by o as well the cycle
oxY.

Degree deg(o) of a simple 0-dimensional cycle o is defined to be the degree
of its residue field over the base field. Degree of an arbitrary 0-dimensional
cycle 0 = ) l;0;, where [; are integers and o; are simple cycles, is defined as
>_ 1 deg(o;).

A cycle 0 = > l;jo; (of any dimension) is called non-negative, if all the
integers [; are non-negative.

1. Preliminaries

In this section we prove two (independent) statements needed for the next
section.

LEMMA 1.1. For any integers n,m > 0, let ¢ : P" x P « Prmtntm
be the Segre imbedding. Denote by f € CHY(P"), g € CHY(P™), and h €
CHY (P +n+m) the classes of hyperplanes. Then

¢*(h) = f+g € CH'(P" x P™),
where ¢*: CH*(PP™m*ntm) — CH*(P™ x P™) is the pull-back homomorphism.

PROOF. Denote by [zg: -], [Yo: -+ : Ym], and [20 : + -+ 1 Zpmanam] the
coordinates in P, P, and P"*t"*™  The Segre embedding ¢ is determined
by the rule

([0 ] X [Yo 1o+ 1 Ym]) = [ToYo : ToY1 - TnYm—1  TnYm) -

The intersection of the hyperplane z; = 0 with P" x P™ has two transversal
components: one of them is determined in P x P™ by the equation xqg = 0
and represents f while the other one is determined by the equation yo = 0 and
represents g. ]
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PROPOSITION 1.2. Let T' be a direct product of Severi-Brauer varieties
over a field F'. Let o and o’ be non-negative cycles on T and let ¢: T" — T be
a morphism of F-varieties. Then

1. there ezists a non-negative cycle T on T such that [7] = [o] - [0'] €
CH*(T);
2. there ezists a non-negative cycle 7' on T" such that ¥*([o]) = [7'].

PROOF. We define the cycles 7 and 7/ ala [12]: 7 is the intersection product
oNo' of o and o’; 7 is the pull-back 1/'(c) of the cycle o with respect to .
Note that the cycles 7 and 7" are defined precisely, not only up to rational
equivalence.

Considering 7 as a cycle on T and 7’ as a cycle on 7", we have [1] =
[o0] - [0'] € CH*(T) and [7'] = ¢*([o]) € CH*(T"). So, we only have to check
that 7 and 7’ are non-negative. For this it suffices to check that the cycles 7
and 7 on the F-varieties T and 7" are non-negative.

Since intersection products commute with flat pull-backs ([12, Theorem
6.2]), we still have 7 = 5N’ and 7 = 1'(5), where 1) is the morphism 7" — T
obtained from 1 by the base change. Since the variety T is isomorphic to a
direct product of projective spaces, the tangent bundle on T is generated by
the global sections (see [12, Examples 12.2.1a and 12.2.1c|). Therefore, by
[12, Corollary 12.2], the cycles 7 and 7' are non-negative. ]

2. The proof

In this section we prove Theorem 0.1.
We denote by X, Y1,...,Y, 1, and T1,...,T,_; the Severi-Brauer varieties
of the algebras A, By,...,Bp—1, and A®p By,...,A®p B,_1. We set

y 4 pﬁl Y .
i=1

For every 4, tensor product of ideals induces a closed imbedding v, : X X
Y; < T; which is a twisted form of the Segre imbedding PP~! x PP"~1
Pt -t

Let f € CHY(X), g; € CH'(Y;), and h; € CH'(T;) be the classes of hyper-
planes.

The algebra A® B; (for every i) has degree p"*! and zero divisors, so that
its index divides p"™. Therefore, there exists a simple (and in particular non-
negative) p"i-codimensional cycle o; on the variety T; such that [7;] = hY "e
CH""(T;) (sce [6, §3]).

By Item 2 of Proposition 1.2, there exists a non-negative cycle 7; on X x Y;
such that [r;] = ¥ ([oy]). Since [5,] = h?"", it follows from Lemma 1.1 that
7] = (f + ¢:)P"" € CH" (X x Y)).

Applying Item 1 of Proposition 1.2 to the variety X x Y, we find a non-
negative cycle 7 on X x Y such that [7] = [r]---[7,—1] € CH*(X x Y). Note
that 7 is a cycle of codimension p™ + --- 4 p™~* on a variety of dimension
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p-D+@P"—-1)+--+ (Pt —1) =p" +--- 4 p'1 so that it is a
0-dimensional cycle. Moreover,

[77'] = [7’1] . ['fp—l] — (f + gl)pnl . (f + gp—l)pnIFl _

_ — Np—1__
P (fP g 1 P’” 1...9591 1),

where the last equality holds because of the relatlon f? = 0. Since fP~1is the
class of a rational point on X and since gl ~! is the class of a rational point
on the variety Y; for every i, we get deg(7) = p".

Let 7/ be any simple cycle included in 7. Since the cycle 7 is non-negative,
we have deg(7’) < p™. The residue field E of 7’ is a common splitting field
of the algebras A, By,...,B,_1 and [E : F] = deg(7') < p™. The proof of

Theorem 0.1 is complete.



CHAPTER 9

Linked algebras

Two central simple algebras A, B of a prime degree p over a field are called
linked, if for any integers 7,j > 0 the index of A% @ B®/ is at most p. They
are called strongly linked, if they possess a common splitting field of a finite
degree (over the base field) not divisible by p?.

We show that for any two not strongly linked central simple algebras an
extension of the base field can be made such that the algebras become linked
while still not being strongly linked.

0. Introduction

1931 A. Albert proved (see [1] or [2]): two quaternion division algebras can
be split by a common quadratic extension of the base field provided that their
tensor product has zero divisors.

Attempts to generalize the theorem of Albert to the case of an odd prime p
have led 1987 to counter-examples of J.-P. Tignol and A. R. Wadsworth ([85,
Proposition 5.1]), who constructed two degree p central division algebras A, B
with zero divisors in A ® B and without common splitting field extensions of
degree p.

Stronger counter-examples was obtained 1993 by B. Jacob and A. R. Wads-
worth ([27]). Two degree p central division algebras A, B without common
splitting field of degree p, they found, possessed the following property: for
any integers i, > 0 the index of the tensor product A% @ B® was < p. It
was in fact even shown that any common splitting field of the algebras A, B
has degree divisible by p* (|27, Remark 2]).

In this Chapter we show (see Theorem 1.1) that similar counter-examples
can be obtained by an appropriate base extension starting from any two degree
p central simple algebras A, B provided that degree of every common splitting
field of A, B is divisible by p* (what is guaranteed if e.g. the tensor product
A ® B is a division algebra). The proof is essentially different from that of
[27].

Notation. For a smooth variety X over a field F', we denote by K(X) the
Grothendieck group of X; by K (X)™, where n > 0, the n-codimensional term
of the topological filtration on X (see [69, §7] for a definition of the topological
filtration); by CH*(X) the Chow ring of X graded by codimension of cycles; by
CHoy(X) the 0-dimensional component of the Chow ring, i.e. the component
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CHY™*(X). For a central simple F-algebra A, we denote by SB(A) the Severi-
Brauer variety of A and by SB(r, A) (for r > 0) the generalized Severi-Brauer
varieties (also called generic partial splitting varieties) of A.

1. The theorem

Throughout this Chapter, A, B are central simple algebras of a prime de-
gree p over a field F'. We call them /linked, if ind(A® @p A®7) < p for any
i, > 0. The algebras A and B are called strongly linked, if there exists a finite
field extension E/F such that

e the algebras Ap and Bpg are split and

e the degree [E : F] is not divisible by p2.

Clearly, strongly linked algebras are linked. By the theorem of Albert, the
inverse is true for p = 2. For any odd p, we shall prove the following

THEOREM 1.1. Let F be a field, p be an odd prime number, and A, B be
degree p central simple F-algebras. Suppose that A, B are not strongly linked.
Then there exists a field extension F/F such that the algebras Az, By are
linked but still not strongly linked.

One can take for F the function field F(T) of the following product of
generalized Severi-Brauer varieties

T = SB(p, A® B) x SB(p, A% @ B) x -+ x SB(p, A ' @ B) .

2. Preliminary observations

We set X & SB(A) x SB(B). Let L/F be an arbitrary common splitting

field extension of A, B.

LEMMA 2.1. The algebras A, B are not strongly linked if and only if the
image of the restriction homomorphism CHy(X) — CHy(Xy) is divisible by
p*.

Proor. Note that since the algebras Ay, By, are split, the variety X is
isomorphic to a product of two projective spaces. Therefore the degree map
deg : CHo(X;) — Z is an isomorphism. Also note that the composition
CHy(X) — CHy(XL) — Z of the restriction and degree maps is the degree
map for CHy(X).

If the image of the restriction homomorphism CHy(X) — CHy(X) is not
divisible by p?, then there exists a closed point on X of degree not divisible
by p?. The residue field of this point is a common splitting field for A and B
showing that the algebras are strongly linked.

To prove the inverse implication, suppose the image of the restriction ho-
momorphism CHy(X) — CHy(X) is divisible by p?. Then the image of the
degree homomorphism deg: CHy(X) — Z is divisible by p? as well. Let E/F be
any finite field extension such that the algebras Ag, Bg are split. The variety
Xpg has then a rational point. Taking the transfer, we obtain a 0-dimensional
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cycle of degree [E : F| on X. Consequently, [E : F| is divisible by p?, i.e. the
algebras A, B are not strongly linked. ]

LEMMA 2.2. If the algebras A, B are not strongly linked, then, for any not
simultaneously 0 integers 0 < i,j < p, the index of tensor product A®* @ B®J
is divisible by p.

PROOF. Let 7,7 be any integers such that 0 < i,5 < p. Suppose that the
tensor product A®*®@ B®7 is split. If i # 0, then any splitting field of B splits A
as well; therefore the algebras A, B possess a common splitting field of degree
p in this case, what contradicts to the assumption they are not strongly linked.
Thus ¢ = 0. The symmetric argument shows that j = 0 as well. O

LEMMA 2.3. Suppose that, for any not simultaneously 0 integers 0 < i, j <
p, the index of tensor product A®* @ B®? is divisible by p. Then the image of
the restriction homomorphism K(X)® — K (X)W is divisible by p.

ProoOF. We have already noticed that since the algebras A, and By, are
split, the varieties SB(A) and SB(By) are isomorphic to ((p—1)-dimensional)
projective spaces. Let &, n be the Grothendieck classes of the tautological
line bundles on SB(Ay), SB(B)y, respectively. The group K(X) is generated
by {&n’ 5 J_'io- Using a generalized Peyre’s version [66, Proposition 3.1] of
Quillen’s computation of K-theory for Severi-Brauer schemes [69, Theorem 4.1
of §8], one can show that the image of the restriction map K(X) — K(X) is
generated by {ind(A® @ B¥) .- il L

Since the first term of the topological filtration coincides with the kernel
of the rank map, the group K(X;)® is generated by {&'n/ —1}7 ;‘io while the

image of K (X)) — K(X.)M is generated by {ind(A% @ B&). (¢inf —1)} !

i,j=0"
The assertion required follows now from the assumption on the indexes
ind(A®" @ B®7). O

COROLLARY 2.4. In the conditions of Lemma 2.3, for any n > 0, the
image of the restriction homomorphism CH"(X) — CH"(X) is divisible by p.

PROOF. For any n > 0, there is a commutative diagram
CH™(X,) —— K(X,)0/m

I’eSL/FT TI‘GSL/F

CH"(X) —— K(X)®/n+l)
where the upper arrow is an isomorphism. Therefore, it suffices to show that for
any n > 0 the image of the restriction homomorphism K (X)™ — K (X)™ is
divisible by p. By Lemma 2.3, the image of K(X)™ — K(X)® is divisible
by p. Since the quotient K (X)/™ is torsion-free, we are done. O]

3. The proof

In this section we prove Theorem 1.1.
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We set & F(T), AY Ap, and B Bp, where T is the product of

generalized Severi-Brauer varieties written down in the end of Section 1. We
also set X % SB(A) x SB(B) and X & SB(A) x SB(B).

First of all we note that by the main property of generalized Severi-Brauer
varieties one has ind(A®*®@B) < p forany i = 1, ..., p—1. Therefore ind(A®*®
B®j) < p for any integers i,j > 0, i.e. the algebras A, B are linked. So we
only have to show that they are not strongly linked.

LEMMA 3.1. For any not simultaneously 0 integers 0 < 1,7 < p, the index
of tensor product A% @ B®J is divisible by p.

Proor. First of all, by Lemma 2.2, the assertion holds for the algebras
A, B, because they are assumed to be not strongly linked. The assertion
on A, B follows now from the index reduction formula for generalized Severi-
Brauer varieties ([61, Formula 5.11]) (in fact it suffices to apply a simpler
statement on triviality of the relative Brauer group for the function field of
generalized Severi-Brauer varieties). []

Let L/F be a common splitting field extension for the algebras A, B. Set
= def

L= L(T). Clearly, L/F is a common splitting field extension for A, B.
COROLLARY 3.2. For any n > 0, the image of the restriction homomor-
phism CH"(X) — CH"(X;) is divisible by p.

Proor. Follows from Lemma 3.1 and Corollary 2.4. O]

We consider the graded ring CH*(X) as a graded CH"(X)-algebra via the
restriction homomorphism CH*(X) — CH"(X).

PROPOSITION 3.3. The CH*(X)-algebra CH*(X) is generated by its graded
components of codimensions < p.

PROOF. Since the pull-back CH*(X x T') — CH*(X) is an epimorphism of
graded CH*(X)-algebras (see [39, Theorem 3.1] or Proposition 4.1 of Chapter
5 for the surjectivity), it suffices to show that the algebra CH*(X x T) is
generated by its graded components of codimensions < p.

Consider the variety X x T as a scheme over X via the projection. Accord-
ing to Proposition 5.3 of Chapter 2, it is a product (over X) of p-grassmanians.
By [12, Proposition 14.6.5], CH*(X x T') is therefore generated (as CH*(X)-
algebra) by the Chern classes of the tautological bundles on the grassmanians.
Since all these bundles have rank p, they may have non-trivial Chern classes
only in codimensions < p. O]

Finally, Theorem 1.1 follows from Lemma 2.1 and the following assertion:

COROLLARY 3.4. The image of the restriction CHo(X) — CHo(X;) is
divisible by p?.



3. THE PROOF 161

PROOF. Note that since p # 2, we have p < (p — 1)? = dim X. Thus, by
Proposition 3.3, the group CHy(X) is generated by the image of CHy(X) —
CHy(X) and by the products CH"(X) - CH™(X) with n,m > 0.

The image in CHo(X;) of the first part of the generators is divisible by p?
since in the commutative diagram

T T

CHo(X) —— CHo(X1)

the image of the bottom arrow is divisible by p* (Lemma 2.1).

The image in CHo(X;) of the second part of the generators is divisible by
p? since for any n > 0 the image of CH"(X) — CH"(X;) is divisible by p
(Corollary 3.2). O
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CHAPTER 10

Common splitting fields of division algebras

For every prime number p and every map «: Z" — 7Z, we find the minimal
integer (3 such that the following assertion holds: any elements x4, ..., x, of the
Brauer group Br(F) of an arbitrary field F, satisfying the conditions ind(iy 21 +
ot dpxy) = p*tein) for all iy, ..., 4, € Z, possess a finite common splitting
field extension E/F with v,([E : F]) < /3, where v, denotes the multiplicity of
.

0. Introduction

Let us fix a prime number p. Let a: Z™ — Z be an arbitrary map. We say
that « is the behaviour of elements x1, ..., x, of the Brauer group Br(F') of a
field F, if for any i,...,4, € Z the Schur index ind(iyz; + - - - + i,x,) equals
plitin) We say that « is a behaviour, if there exists a field F' and elements
x1,...,T, € Br(F) with the behaviour a.

Let F' be a field and = € Br(F). A splitting field of = is by definition a
field extension E of F such that xg =0 € Br(E). A common splitting field of
several elements of Br(F') is by definition a field which is a splitting field for
each of the elements. We consider only (common) splitting fields finite over
the base field.

Let us fix a behaviour «. In this chapter we determine the minimal integer
f such that the following assertion holds (see Theorem 3.1): if some elements
in the Brauer group of an arbitrary field ' have the behaviour «, then they
possess a common splitting field £ with v,([E : F]) < .

Similar questions was already considered in the literature. Here is a list of
known results:

1. A classical theorem of Albert (see [1] or [2]) states: if tensor product of two
quaternion division algebras has zero divisors, then the quaternion algebras
possess a common splitting field quadratic over the base field.

2. A generalization of Albert’s theorem due to Risman ([70, Theorem 1))
asserts: if tensor product of a 2-primary division algebra A and a quaternion
algebra B has zero divisors, then A and B possess a common splitting field of
degree deg A.

3. Jacob and Wadsworth ([27], see also Chapter 9) constructed two division
algebras of prime degree p over certain field F' such that

e ind(A® ®p B®) < p for any 7,7 > 0 and
e the degree of any common splitting field of A and B is divisible by p?.
163
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4. The following was noticed by M. Rost (unpublished). Three quaternion
algebras such that the Brauer class of any tensor product of some of them is
represented by a quaternion algebra as well can not be (in general) split by a
common quadratic extension of the base field.

5. A generalization of Risman’s theorem to the case of odd prime is obtained
in Chapter 8.

Note that the theorem presented here does not assert existence of a common
splitting field of degree p?. We even do not know whether such assertion is
true in general. However, in certain particular cases (this means, for certain
concrete behaviours) the proof can be refined in order to get the stronger result.
An example is the theorem of Chapter 8.

Notation. For a smooth variety X over a field F', we denote by K(X) the
Grothendieck group of X; by I'¢K(X) the O-dimensional term of the gamma-
filtration on K (X) (for a definition of the gamma-filtration see [52, Definition
8.3] or Definition 2.6 of Chapter 1); by ToK(X) the 0-dimensional term of
the topological filtration on X (see [69, §7] for a definition of the topological
filtration). We fix an algebraic closure F' of F' and denote by X the F-variety
Xp.

For any projective homogeneous variety X, we identify K(X) with a sub-
group in K(X) via the restriction homomorphism K (X) — K(X) which is
injective by [65].

The order of a finite set S is denoted by |5

For a central simple F-algebra A, we denote by SB(A) the Severi-Brauer
variety of A and by SB(r, A) (for r > 0) the generalized Severi-Brauer varieties
of A (also called generic partial splitting varieties).

1. “Generic” algebras of given behaviour

For any central simple algebras Ay,..., A, over a field F', we define their
behaviour to be the behaviour of their classes in the Brauer group of F.

As in Definition 3.5 of Chapter 2, we say that algebras Ay,..., A, are
disjoint, if, for any integers iy, ...,4, > 0, it holds

ind(A®i1 QpF - Qp A@M) — ind(A@il) . Hld(A@z") '

We say that a collection of algebras Ai,..., A, is “generic” (compare to
Definition 5.4 of Chapter 2), if it can be obtained via the following procedure.
We start with some disjoint central simple algebras A, ..., A, over a field F’
such that ind A; = exp A; for every j = 1,...,n. Then we take some central
simple algebras By, ..., B, whose Brauer classes lie in the subgroup of Br(F)
generated by the Brauer classes of Ay,...,A,. We denote by Y the direct

product SB(ry, A1) X « -+ x SB(r,,, Apm) of generalized Severi-Brauer varieties

with some rq,..., 7, > 0 and we set A, of (Aj)peyy foreach i =1,...,n.



1. “GENERIC” ALGEBRAS OF GIVEN BEHAVIOUR 165

PROPOSITION 1.1. For any behaviour o : Z"™ — Z, there exist “generic”
division algebras A, ..., A, (over a suitable field F) having the behaviour o.

We prove the proposition after the following

LEMMA 1.2. Let A, B be central simple algebras over a field F' and let
A", B" be central simple algebras over a field F'. Suppose that deg B = deg B’
and that for any i > 0 the index of A’ @p B'®" divides the index of A®@p B®".
Then, for any r > 0, the index of A’F,(SB(T’B,)) divides the index of ApsB(r,B))-

PROOF. Set s & deg B = deg B’ and denote by d the greatest common
divisor of r and s. By [60, Formula 1], one has

d )
— ind A & B®] .
1<i<s (ng(Z d) ( )>
Replacing A by A" and B by B’, we get a formula for 1nd(AF, (SB(r.B")) ) Since
ind(A’ ® B'®") divides ind(A ® B‘X’Z) for any 4, we are done. O

PROOF OF PROPOSITION 1.1. We start with disjoint division algebras Aj,
, A, over a suitable field F' such that for any j=1,...,n one has

degA; =exp A, = +0,1,0,--.,0)

where 1 (in the argument of «) is placed on the j-th position (algebras like
that do definitely exist). For every 4y, ...,%, with 0 <1i; < deg A;, we consider
the algebra

ind(AF(SB(r,B))) = ng

B, def

i1...0n

AP @ @ AD
and denote by Y; the variety SB(p® 7’17~~~:74n)’ Bi,.i). We set Y & def 187

and fl o (Aj)pyy for all j = 1,...,n. We state Ay,..., A, are “generic”
lelSlOIl algebras required.

To show that ind(iy[A] + - - - + in[An]) = p*™ ™ for all 4y, ..., in € Z, it
suffices to check that

1...in 1- in

Hld(zzii@“ R ® A%zn) _ pa(il,‘..,in)
for any ¢1,...,%, with 0 < ¢; < deg A;. Since the inequality < is evident, it
suffices to prove the inverse inequality.

Since « is a behaviour, we can find division algebras A},..., A over a

field F' having the behaviour a. Clearly, for any iy,...,7, with 0 < §; <
deg A’ = deg A;, the index of the algebra Bj, ;. = AT @ @ AP equals
p*t-in) and divides the index of the algebra B;,. ;. (while their degrees co-
incide). Let us choose some integers 4y, ...,4, with 0 < % < degA}. By
Lemma 1.2, ind(B;, ;. )F/(yi/,' )y divides ind(B@'1~~-in>F(3@/lmi;L)7 where Y/ ,

2.3
1'n 1 n

SB(piv-in) B ). Moreover, the extension F'(Y; . )/F does not in fact
affect the index of any F’-algebra, because the variety Yzfl _; isrational. There-

fore, the index of Bj ; itself divides ind(Bil...in)F(ig, )

in
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So we see, that if we replace the base field F' of the algebras Aq,..., A,
by the function field F(Yy ), the index of every B, , is still divisible by
a(il ~~~~~ 7477.)
p

Passing after that to the function field of another variety Yin i and so on,
we get in the end the required statement on the indexes. O

2. Definition of

We fix a prime number p and a behaviour a: Z" — Z.
Let us consider a field F' and elements zy,...,x, € Br(F) with the be-

haviour «. Choose division F-algebras representing the elements z1,...,z,
and denote by X, ..., X, the corresponding Severi-Brauer varieties. Set X def
X1 X oo X X,

Since X is isomorphic to a direct product of projective spaces, oK (X) is
an infinite cyclic group generated by the class of a rational point. We have
0 # [yK(X) C TyK(X) ~ Z. Therefore, the quotient I'yK (X)/ToK (X) is a
finite group.

DEFINITION 2.1. We put 8 % 0,(ITo K (X)/ToK (X))).

LEMMA 2.2. The integer [, defined in 2.1, depends only on the prime p
and the behaviour a; it does not depend on the choice of the field F' and the
elements w1, ..., x, € Br(F).

PROOF. According to Corollary 2.2 of Chapter 2, the groups ['yK (X)) and

I'oK(X) depend only on p and on the behaviour of xy,. .., z,. O

3. The theorem
THEOREM 3.1. For a prime number p and a behaviour o: Z" — 7, let 3
be the integer defined in the previous section. Then

1. for any field F', any n elements x1,...,x, € Br(F) with the behaviour
a possess a common splitting field E/F satisfying the condition

up([E 2 F]) < B;
2. there exists a field F' and elements x4, . .., x, € Br(F') with the behaviour
a such that any their common splitting field E/F satisfies the condition
v([E: F])>p.
We prove the theorem after the following

LEMMA 3.2. Let Aq,..., A, be central simple algebras over a field F' and

let Xq,...,X, be the corresponding Severi-Brauer varieties. Set X dof Xq X

, def

cox X, and B = 0,(|ToK (X)/ToK(X)|). Then
1. for any common splitting field E/F of Ay,..., Ay, it holds
up([E 2 F]) > B



3. THE THEOREM 167

2. the algebras Ay, ..., A, possess a common splitting field E/F with
w(lE: F])=5".

PROOF. For any variety Y, ToK(Y') is by definition the subgroup of K(Y)
generated by the classes [y] € K(Y) of the closed points y € Y. If Y is a

def

complete F-variety, the rule [y] — deg(y) = [F(y) : F], where F(y) is the
residue field of y, determines a well-defined homomorphism deg: To K (Y) — Z
(compare to [14, Corollary 6.10 of Chapter 1I]). Note that the composition
ToK(Y) — ToK(Y) — Z of the restriction homomorphism with the degree
homomorphism for Y coincides with the degree homomorphism for Y.

Since X is isomorphic to a direct product of projective spaces, the homo-
morphism deg : ToK (X) — Z is bijective. In particular, since ToK (X) is a
non-zero subgroup of ToK (X), we see that the quotient ToK (X)/ToK(X) is
finite.

1. If E is a common splitting field of the algebras Ay, ..., A,, the variety
Xg has a closed rational point. Therefore, there exists a zero-cycle on X of
degree [E : F]. It follows that the order of the quotient ToK (X)/ToK (X)
divides [E : F|. In particular, v,([E : F]) > /.

2. It follows from the definition of 5" and the above discussion that there
exists a zero-cycle 0 = »"'_ l;0; on X (where [; € Z and o0; € X) with
v,(deg(o)) = /. Since

deg(o) o Z l; deg(o;),
i=1

one has v,(deg(c;)) < f’ for certain i. Denote by E the residue field of the point
0;. Since the variety Xg possess a rational point, F is a common splitting field
of the algebras A;,..., A,. Therefore, by Item 1, it holds v,([E : F]|) > f'.
From the other hand v,([E : F]) = v,(deg(o;)) < f'. Thus v,([F : F]) =

G m

PrOOF OF THEOREM 3.1. 1. Let xzy,...,x, be some elements with the
behaviour « in the Brauer group of a field F'. Consider the variety X as in Defi-
nition 2.1. According to Item 2 of Lemma 3.2, the elements x4, . . ., x,, possess a

common splitting field £/F with v,([E : F]) = ' o 0,(|ToK (X)/ToK (X)]).
From the other hand, 8 = v,(I'\K(X)/I'0K (X)) by Lemma 2.2. Since

ToK (X) =ToK(X) and ToK(X) D ToK(X)

(see [13, Theorem 3.9 of Chapter V] for the second relation) the order of the
quotient ToK (X)/ToK (X) divides the order of the quotient T'o K (X)/ToK (X).
Therefore ' < 8 and consequently v,([E : F]) < .

2. Let x1,...,x, be the Brauer classes of some “generic” division algebras
with the behaviour « (which exist by Proposition 1.1). Let X be the product of
the Severi-Brauer varieties of these division algebras. By Item 1 of Lemma 3.2,
v,([E : F]) > /' for any common splitting field E/F of x4, ..., z,. By Theorem
5.5 of Chapter 2, one has ToK (X) = I'0K(X). Therefore 8’ = f. O
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