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Abstract. — We describe the structure of the Whittaker or Gelfand—Graev module on a n-fold metaplectic cover
of a p-adic group G at both the Iwahori and spherical level. We express our answer in terms of the representation
theory of a quantum group at a root of unity attached to the Langlands dual group of G. To do so, we introduce
an algebro-combinatorial model for these modules and develop for them a Kazhdan—Lusztig theory involving new
generic parameters. These parameters can either be specialized to Gauss sums to recover the p-adic theory or to
the natural grading parameter in the representation theory of quantum groups. As an application of our results, we
deduce geometric Casselman—Shalika type results for metaplectic covers, conjectured in a slightly different form
by S. Lysenko, as well as prove a variant of G. Savin’s local Shimura type correspondences at the Whittaker level.
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1. Introduction

Let F be a non-archimedean local field and G = G(¥) the points of a simple (split) Chevalley group. To
a pair (Q,¢) where / is a positive integer and Q is a Weyl group invariant quadratic form on the coweight
lattice of G, we may associate a metaplectic ¢-fold covering group G of G. On the other hand, for a specific
choice of Q (essentially the ‘minimal’ or ‘primitive’ choice, see §3.2.8) and any ¢, we can also construct
another object, namely the (big) quantum group Ug (C) of the dual group G at an 2/-th root of unity § € C.
The main aim of this paper is twofold: first, to elucidate the structure of the space of spherical Whittaker
functions on G, denoted Wl,,(é,K ) and sometimes called the spherical Gelfand-Graev representation, as
a module over the spherical Hecke algebra J{ ((~}7 K); and second, to express this structure in terms of the
category of finite-dimensional representations Rep (Ug (é)) equipped with the action (by quantum Frobe-

nius) of the category of representations of a complex algebraic group Rep (é[) In doing so, we believe
that a number of curious phenomenon in the representation theory of p-adic covering groups that have been
trickling into the literature since the pioneering work of Kazhdan—Patterson [55] can now be paired to bet-
ter studied counterparts in the quantum group world where they often have a more transparent meaning.
For example, throughout this introduction we focus on the case of ‘geometric’ Casselman-Shalika formulas
for metaplectic groups which, as far as we know, were both unavailable and perhaps not thought to have
a reasonable form by the p-adic community prior to this work. We see now that such formulas record the
complexity of decomposing certain tensor products of quantum group representations. The latter problem
is noticeably more involved than the corresponding one for representations of complex algebraic groups,
which (as we explain later in this introduction) is connected to geometric Casselman—Shalika problems for
linear groups. As another application, we formulate a local Shimura correspondence (see [86]) at the level of
the Gelfand—Graev representation that encapsulates certain ‘exceptional’(!) phenomenon in Ww(é, K) ob-
served by Gao—Shahidi—Szpruch [39] and provide for it an interpretation in terms of tensor product theorems
for irreducible (and indecomposable tilting) modules of quantum groups.

Let us mention that an important source of both motivation and inspiration for us comes from the fol-
lowing picture. Replacing W],,(é,l( ) with a certain category of twisted sheaves on an affine Grassmannian
attached to G, an equivalence to the category of representations of the same quantum group at a root of unity
was conjectured by D. Gaitsgory and J. Lurie in [35], described in a form closest in spirit to this work, by
Lysenko [72], and studied further in [22,36,37]. In fact it was the Casselman—Shalika formula conjectured

(Here ‘exceptional’ in the metaplectic world means that it behaves ‘normally,” or as in the linear group case
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by S. Lysenko [72, Conjecture 11.2.4] linking these twisted sheaves to quantum groups which lies at the
origin of this work, and one of our main results is a verification of a version of this conjecture at the level of
graded Grothendieck groups. Indeed, whereas the cited works are concerned with relating certain categories
of sheaves with categories of representations, the present work draws out aspects of this correspondence
visible at the (function theoretic) level of p-adic Whittaker integrals on metaplectic groups.

To connect the p-adic and quantum pictures, we introduce a third ‘generic’ space Vp, depending on
certain formal parameters that can be specialized to either the Gauss sums in the p-adic world or to the
grading within the representation category of the quantum group. This space carries an action of a certain
spherical Hecke algebra flsph, and the connections we describe in this work can be summarized pictorially

Hsph
Rep( G[
* —®Fr
sph \
WW(G K) Rep(UC

where K& (Rep(UC((v}))) is a graded version of the Grothendieck group (more precisely, the enriched right
Grothendieck ring of [29]). In other words, the structure of Ww(é, K) as a H(G, K)-module is the same (up
to certain specializations involving Gauss sum) as that of K (Rep(Uy (G)) with the action of Ko(Rep(Gy)).

To describe Vpp, let us first recall some aspects of the structure of Rep (UC((}))’ a category which in
many ways resembles the representation category of algebraic groups in positive characteristic. Irreducible
objects in Rep (Ug (é)) have an intricate structure and computing their characters in terms of known charac-
ters of (co)standard objects is a hard problem that was described through certain conjectures of Lusztig [69]
(and now mostly all proven) and involves certain (affine, parabolic) Kazhdan-Lusztig polynomials [31,56].
Now, the combinatorial nature of Rep (UC (é)) and certain canonical bases for them were further elaborated
upon through the works of Lascoux—Leclerc—Thibon [64, 65] in type A (see [43, 62, 63] for extensions to
general type), and these works play a decisive role in this paper. The space V,, has a similar construction
to the ‘Fock’ space in [65], but must now be enhanced to include the Gauss sum parameters, which are
inbuilt to the action of ﬁsph and so seem essential to include. What surprised us was that this ‘upgrade’ to
Gauss sums can a posterori be ‘hidden’ if bases are chosen appropriately. In other words, we may choose
basis elements in Vp, so that the action given by the metaplectic Demazure-Lusztig operators of Chinta—
Gunnells—Puskas [25,26] (which are central to studying Ww(é, K)) exactly match the action of the affine
Hecke algebras in [65]. To connect to the p-adic setting, one need to put back in the Gauss sums. This can
be done in a prescribed manner and this process motivated us to introduce a Gauss-sum twisted version of
Kazhdan-Lusztig theory based on an involution built out of the operators mentioned above. The polynomi-
als in this theory are presumably connected to the metaplectic Macdonald polynomials introduced recently
by [83, 84], see [9]. We might also note here that these Gauss sums (in the p-adic context) contain crucial
arithmetic information needed for the applications of metaplectic Whittaker functions (e.g. to the theory of
multiple Dirichlet series, see [19,20]).

Before describing our main results in more detail, let us note that there are other areas in which similar
types of affine Weyl group combinatorics arise, e.g. affine Lie algebras at critical level, representation theory
of algebraic groups in positive characteristic, and so our results might equally link the metaplectic world to
these areas. However, we prefer to work in the quantum world where earlier works by the first named author
and collaborators (see [13, 15, 16]) uncovered connections between certain affine quantum groups at generic
values (so not at roots of unity) and metaplectic groups. Though this is not the connection described here,
the present work seems to ‘predict’ this other connection, as will be explained in forthcoming work by the
first named author.



1.0.1. Formulas of Casselman—Shalika type for linear groups. — Before turning to covers, let us recall a
few results of Casselman—Shalika type for linear (i.e. trivial cover) groups. These results are well-known,
but our presentation here is influenced by our work in the non-linear setting. As above, write G := G(F) and
consider (G, K), the spherical Hecke algebra of G with respect to a maximal compact subgroup K. It is an
algebra under convolution and is equipped with a natural p-adic basis &3 given by characteristic functions
of double cosets K*K with A € Y, a dominant coweight. The Satake isomorphism [85], as reinterpreted
by Langlands [61, Ch. 2], gives an identification

S:H(G,K) > Ko(Rep(G(C))) (1.1)

between the spherical Hecke algebra and the representation ring of the dual group G(C) of G. To each
irreducible highest weight representation Vj € Rep(G(C)) we can assign an element c; € H(G,K) and an
expression for such an element in terms of the /5 basis of 3((G,K) is described by a formula due to Kato
and Lusztig [50,70] (it involves certain affine, parabolic Kazhdan-Lusztig polynomials).

Let y be a non-trivial additive character of F of conductor 0, extended to U = U(¥), the unipotent
radical of some fixed Borel subgroup, and consider W, (G, K) the space of compactly supported functions
on G which are (U, y)-left invariant and right K-invariant. To each coweight [I € Y, we can consider the
unique function J; € Wy (G, K) which takes the value 1 on n" and is supported on Un# K. One finds that
i is only well-defined when fi € Y, and that such elements form a C-basis of Wy, (G, K). Denoting by x
the natural right convolution of (G, K) on Wy(G,K), for [i,A €Y., we may ask to rewrite the product
diixhy in terms of the basis {J é} Eey. For [1 fixed, and A large and dominant (compared to [1), the answer
to this question is given by the usual Casselman—Shalika formula [23]. To explain this, denote by

CS(f) =11 =g "V-a)au(Y) (1.2)
a>0
the formula for the unramified spherical Whittaker function found in op. cit., where the notation used is
as follows: Y_; represents an element in the group algebra of coweights C[Y] corresponding to the simple
coroot d; xj (Y) is the Weyl character for the irreducible representation Vj; of (v}(C) of highest-weight [i; g
is the cardinality of the residue field of JF; and the product is over all positive roots of G. In analogy with
[70, Thm 6.6], which works in the context of affine Hecke algebras, one may show

duxhy =CS(fi)od; where we set Ypods =13, ¢ (1.3)
Itis 1mp0rtant to note that upon applying o, one may encounter elements in the right hand side of the form

dj . g where A + C is no longer dominant. So to correctly interpret (1.3) as a formula in Wy(G,K), one

needs to formally introduce elements gy for [i € Y \ Yy, subject to the following ‘straightening’ rules in
terms of the ‘dot’ action e (see (3.69)) of the Wey group :

3[1:{_3[105” %f<[.?+[?,a>7§0 (1‘4)
0 if (1+p,a)=0

where in the above formula a is a simple root and p is the half-sum of the positive coroots. Notice that if
[ is fixed and A is chosen very large, we can arrange for all the terms in the right hand side of (1.3) to be
dominant, i.e. no straightening rules are involved, and one just recovers a A-shift of the usual Casselman—
Shalika formula. Note that such a relation for 4 large compared to [I can be proven directly using a limiting
procedure, i.e. independently of the computation of the formula in [23]. For this reason, we might refer to
the formula for CS([1) in [23] as the asymprotic Casselman—Shalika formula. As a corollary of (1.3), (see
[70, Corollary 6.8]), one deduces the existence of an element C; € (G, K) for e Y. that satisfies both

doxC; =3 (1.5)
and the condition that, under the Satake map (1.1),
S(Cy) = [V3], so thatin fact C5 =cj, (1.6)
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the element introduced above. As the elements ¢ have a natural description in a geometric context, namely
within the category of perverse sheaves on the affine Grassmannian, the geometric analogue of (1.5) is often
called the geometric Casselman—Shalika formula, see [32,33,79, 80]. Through a slight abuse of notation,
one often calls the formula (1.5) by the same name. Using (1.5), we compute

Hﬁ*cizgo*Cﬁ*ci:HQ*chvCﬁ:chigﬁ, (L.7)
ﬁ 9 1\7 bl

where cZ 5 i= dimc Hom(Vj,Vy ® V4 ) are the Littlewood-Richardson coefficients for G(C). The above

results show that the map 4 — Jo  h from H(G,K) — Wy (G, K) is an isomorphism of H (G, K) modules
sending c¢j to ;. Combined with the Satake isomorphism, we also obtain an isomorphism

Wy (G,K) ~ Ky (Rep(é(C)))
intertwining the 3{(G, K) action on Wy, (G, K) with the Ky (Rep(é(C))) -action (by tensor product) on itself.
1.0.2. Metaplectic Casselman—Shalika type problems. — Let us now turn to the case of an n-fold meta-
plectic cover G of G. One can again construct a space of (genuine) spherlcal Whittaker functions WW(G K)
equipped with a right convolution by the spherical Hecke algebra 3((G,K). The space W],,(G K) has a
basis denoted J A’l € Y, and constructed in a similar fashion to J; i- On the other hand, although one can
define elements h;L € H(G,K) for any A €Y as above, it turns out that unless A lies in a certain sublattice
of finite index I7+ C Yy, the element Z}l is not well-defined. This ‘reduction in support’ is a hallmark of the
metaplectic world. Nonetheless, one may work with (G, K) in a similar manner to H(G,K), and in fact
Savin [77,86] showed H(G,K) = K, (Rep((}( n(C))) for a complex group whose root data is determined
from that of G and the metaplectlc structure (Q,n) used to define G.
One can define ¢; € H (G,K) (umquely) for any A €Y, to satisfy the first condition in (1.6). Although
the condition (1.5) breaks down, i.e. HO*C;L #* Js j for some Ae Y., we show in this paper that the rela-
tion (1.3) persists if we replace CS(f1) with its metaplectic version CS( [1) as studied in [77,81], i.e.

Hu*hx—CS( )oHl,where,uEYJr,lEYJr, (1.8)

where to make sense of the right hand side we introduce certain ‘metaplectic’ straightening rules, see Propo-
sition 4.3.2. These rules are computationally involved, but as mentioned above, they remarkably (at least to
us) recover the straightening rules found some time ago by Lascoux—Leclerc—Thibon [65] in type A (see [43]
and [63] for the extension to general type) under a quantum specialization. Inspired by [65], we use these
straightening rules to define an involutions of Kazhdan-Lusztig type that allows us to construct two new
bases {£ itiey, and {ﬂ Viey, of Wy (G,K) starting from our original basis J; 5~ We call these the canon-

ical bases in analogy with their quantum counterpart. One should understand the bases Ly i I 3 and 9/1 as
p-adic versions of the irreducible, (co)standard and indecomposable tilting modules for the corresponding
quantum group at roots of unity. Let us note that the existence of these new bases suggests three natural
metaplectic(?) analogues of the linear geometric Casselman—Shalika problem (1.5):

— compute HH*C'/l for A € Y, and [t €Y,; and

— compute Ly i *C5 and Ty x5 for ie Y,and i €Y,.
As it turns out, each of these questions can be answered.
1.0.3. Quantum groups at roots of unity. — The quantum groups of relevance in this paper are Lusztig’s
dotted version with divided powers. To define them, one constructs an ‘integral’ form (or rather a Z[u,u"]
form, where u is the deformation parameter in the quantum group) and then specializes the variable u to

a root of unity { € C. The corresponding object will be called UC (G) where G(C) is the complex group
attached to some root datum. In the main body of this paper, we adopt a slighly different notation, but

1f one performs the same procedure in the linear case, one would find that both canonical bases agree with the standard basis.
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still emphasize that the quantum group we construct depends on a root datum, and not just a Cartan da-
tum, i.e. not just the data needed to specify a semi-simple Lie algebra. What is of particular importance
for us is not the quantum group itself, but the structure of its (graded) representation category of finite-
dimensional modules Rep(Uy (G))®). When u is specialized to a root of unity, the representation theory of
the quantum group diverges from the complex representation theory of semi-simple Lie algebras. For ex-
ample, although irreducible highest weight modules from the complex semi-simple theory can be deformed
to objects A; € Rep(Ug(G)) for A € X| a dominant weight, such modules may be reducible. One can
still compute their character by the Weyl character formula, and so these modules are often called Weyl or
standard modules. Understanding their irreducible quotients L, was the subject of conjectures put forth by
Lusztig and answered by combining the work of several groups, see [2,48,49,52-54]. In addition to the
irreducible and (co)standard modules, there is another important class of modules in Rep(Ug(G)) called
the indecomposable tilting modules 7, , again indexed by A € X, . The relation between the 7j and the
(co)standard modules were the subject of conjectures and then theorems of Soergel [90,91].

In contrast to the representation theory of complex Lie algebras, the category Rep(UC (G)) is no longer
semi-simple as one has non-trivial extensions between irreducible objects. As such, the usual Grothendieck
group construction loses important information about the category, and one may work with various enhance-
ments to try to recapture this lost data. It seems to be well-understood that the category is also graded in
the sense of [89] and hence its Grothendieck group has a natural Z[z, 7~ !]-structure. We could not find an
explicit reference in the literature outside of rank 1 (see [3]), so as a substitute we work here with the so-
called left and right enriched Grothendieck rings K§(Rep(U¢(G))) and K§f (Rep(U¢ (G))) of [29]. They are
Z[7,7~']-modules with basis indexed by the classes of standard objects [A;] and costandard objects [V} ],
respectively, where A € X, . In these spaces one has expansions

[LA] = Z[J EXLNA oW,y OZJJ_ (T) [VIJ] ) and ConjeCturally [Tk] = Z[J EX1NA oWy 01»’“_ (171 ) [AIJ] ) (1 9)

where of u(r) are certain parabolic Kazhdan-Lusztig polynomials and e is the dilated dot action on the
weight lattice. In contrast to this, working with the usual Grothendieck ring, one finds similar relations,
but with a specialization of the polynomials of #(—1) that produces character formulas for irreducibles
(Lusztig’s conjecture) and for indecomposable tiltings (Soergel’s conjecture [90, §71).

For a certain algebraic group G, constructed from the root data for G and the integer /, there exists
a functor Fr : Rep(G¢(C)) — Rep(U;(G)) which equips the latter category with an action by the former.
We write this as W,V — W @ Fr(V) where W € Rep(U¢(G)),V € Rep(G¢(C)) and call it quantum Frobe-
nius. That the construction of the group G, parallels the construction of the algebraic group controlling the
spherical Hecke algebras of metaplectic ¢-fold covers is an observation, often regarded as a curiosity in the
metaplectic community (see [97]), that we believe can be given a suitable context through the present work.
One may pose the following questions in K§(Rep(U¢(G))):

- write V,; @ Fr(V}) in terms of the V;; (or more precisely, understand a V-filtration of V, @ Fr(V},));

- write Ly ®Fr(V, ) and T, ® Fr(V}) in terms of the V.
As it turns out, all of these questions can be answered. The second is the subject of the so-called Steinberg-
Lusztig theorem, which states that L, ® Fr(V) ) ~ L,y whenever u is in some ‘restricted’ set of weights
and A is in the dominant [-weight lattice X; ; of G,. The last is the subject of the tilting tensor product
theorem, which states that for y ‘restricted’ one can define a new weight y" such that T, @Fr(Vy) =Ty
(see §7.3.6 for more details). As for the first question, the answer is given by the g-Littlewood—Richardson
coefficients of Lascoux—Leclerc—Thibon [64, 65] (type A) and Haiman—Grojnowski [43] (general type).

1.0.4. Main result and some consequences. — As mentioned above, the connection between the meta-
plectic and quantum worlds goes through a combinatorial model consisting of a representation Vpp, of the

spherical subalgebra I-NIsph of ﬁaff. We define aring Z; g (see , see §2.0.9) which depends on both a parameter
T as well as a family of other parameters g; modelling the behavior of certain Gauss sums from the p-adic
world, and Vg, is a module over it. The space Vp, can be obtained as a quotient of a representation V on

(3)The dotted and non-dotted quantum groups at a root of unity have equivalent representation theory (see [71, §31] or [7, §3.7]).
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which the affine Hecke algebra ﬁaff acts via the metaplectic Demazure-Lusztig operators of [26,81]. More-
over, Vg has a natural basis [vj], it € Y, and an involution of Kazhdan-Lusztig type which produces new
bases denoted [G;] and [G;] Working with the basis [vj], the space V,y, behaves identically to the Fock
spaces considered in Leclerc—Thibon [65] — in other words, it is the one in which the Gauss sum parameters
can be ‘hidden’. To make a connection to the p-adic world however, we work with renormalizations [Yu]
[Gp, and [G] of [vy], [Gy], and [G ], respectively, that makes the Gauss sum parameters again manifest.
By specralrzrng the parameters 7, gy accordingly, the space Vg, recovers Wy ( G, K) under what we call
a p-adic specialization p and K& (Rep(UC(G)) under what we call a quantum specialization q. Each of
the spaces Ww(é K), Veph, and K§(Rep(Uy (G)) carry natural actions by essentially isomorphic algebras
H(G,K), H sph» and Ko(Rep(Gy)), respectively. Our main result asserts that p and q intertwine these actions.

Theorem (see Thm. 8.1.4). — Let { be a positive integer. Let (Q,{) be a metaplectic twist on the group G
and G the corresponding {-fold metaplectic cover. Assume that G and G(q ¢ are of simply-connected type.

1. There exists an isomorphism that that intertwines the ﬁsph and H ((~; K) actions, and denoted again as
p:C®z, 4 Vsph i)WW(é,K) sending [Yj] b—>3”, (1.10)

The map p sends [G | and [Gy] to the canonical basis L and %, respectively.
2. If 0 is larger than the Coxeter number of D and KL-good (see §7.5), there exists an isomorphism

q:Z[t, v ®Z. Vsph = Kg(Rep(Ug((v}))) sending [Yy] — [Vy] for L € Y., (1.11)
that intertwines the Hyy, and Ko(Rep(Gy)) actions. Moreover; the map q sends (G 10 [Ly).

Remark. — 1. A (conjectural) relation between [Gy| and the tilting modules Ty is explained in §8.1.6.
This depends on certain facts about graded decomposition numbers which we could not find in the
literature on quantum groups (though we believe they may be known).

2. The hypothesis that Gq ) is simply connected can be easily discarded if one works with extended
affine Hecke algebras; we only impose it to simplify some of the exposition and computations. On the
quantum side, the hypothesis that Gis of adjoint type and the conditions on ¢ are more serious: they
allow us to use a generalization of Lusztig’s conjecture whose proof depends on the Kazhdan—Lusztig
equivalence [57]. We do not believe the KL-good condition is necessary for the proof of (1.11) (and
therefore Lysenko’s conjecture), see Remark 7.5.4.

One can now obtain solutions to the geometric Casselman—Shalika problems described above

Corollary (See Thm. 6.3.2 and Prop. 7.5.4). — Let C € Y+
1. IfA e Y, is ‘restricted’ (see §3.4.9) then Ly *CC = LA+C
If?L €Y, is ‘restricted’ and we define Ati=Ro-wo+ 2(pY —p), where p" is the analogue of p for
G(q.n), then fﬂ*c 9 I
3. There exist an 5 € Zug such that with respect to p : Zg g — Candq:Z.g— Z[t, 77!
0uxcy =Lqp(Q] )3y and  [Va@Fr(Vy)] = Lyer, aCQ] ,)[Vyl. (1.12)
Let us note the following about Corollary 1.0.4 (3). First, the left side of (1.12) describes the action of
the spherical Hecke algebra on the basis J; of WW(G K) (which is the most natural basis from the p-adic

perspective; the bases Ly u and 9“ have a more geometric flavor). The answer is given in terms of Gauss
sum twisted versions of the g-Littlewood—Richardson coefficients which can still be computed by a similar
combinatorial algorithm as for the untwisted version. Note that these latter objects are the building blocks
of LLT polynomials and objects of considerable combinatorial interest (see [42,43]).
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Second, part (3) answers a version of Lysenko [72, Conjecture 11.2.4] at the level of enriched
Grothendieck groups. This seems simultaneously both ‘less and more’ than the original conjecture— less as
op. cit. works at the level of the derived category whereas we work at the level of the enriched Grothendieck
group; and perhaps more (though this may be only due to the authors’ ignorance) since our arguments

naturally produce the elements QQZ containing arithmetic information in the form of Gauss sums which
we do not see in Lysenko’s conjecture. It would be interesting to understand the representation theoretic or
geometric significance of 9QZ 5

1.0.5. Iwahori level analysis. — Although the results described above are at the spherical level, nearly
everything we have said requires an Iwahori level analysis. Let I~ be the Iwahori subgroup attached to the
Borel with unipotent radical U™~ (the one opposed to U). Consider Ww(é I7) the space of (genuine) left
(U, y) and right I~ invariant compactly supported functions on G which carries an action of the Iwahori—
Hecke algebra H(G,I). The structure of H(G,I~) was first described by G. Savin [77,86,87]. As in the
linear case, J{ (6,1 ~) has two different descriptions, an Iwahori-Matsumoto description and a Bernstein
type presentation, the latter of which identifies it as Hy ® C[?]. Now, as was observed in [81], the larger
space C[Y] carries the action of certain metaplectic Demazure—Lusztig operators T,, for w € W, as well as
the translation action of C[Y] and hence can be equipped with a H(G,I™)-action.

Theorem (see Prop. 6.1.6 and 6.2.1). — The natural averaging map (restricted to the big cell),
AVE" Wy (G,I7) = C[Y] (1.13)

is an isomorphism of vector spaces which intertwines the action of H ((~}, I7)on Ww(é,l =) by convolution
and the action via translation and metapletic Demazure—Lusztig operators on C[Y].

The proof uses techniques from [81] combined with ideas from [65]. It gives
— anatural basis { }5 _, of Wq,(é, ™) defined by Avi™ (Y5 ) =Y; for J €Y, and an explicit description
of the action of H(G, /") in this basis; N
— a decomposition into a sum of (explicitly described) H(G,I~)-modules (see Prop. 6.2.5)

Wy(G,I7) =@, z° WV,(GI )(7), (1.14)
where fl._ﬁ is the upper-closure of a certain alcove defined by an affine root system connected to Y.

Remark. — The module Ww(é, I7) is the p-adic specialization of a Z; g- module N (see §4.2) for an affine
Hecke algebra Hygy. Although we do not pursue it here, V can be equipped with a Kazhdan-Lusztig type
basis that specializes to one for Wy (G,I~) (and which can be related to the natural p-adic basis 'J5 above).

1.0.6. Local Shimura correspondence and other applications. — The Iwahori analysis presented above
allows us to formulate a Gelfand—-Graev version of Savin’s local Shimura correspondence [86]; namely that
the H(G,I~)-submodule WW(G I7)(—p) and the H(G,K)-submodule WW(G K)(—p) behave essentially
like their counterparts in the linear (or non-metaplectic) setting for the group G(q ) (see Propositions 8.2.3
and 8.2.4). We use this to prove in Proposition 8.2.4 a ‘linear’ geometric Casselman—Shalika formula in the
metaplectic world (see [39] for an asymptotic Casselman-Shalika formula at the same coweight).

Proposition. — Let p" be the analogue of p for G(q ) and let fi € Y,. Then 5’3va *xCp = %Lﬁ it

A corollary of this result is the fact that for cowelghts of the form p¥ — p + [1, the p-adic elements
5 pv—p+i and the canonical elements Ls pV—p+p and 9 v_p+p are equal. This result has a nice interpretation
on the quantum side: the irreducible, 1ndecomposable tilting, and (co)standard modules with (Steinberg)
weights p — p + u for it in the dominant /-dilated weight lattice X;  are equal (see [75, Corollary 6.8], [4]).
Other applications in §8.3 include relations of the transition coefficients from the basis J; to the basis £
with the strong linkage principle from the theory of quantum groups ([0, 7]), a [l-large asymptotic version
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of the geometric Casselman-Shalika formula (not to be confused with the formula (1.3) discussed earlier

where [1 small compared to i). We also add some speculations about the relation of our work to that of
Frenkel-Hernandez [34] and McGerty [75].

1.0.7. Relation to Existing Literature. — This work was inspired by an attempt to understand the p-adic
significance of some of the ideas and conjectures in the work of Lysenko [72] within the general program
initiated in [35]. The works of Lascoux—Leclerc—Thibon, especially [65], played a central role in this paper
as we hope the introduction has already made clear. We found the extensions of this work in the papers of
Grojnowski—Haiman and Lanini—-Ram(—Sobaje) to be especially helpful, and our proof of the tensor product
theorems follows the elegant argument in [62] using the Littelmann path model. We note here that the
second tensor product theorem we prove in Proposition 3.9.1 (and which is inspired by Andersen’s tensor
product theorem for tilting modules [4]) seems to be new, though we emphasize that the method of proof is
a simple modification of the argument in [62]. As a small repayment towards our debt to these works, let us
perhaps mention that our Proposition 3.8.2 produces natural Demazure-Lusztig type operators, built out of
the Chinta—Gunnells actions (suitably abstracted from their p-adic origins), which encapsulate the actions
considered in [65]. Whether the suggested connection to Casselman—Shalika type problems yields anything
new on the combinatorial side remains to be investigated.

A link between quantum affine groups (at generic parameter) and metaplectic Whittaker functions ap-
peared in the work by the first author and collaborators [13—17] and which has gaven rise to: connections
to (super-symmetric) LLT polynomials in type A [17], metaplectic representations of the affine Hecke alge-
bra [14], the combinatorial study of metaplectic Whittaker functions via the theory of lattice models [13, 16]
and a theory of vector-valued metaplectic Demazure-Lusztig operators [16]. We will explore the connec-
tions between these ideas and the current paper in future work.

The interesting recent work of Sahi—Stokman—Venkateswaran [83, 84] builds on ideas similar to those
we used from [65]. The affine Hecke algebra representation we introduce in §4.2.1 appears in [83, Theorem
3.7] from an algebraic perspective. A highlight of [83, 84] is the extension of this space to a representation
of the double affine Hecke algebra, which produces a natural basis depending on an additional parameter.
This is used in the construction of ‘metaplectic’ Macdonald polynomials that are known to specialize to
values of metaplectic Iwahori—Whittaker functions. It would be interesting to better understand the relations
between our work and theirs, in particular to understand the p-adic meaning of the DAHA structure and the
extra parameter it introduces. Moreover, the polynomials 90" 5 may be used to construct g-twisted LLT

polynomials by using the formula after [43, Eq. (13)] and it seems natural to relate these polynomials to the
metaplectic Macdonald polynomials of [83, 84] in the spirit of [42,43].

Building upon (what we understand were) ideas and suggestions by G. Savin and S. Lysenko, the recent
work [38] approaches W,,,(é, I~) by working at the level of pro-p Iwahori subgroups. Using this work, one
can extract an alternate proof of Proposition 6.2.1. As our proof is based on [81], we do not actually need
any pro-p techniques. Nonetheless, one hopes that the pro-p methods are more than just a technical tool that
can be circumvented and may in fact be an essential feature of the theory.

1.0.8. Remarks on the organization of the paper. — We refer the reader to the table of contents which
hopefully makes our organizational scheme transparent. For a table of frequently used notation, we refer
to §2.0.11. Let us just comment here that the longest section of this work, Section 3, introduces both
preliminaries, but also revisits the works of Leclerc-Thibon [65] in such a way that the applications to
p-adic groups and the metaplectic polynomial representation follow quite easily. The key new results in
Section 4 are the ‘straightening’ rules for the Chinta—Gunnells—Puskds operators which allow us to produce
g-twisted versions of the results in Section 3 and connect them to our p-adic results in §6.2. The main p-adic
results in §6.3 make use of this connection. The proof of our main result in §8.1 follows immediately from
what we established before. To conclude our paper, we present in §8.2 some applications of our work to the
‘local” Shimura correspondence and investigate natural combinatorial questions in §8.3.

1.0.9. Acknowledgements. — M.P. would like to thank A. Braverman for a helpful discussion about topics
related to this work and J. Sussan for very useful guidance into the world of quantum groups at a root of



unity and especially their categorical aspects. V.B. would like to thank Dinakar Muthiah, Anna Puskds for
interesting discussions and encouragement, Hankyung Ko for many illuminating discussions about quantum
groups and Jasper Stokman for interesting discussion regarding this work and [83, 84].

Both authors acknowledge funding by the endowment of M. V. Subbarao Professorship in number theory
as well as NSERC RGPIN-2019-06112. V.B. acknowledges support by the Netherlands Organization for
Scientific Research (NWO) project number 613.009.126. We also acknowledge the Newton Institute for its
hospitality during the program on “New Connections in Number Theory and Physics” where some parts of
this work were carried out.

2. Notations and conventions
General conventions.

2.0.1. — Bold faced objects denote functors (of groups usually) and the corresponding roman letters will
denote the field-valued points. For example, G will be a group-valued functor and G will denote G(F),
where F is a field, assumed to be specified implicitly in our discussion.

2.0.2. — For an abelian group H and (commutative, unital) ring R, we write R[H| for the group algebra of
H with coefficients in R and typically denote the elements in R[H| as H,,H, etc. with a,b € H and with
multiplication defined as H,H;, = H, .

2.0.3. The Grothendieck group. — Let € be an abelian C-linear monoidal category (not necessarily semi-
simple) whose objects have finite length. The Grothendieck group of % shall be denoted by Ky (%) and its
complexification C ®z Ko(€) by K§ (%). To every object in X € ¢ we write its class as [X] € Ko(€).

2.0.4. — Typically, we reserve the symbol F for a general field and F for a non-archimedean local field.

Notation for p-adic fields and Gauss sums

2.0.5. Non-archimedean local fields. — Let J be a non-archimedean local field with ring of integers &
and valuation map val : F* — Z. Let & € & be a uniformizing element, k := /0 be the residue field,
o : U — K the natural surjection, and let us write ¢ for the cardinality of k. Denote by @ : &' — k the natural
quotient map. For k > 0, set 0*[k] = {x € F* | val(x) =k} and O'(k) = {x € F* | val(x) > k} so that the units
in 0 are 0* = 0*|0], where 0*[k| = O(k)\ O'(k+1).

2.0.6. Hilbert symbols, assumptions on q and n. — For A an abelian group, a bilinear Steinberg symbol is
amap (-,-) : F* X F* — A such that (-, -) is bimultiplicative, i.e., (x,yz) = (x,y)(x,z) and (xy,z) = (x,2)(y,2)
and also (x,1 —x) =1 if x # 1. In this paper, we focus exclusively on the case of (tame) Hilbert symbols.
To define these, assume ¢ = 1 mod 2n and let u, C F be the set of n-th roots of unity with |u,| = n. The
n-th order Hilbert symbol (see e.g. [88, §9.2, 9.3]) is a bilinear map (-,-), : F* x F* — w,. As n is fixed
throughout our paper, we often drop it from our notation. Note that (-,-) is a bilinear Steinberg symbol
(see [78, Chapter V, Proposition 3.2]) and is also unramified, i.e. (x,y) =1 if x,y € &*. To avoid certain
sign issues, we assumed g = 1 mod 2n, since we now have (—1,—1) = (—1,x) = 1 for x € F*, and also

(m,7) = 1 and (7,u) = @(u)s foru e O*.
2.0.7. Additive characters. — Let ¥ : § — C* be an additive character. Fora € Z, if

Vo) = 1d| g () and ¥ |ge—1) is non-trivial,

we say that y has conductor a. We are chiefly interested characters y of conductor 0%), i.e. v is the identity
on ¢ and non-trivial on 7! 0.

()Note that in [24, 38], the conductor of the additive character is taken to be —1; this introduces a “p”-shift when comparing
formulas with these sources. On the other hand, our choice of conductor is in alignment with the classical work of Casselman—
Shalika [23] and the literature on its geometric version [32,33].
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2.0.8. Gauss sums. — For 7 :JF — C* an additive character and € : * — C* a multiplicative one, set
g(0,7) = [, €(u)t(u')du’ where du' is the Haar measure on JF giving &* volume ¢ — 1. This is a Gauss
sum. Fixy an additive character of conductor 0 and define for each integer k£ a multiplicative and addi-
tive character by o(u) =o(u,7),* and 7(u) = y(—n"'u), foru € F*, respectively. Setting g; :=
g(o,v), we note (see [78]) that

gr=g ifnk—1,go=—1,andifk#0 modn, then gg , =g, (2.1

where for the last equality we must again assume that g =1 mod 2n.

Generic ring Z; g and its quantum, and p-adic specializations

2.0.9. The generic ring Zg. — Fix a positive integer n, and let 7 and ¢ be a formal parameters related by
72 =t~ !. Introduce a system of formal parameters gy for k € Z satisfying the conditions
Gc=0rifk=¢ modn, gug_y=1>=1""'fork 0, and gy = —1. (2.2)

A central role in this work will be played by the rings

Zogi= Z[Til AGktkez]/ ~ and Crg:=C®zZ;4 (2.3)

1

obtained by formally adjoining 7,7~ and the g, subject to the above relations. We note that

Zeg~Z[tt g7 ] and Crg~CltHlgf,... g7 ] (2.4)

2.0.10. The quantum specialization q. — Let 7,t be indeterminates satisfying the condition 72 =¢~! and
introduce the ring Z; := Z[t,7~'] of Laurent polynomials in 7. It carries an involution sending 7 +— 7~

The map q : Z; g — Z; which sends
T—7T, go——1, gi—71, forie{l,....n—1} (2.5)
will be called the quantum specialization.

2.0.11. The p-adic specialization p. — Suppose we are working over a p-adic field (i.e. non-archimedean
local field) J of residue cardinality g (a power of a prime) which is also equipped with a non-degenerate
additive character y (see §2.0.7 for more details). For each positive integer n, one can then define Gauss
sums g; € C for each k € Z as in §2.0.8. These elements satisty the same properties as (2.2) and so we can
consider what we call the p-adic specialization p : C; g — C defined by sending

1

t=12—q ', girgforieZ. (2.6)

Frequently Used Notation

Notation Meaning Location

T,t parameters for Hecke algebra §3.3.1 and §3.3.2
O and g; formal and p-adic Gauss sum parameters §2.0.9 and §2.0.8
V and \th quantum polynomial and spherical representations §3.6.5 and §3.6.7
V and Vpn generic polynomial and spherical representations §4.2.2 and §4.3.3
ﬁ:_n upper closure of twisted negative alcove §3.4.6

ﬁaff twisted affine Hecke algebra start of §3.6

vy and [v] basis of V and \th~ §3.6.5 and §3.6.7
(Gy], [G;] canonical basis of Vpp, §3.7.3

Y and vy basis of V §4.2.2 and §4.2.3
[G;].1G;] canonical basis of Vpy §4.3.3

(Gsl, [G;] (g-twisted) canonical basis of Vpy §4.3.3

I~ and K Iwahori and maximal compact of G §5.2.2,85.2.6
J—((é,l’), ﬂ{(é, K) | Iwahori and spherical Hecke algebras §5.3.2 and §5.3.6
91 basis of the Whittaker space Ww(a,l’) §6.2.1

3:1 N p-adic basis of WW((N;,KN) §6.3.1

Ly and F5 canonical bases of \/\ZW(G,K) §6.3.1

Vi irreducibles in Rep(G¢(C)) §7.5.1

Ai’ Vi’ LZ and Ti standards, costandards, simples and ind. tiltings in U,;(@) §7.5.1
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PART 1
COMBINATORIAL MODELS

3. Affine Hecke algebras and canonical bases

In this section, we collect various algebro-combinatorial preliminaries needed in this paper. In §3.6.2
we interpret certain straightening rules in terms of a quantum specialization of metaplectic Demazure—
Lusztig operators and use it in §3.8.2 express Littlewood—Richardson polynomials in terms of the metaplec-
tic Casselman—Shalika formula. These results and Proposition 3.9.1 (2) seem to be new.

3.1. Cartan datum and associated structures. —

3.1.1. Cartan datum. — Following [71, §1.1], we define a Cartan datum to be a pair (I,-), where I is a
finite set and - is a Z-valued symmetric bilinear form on the Z-module Z[I] satisfying

i-i€{2,4,6,...} fori €I, and 2u €{0,—1,-2,...}fori,jel,i#j. (3.1
i-i

Given a Cartan datum (/,-), one may construct a generalized Cartan matrix (gcm) as in [47, p.1]:

i-j
ii

We assume throughout that the Cartan datum (I,-) is irreducible (see [71, §2.1.3]) which ensures that A

is irreducible in the sense of [47, p.2]. We deal in this paper exclusively with such Cartan datum (/,-) of

finite type, i.e. the symmetric matrix (i- j); jes is positive definite, or of affine type, when the corresponding

symmetric matrix has nullity one.

AZA([,-) = (aij)i’je] where aijj =2 (32)

3.1.2. Dual Cartan datum. — For (I,-) a Cartan datum, define m; to be the smallest positive integer such
that % € Z, and then define the dual Cartan datum (7,%) ( see [97, p.92]) by setting
ij

TG

Writing A := A(1,) for the corresponding Cartan matrix, one finds that A =A.

fori,jel. 3.3)

3.1.3. Minimal Cartan datum attached to a Cartan matrix. — Let A = (a;;) be an irreducible Cartan matrix
of finite type and of size k x k. Write I := {1,...,k} and let D be a diagonal matrix such that DA = S is a
symmetric matrix. Note that such a D always exists; it is unique up to rescaling the matrix by a constant,
and so we can choose D to have positive, integral values. Denote by Dy, a symmetrizing matrix with the
property that every other choice of D is a positive, integral multiple of Dy,;,. We write

Dpin = diag(dy,...,dy). (34)
We explain in the next paragraph how to compute these values. We can use them to define the minimal
Cartan datum (1,-) attached to a given Cartan matrix A by setting i - j := d;a;;.

3.1.4. Untwisted affinizations and computing the symmetrization of A. — Denote the (untwisted) affiniza-
tion of A by Ag; it is defined as in [47, p.100, (7.4.3)]. The matrix A, is of size (k+ 1) x (k+ 1) and our
convention is to identify the first last k-rows and columns of A, with A. As such, we also write in this case

Lgs :=TU{0}, where I = {1,...,k}. (3.5)

The matrix A, has a kernel containing a unique vector with strictly positive, relatively prime entries
O(Aar) = (mo(A),...,m(A)). For these untwisted affinizations, it turns out that my(A) = 1 for all irre-
ducible A. The transpose "A is again a Cartan matrix of finite type and we denote by 77;(A) := m;(*A). With
these definitions, the matrix

D :=diag (mo(A)/my(A), ... .mx(A)/mi(A)) (3.6)
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symmetrizes A, i.e. DA is symmetric. However, D only has positive and rational entries in general. One can
construct Dy, by multiplying this matrix by an appropriate integral multiple.

3.1.5. Braid and Weyl groups. — Given a Cartan datum (/,-) with associated Cartan matrix A we define
integers h;; for i, j € I according the rules as in [71, §2.1.1], i.e. cos? % = Y The braid group B(1,-), is
the free group on symbols s; (i € I) equipped with relations
s;s,-si---:sjs[s,----fori;éj, (37)
hij hij

where both sides have h;; < oo terms. If we further impose the relation si2 =1 for all i € I we obtain the Wey!
group W(I,-). As both B(I,-) and W(I,-) only depend on the associated gcm A, we often just write these as
B(A) or W(A). In the case that A, is the untwisted affinitization of A, we often write

Waff = W(Aaff) and W .= W(A) (3.8)

3.1.6. Coxeter groups and Bruhat order. — The pair (W(A),S) where S = {s; }ic; described in the previous
paragraph forms a Coxeter system and W := W(A) is called a Coxeter group (see [11, Ch. IV, §1.3, Def.
3, p. 4]). Note that every element s € S satisfies s> = 1 (i.e. S™' =) so words in S are just products of
elements from S. We refer to [11, Ch. IV, §1] for the definitions of reduced expressions, the length function
0:W — Z, etc. Let us write <g, or just < if the set S is not in question, for the Bruhat order on W(A)
induced from the Coxeter structure (see [10, Ch. 2]). As usual, we write x < y to mean that x < y and x # y.
If A is of finite type, there exists a unique element in W(A) which is maximal for the Bruhat order, which
we write as wy.

3.1.7. Parabolic subgroups. — For J C I, if we define W; C W to be the subgroup generated by s;,j € J,
then from [11, Ch. IV, §8, Thm. 2], one knows that (W, {s;};c/) is itself Coxeter group. These are called
parabolic subgroups. For example, if Ay is the affinization of A and W(Aug) := W(Aug), then we have
(Watr)r = W(A) = W (where I C Iy is an in 3.5). We write w, for the unique maximal length element of
'W;, whenever it exists. For example, wé exists for any J C Lyg.

3.1.8. Poincaré polynomials. — For q a formal variable, J C I such that the parabolic subgroup W; defined
above is finite, we define the Poincare polynomial

Pw, (@) =Pi(@d)= Y . (3.9)
WGW]

In the case J = I, we sometimes just write Zyy(q) or even Z(q) for the corresponding expression.

3.1.9. Cosets. — For any subset J C I, define the set W := {w € W | £(ws;) > ¢(w) for all j € J}, and
note (see [10, Prop 2.4.4]) that every w € W has a unique factorization w = w;w, where w; € W wy € Wy,
and in this factorization ¢(w) = ¢(w;) 4+ £(w2). It follows from [30, Lemmas 3.1-3.2] that

ifseS,6eW, butsw ¢ W then so = os; for some j € J. (3.10)

Similarly, consider the set W := {w € W | £(s;w) > £(w) for j € J}, which consists of minimal length
representatives of the cosets W; \ 'W. Finally, suppose now J, K C I are given. Then we can consider the set
of double cosets Wx \ ' W/W), and it is known that the set

KW .= {weW|spw>w,ws; >wforallk €K, j€ K} (3.11)
forms a set of minimal length representatives for these double cosets. We say that such a double coset is
regular if its stabilizer (or equivalently the stabilizer of any element in the double coset) under the action of
Wk x W (acting on left and right, respectively) is trivial. Equivalently, an element t € ¥W/ is regular if
Wkt NtW; = 0. The set of such regular double cosets will be denoted by (Wx \ W/W;)_.. and the set of

reg

minimal length regular representatives is denoted (K W/ )reg.

3.2. Root datum and their twists. — In this section all Cartan datum (/, -) will be of finite type.
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3.2.1. Root datum. — By a root datum of type (I,-), we shall mean a quadruple ® = (Y, {yi}icr, X, {xi}icr)
where Y, X are free abelian groups of finite rank that are in duality under a pairing that we denote (-,-) :
Y x X — Z, and where {y;}ic; C Y and {x;}ic; C X satisfy

(vi,xj) =a;j fori,jel. (3.12)

Here, as in §3.1.1, A = (a;;) is the associated gcm to (7, -). The root datum is said to be of simply connected
type if Y is the free Z-module with basis {y;} jc;, and it is said to be of adjoint type if X is the free Z-module
with basis {x;}.

D = (Y,{yi}ier, X, {xi}icr) and ®" = (Y', {¥' }ier, X', {x. }icr) are two root datum for (,-), we say that
D and D’ are isomorphic root datum and write © = D’ if there exist isomorphisms of abelian groups ¥ — Y’
sending y; — y; and X — X’ sending x; — x; compatible with the pairings ¥ xX — Z and V' x X' — Z.

3.2.2. Dual root datum. — Recall the dual Cartan datum (/,%) attached to (I,-) from §3.1.2. If ® =
(¥, {yi}ier,X,{xi}ier) is a root datum of Cartan type (1, -), we define its (Langlands) dual (7,7, D) by setting
D= (X, {xitier, Y, {yitier)-

3.2.3. Weyl group action. — Given aroot datum ®, let 0; : ¥ — Y be the map defined by o;(y) =y — (y,xi)y;
for 1 € Y. We can similarly define an operation o; : X — X. We note that the o; so defined satisfy the Coxeter
presentation for the Weyl group. Hence W (I,-) acts on Y by sending s; € W(I,-) to o; fori € I.

3.2.4. Roots systems attached to D.— Fix (I,-,D) as above. We refer to the set IT:= {y;};cs as the set of
simple coroots, and R := WIT as the set of coroots of the root datum. Everyd e R can be written as a unique
linear combination of the elements from IT with all positive or all negative coefficients. In this way, we can
define R as the set of positive and negative coroots. We also define the coroot, root, and weight lattices as

Q=P ;2Zyi, Q:=@;;2Zx;, and A:={xcX®zQ| (y,x)eZforiel}, (3.13)

respectively. We define the positive root and coroot lattices by replacing Z with Z in the above, and also
write Ay C A for the dominant weights, defined by the additional condition that (y;,x) > 0 forall i € I. A
regular dominant weight is one such that (y;,x) > 0 for all i € I. These are denoted as A} reg. Also, we
define the dominance order < on A to be the relation

U<AIfA—pueQ, forA,ueA. (3.14)

In a dual manner, replacing the {x;} with {y;} in the above we can also define the simple roots I1, all
roots R, positive/negative roots R, coweights AY, dominant coweights AY, and dominance order (again

denoted <) on AV. For each a € R, if x; € I1 is such that wx; = a then the element d := wy; € R is well-
defined and independent of the choice of such y. The element 4 is called the coroot attached to a. Let us also
note here that since (/,-) is of finite-type, there is a unique root 8 € R such that when we write

6 := Y mx; with m; € Zo, (3.15)
il
the m; are maximized. It is known that all m; > 0 and in fact m; = m;(A) are the numbers introduced in
§3.1.4. In a similar way we can define a highest coroot 6 written as in (3.15) with m; replaced by 7;(A) and
x; replaced by y;. We shall also introduce the elements p,p in A and A by the following definitions:

2p=Y a and 2p=) a (3.16)
aeR aeR

Note that this implies that (y;, p) = 1. A similar formula hold for p.

3.2.5. (Q,n)-twists. — Fix (I,-,D) be a root datum with associated Cartan matrix A = (a;;) as in §3.1.1.
Writing ® := (Y, {y;},X,{x:}), a (Q,n)-twist®) on D is the data of an integer n > 1 and a W = W(I,-)-
invariant (for the action defined in §3.2.3) quadratic form Q on Y. Attached to Q, we define the symmetric,

(5)These are called metaplectic structures in [97], where they were first introduced
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bilinear form B : Y x Y — Z, B(y1,y2) := Q(y1 +y2) — Q(y1) — Q(y2) for y;,y2 € Y. One verifies
B(yi,y) = Q(yi)(y,xi) foryeY,iel andhence Q(y;)/Q(yi)=aji/aij. (3.17)

From [96, Proposition 3.10], there exists a unique W-invariant, quadratic form Q on Q (thought of as a
subset of Y) which takes the value 1 on all short coroots. We shall call such a structure primitive and note
that every Z-valued W-invariant form on Qis an integer multiple of Q. Said another way, simply-connected
root datum admit primitive twists.

3.2.6. (Q,n)-twisted root datum. — Starting from a root datum (7,-,9) and (Q, n)-twist, we may twist the
Cartan datum (/,-) to obtain a new Cartan datum (/,0(q »)) (or just (1, 0) if the twist is implicitly understood)
as follows (see [97, Construction 1.3] and [71, §2.2.4])

ioji= )i-j, (3.18)

n(yi)n(y;
where for i € I we define n(y;) as the smallest positive integer satisfying
n(y;))Q(y;) =0 mod n. (3.19)

nly i,) a; ) from which we may deduce that
nv)" ) jer

The associated Cartan matrix is now A := Aqun) = (

B(I,0)~B(Il,-) and W(l,0)~W(I,-) . (3.20)

If we now set
- Yqu = Y:={yeY|B(,y)enZforally ey},
- Y@Qn)i ::227 :=n(y;)y; foriel, N
- Xqn =X ={xeX®Q|(yx) € Zforallyc Y},
— X(Qn),i ‘= Xi 1= n(y;) " 'x;foriel,
one can verify, as in [71, §2.2.5], [77, §11], or [97, Construction 1.3], that

Diqu =9 = (Y, §i}ier, X, {Fi}ier) 3.21)

is a root datum for (1,0) = (I , o(Q:n)). We shall usually adopt the convention that tildes will designate the
corresponding notion for twisted root systems, but ocassionally when we need to keep track of the precise
twist under consideration, we revert to the more precise notations D (q ), ¥(q), €tc. So, for example R

(resp. RY) will denote the set of roots (resp. coroots), etc. The quantities p,p" are defined as in (3.16) using
the twisted root systems.

3.2.7. A rank one example. — Consider the Cartan datum / = {a} with a-a = 2. We may associate to
it the root datum © = (Y,d,X,a), with Y := Zd, X := }Za and (d,a) = 2. This is the root datum which
specifies, over C, the simply connected group PGL,(C). The Langlands dual D= (%Za,a,Zd,d), which
corresponds to the group SL,(C), is not of simply-connected type. The primitive (Q,n) twist of © is
determined by specifying Q(¢) = 1. Then n(d) = n and the associated bilinear form B on Y is specified by
B(kd,k'd) = 2kk for k,k' € Z. One may then check that

nZd,nd, ~Za,ta) ~® if nis odd,
©(Q7n) — {( 2n n ) (3.22)

ngx s 1 LN o A if s
(EZa,na, 2 Za, ;a) ~ %) if nis even.

Remark. — In general, the primitive twist of a finite Cartan datum will be isomorphic to itself (if n is odd),
or to its Langlands dual (if n is even). This is not always true for affine type (cf [82, Table 2.3.2]).
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3.2.8. Example: l-twisted Cartan and root datum. — Fix a positive integer / and a root datum (7, -,) with
D = (Y, {yi},X,{x;}). In[71, 2.2.4-2.2.5], Lusztig has defined the notion of an /-twited root datum. To
introduce it, let /; be the smallest positive integers such that l,-% € IZ. Then one defines (1,0;) as the Cartan
datum with io; j = [;/;(i- j) and attaches to it a root datum ©; = (¥;,{y;;},X;, {x;;}) defined as follows:

X ={feX|y,¢) ez}, Y :=Hom(X;,Z), x;;:=1lx;, andy;;:= li_ly[. (3.23)

This root datum (7,0;,9;) can be subsumed into the theory of twists from §3.2.6 as follows.
We start with A = (a;;) an irreducible Cartan matrix, and fix the minimal Cartan datum (7, -) as in §3.1.3
so that i - j = d;a;; with the positive integers d;,i € I as in §3.1.4. Hence

Y= % =d;, andsodefining [;:=1/(l,d;)foriel, (3.24)

we find that /; are the smallest positive integers such that ;5 = I;d; € IZ. Fix © = (¥, {y;},X,{x;}) a root

datum of adjoint type, so that ® is of simply-connected type and hence admits a primitive twist Q : X x X —
Z in the sense of §3.2.5,1.e. Q(x;) = 1 for all short roots. Note that from (3.17) applied to the Cartan datum

v
y

(1,7) with Cartan matrix A =’A, we have

QUy) _aij _ijdj _d; (3.25)
Q(x;)  aji i i di

If x; is any long root attached to a short root x;, then Q(xj) =dj/d; = d;, since d; = 1 for x; short. In other
words, if Q is the primitive twist on ®, we have

Q(x,-) =d;foralliel and n(x;)=1 (3.26)

by using (3.19) which states that n(x;) is the smallest positive integer such that Q(xi) =0 modn.

Claim. — Let (I,-) be the minimal Cartan datum attached to a Cartan matrix A and (1,-,9D) a root datum
of adjoint type. Writing Q is the primitive twist on ®, we have an isomorphism of root datum

(1,01,9;) ~ (L(@(Q,l))vv ((i))(é,z)>v> : (3.27)

We apply this claim to ©, which is assumed to be of adjoint type, in Part III. In this case, writing ®; for the
corresponding [-twist and Q for the primitive twist on the simply-connected O, we have

(01, D1) = (1 (()aqu)"s @) )- (3.28)

Remark. — For k a positive integer, let (kQ,1) be a multiple of the primitive twist (Q,1) as in the Claim.

. v
Then <(©)(ké,l)> is isomorphic to Dy, where l! = gcdél,k)'

3.2.9. A GL,-example. — Let us now give an example of a root system that does not have a unique primi-
tive twist. Define the Cartan datum (/,-,9), where [ := {1,...,r— 1},

o {2 if i = j,
l-Jj= i
—1 ifi#j,
and © = (Y,{d;},X,{d;}) is the root datum constructed as follows: Y is the free Z-module with basis
{&,1 <i<r}, di:=¢& — &1, X is the free Z-module with basis {¢;,1 <i<r}, a; := ¢; — e;+1, and the
pairing between Y and X is (¢;,e;) := &;;. This is the root datum for the group GL,..

A (Q,n) twist on © consists of a positive integer n and a quadratic form Q on Y. Such a twist is actually
determined by two integers p := 1B(&1,¢1) = Q(¢1) and q := B(&,&,) (see [40, §4.11). With this notation,
we have that Q(d;) = 2p — q. As such, there is no primitive twist, and actually several classes of such covers
(which are not multiples of one another) appear in the literature. For example, if 2p — q = —1, one obtains
the Kazhdan-Patterson (see [55]) covers used in the literature on automorphic forms. Note that this cover is
the pull back of the opposite (i.e. Q(d;) = —1) of the primitive cover of SL,. The covers when 2p —q = —2
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features in the work of Savin (see [40, §4.1]). Finally, the coverings studied in the works [13, 14, 16] linking
Whittaker functions with quantum affine groups and lattice models satisfy p = k and q = 0.

It would be interesting to understand if Lusztig’s definition of a quantum group at a root of unity based on
I-twists (introduced in §3.2.8) can be generalized to all (Q,n) twists. In particular, if one can build a quantum
group at a root of unity corresponding to the Kazhdan-Patterson twist and the Savin twist introduced above.
We note here that for the p = k and q = O twist, one may naturally build the [-twisted root datum Y =
%Y ,)? :=IX and a; = %d,-,ﬁi = la; and its associated quantum gl at a root of unity.

3.3. Hecke algebras and (parabolic) Kazhdan-Lusztig theory of Coxeter groups. — Thoughout this
section, we work over the ring Z; = Z[7,7!] from §2.0.10. Recall that 7> = t~! and define

Zf:=1Z[t] and Z;:=1t'Z[t7!]. (3.29)

3.3.1. Hecke algebra of Coxeter group. — Let (W,S) a Coxeter group (so, we allow both finite and affine
examples). Then we define its Hecke algebra Hyy := H(W,t) as the algebra over Z, with linear basis
{Ts }vew and multiplication determined by the rules:

- Quadratic: Fors € S, T> =t + (! - )T, i.e. (T, —t"')(Ty+1) =0; and

— Braid: there exists a unique homomorphism of groups B(A) — H(W,t) sending s; — Tj,.

The braid relations ensure that we may unambiguously define, for any w € W, the element

T, = Syt T, € Hyy for any reduced decomposition w = s;, -+, (3.30)

r

The quadratic relation ensures that 7§, is invertible in Hyy, and we denote its inverse as Tslfl,which is given
explicitly as Tv,-_l =1t~ !T;, 4+ (t7! — 1). Using the braid relations, we can define 7|, for any w € W.

3.3.2. Renormalized basis. — We often work with the following renormalization of the generators. Let
H, =1t 'MT, forweWw, (3.31)
which again satisfy the braid relations together with the new quadratic relation
(Hy, —T)(Hy,+7 ") =0, ie. H.+(t— 7t "H,, - 1=0. (3.32)
Again all H,, are units, and one checks that
H'=H,+(t'—1)foriel (3.33)
3.3.3. Kazhdan—Lusztig theory. — There exists exactly one ring homomorphism
d:H(W,t) — H(W,1) such thatd (t) = 7~', and d (H,,) = (H,1)"". (3.34)

The map d is an involution, called the Kazhdan—Lusztig involution, and its application to f € H(W,1) is
often just written as f +— f. An element f € H(W,t) is called self-dual if d(f) = f. For future use, we
record the following facts:

— For w € W, there exist r,, ,, € Z; so that (with respect to the Bruhat order)
Hy,=H,+ Y ryuHpy. (3.35)
w<w
— Suppose W is finite with longest element wg. Then for any o € W, we have (see [10, Prop. 3.2.2(2)])
{(owp) + (oY) = £(wy), so that Hy 1 He\,, = H,, and hence
Hs = HoyoH,,'. (3.36)

Using [71, Lemma 24.2.1] and the relation (3.35), we may conclude (see [56] or [90, Theorem 2.1 and
Claim 2.3] ) that for each w € W, there exists a unique self-dual element H,, € H(W,) such that

H,=H,+ Y hy,Hy, where hy,, € Z!. (3.37)
y<w
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We could have worked in Z; and showed there exists a unique self-dual element H;, € H(W,t) such that

H, =H,+ Z hy,,Hy where hy,, € Z. (3.38)

y<w

The elements {H,, }wew (resp. {H,, }wew ) form the Kazhdan-Lusztig Z-basis of H(W.1).
Remark. — Typically, the polynomials

Py =100 € Z[r, 0] (3.39)
are called Kazhdan-Lusztig polynomials and satisfy ([90, §21) P, x € Z[t~2] with constant coefficient 1.

3.3.4. Symmetrizers and anti-symmetrizers. — Fix the same notation as in the previous paragraph and let
J C S be such that W, the parabolic subgroup defined in §3.1.9, is finite so that wé, the longest element in
Wy, is well-defined. Define the elements

gf =10 Y o, TH, and g = (1) 0 Y, (—7 )M H,, (3.40)
We may compute, see [73, (5.5.17)(1)], for w € Wy,
H.ef =¢fH,=1t"Me/ and H,e; =&, H, = (—1)"'We/, (3.41)
and also verify that (see [73, (5.5.17)(ii))]) in terms of the Poincaré polynomial defined in (3.9) we have
(&) =1V Py (Ve and (g )% = (—1)' ) Py, (~1)e; . (3.42)
Finally, it is known (see [90, Proposition 2.9]) that 8J+ =H W and that €, is the ‘signed Kazhdan-Lusztig’
basis element denoted as ng in [56], so that in particular both SJi are self-dual, i.e. d (8}) = SJi.

3.3.5. The parabolic modules My and ;jN. — Write Hy := H(W.,t). Fix the same notation as in the pre-
vious paragraphs, so that J is chosen with W finite. As in §3.1.9, we write W/ for a set of minimal length
representatives of W /W;. Consider the A-modules

M;:=Hwe; :={he] |h€ Hy} and ;N:=¢; Hy:={¢g; -h|h€ Hy}. (3.43)
From (3.41), we see that M; and ;N have A-bases M,, := Hwef and N,, := €&, H,, where w ranges over all

elements in W/ and /W respectively. As we shall need it later, we record here the following elementary
computation: for 6 € /W and s € §

Nos if os €/W, 05> 0,
NoH;={ Ngs+(t—17")Ns ifosc’W,os< o0, (3.44)
—177 !Ny if os ¢ 'W.

The first and second cases follow from the braid relations, and the third by also using (3.10) and (3.41).

3.3.6. Parabolic Kazhdan—Lusztig polynomials. — The involution d induces one on M; and ;N, respec-
tively, so that one can again speak of self-dual elements in these A-modules. From Deodhar [31] (see [90,
Theorem 3.1]) for w € W/, z € W | there exist unique self-dual elements M, M, as well as N, N such
that

M, =M, +Y,,myM, N, :=NA+Y,c.n,N, where my,.n,. cZf, (3.45)
M, =M,+Y,<,m, My, N :=N+Y,.n Ny, where my,n,_ €Z, (3.46)
These elements satisfy the following properties (cf. [31], [90, Prop. 3.4]): for y,w € W/,
My =hy A, =Y, (=7 @y, (3.47)
My = (=1 OHa(ns ) and  ny, = (=1) O Md(my ), (3.48)

where the involution d on Z; just interchanges 7 and 7~ 1. For the last line, see [90, Thm. 3.5].
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Remark. — The elements TZ(W)_é(y)m%W and TK(W)_Z(y)nW are examples of parabolic Kazhdan—Lusztig

polynomials [31]. Our definitions of my,,, and ny,, match similarly named quantities in [90] after setting
1 .

V=7 "1nop.cCIt

3.3.7. The module ;Og. — Suppose K C I is such that Wy is finite. Then we consider the vector space

7Ok = &, Hy &g whose basis consists of O; := €, H;ex fort € ( JWK)reg . One can view it as a submodule

7Ok — ;N from which we may define d : ;Ox — ;Ox by restricting the involution d on yN.

Proposition. — For all u € (;Wk)..,, there exists a unique self-dual element O, such that

reg’

0, =0,+Y 0,0, witho,, € Z;. (3.49)
t<u
For this element, we have
_ _ N _ N _
Ottt = Myl s = ZM’) (=t 1 (z)mzt’u = ZW (-t 1 (Z)hzzw{f,uw{f' (3.50)
zeEWy zeWy

We also have unique self-dual elements O, € ;Ok satisfying

0, = 04+ 01,0, with oy, € Z{. (3.51)
t<u
For such elements, we have
Ot,u :mwét,wgu = Z TK(Z)anM = Z TK(Z)hwgtz,wéw (352)
€Wk €Wk
Proof. — The existence of the unique self-dual elements Q,f satisfying (3.49) follows from [71, Lemma

24.2.1] using the fact that the involution d on ;O inherits the required triangularity property from that of
the involution on ;N (or Hyy.) Let us just show (3.50). From [90, Proposition 2.9],

g=H,= Y 10y, (3.53)

0 WGWK

Hence, for u € (;Wk),., , under the map § : ;O = ;N€; < ;N we have

reg’
£(o,) = SfHuﬂ;g =g Z Té(w)*f(wg)HtW‘ (3.54)
weWg

Applying the involution to both sides of the above, using the fact that { is compatible with taking such
involutions, and finally using the characterisation of N for z € JW reviewed in §3.3.6 we can verify that

§(0)) =€/ H, (3.55)
Expanding the left hand side and using the fact that H,ex = v/ e for all z € W, we may write
0, = Z 05,0x = Z 0,5 Heeg = Z e szrz(z)—f(wéf) — Z Ora NXZTZ(Z)*Z(W@.
xel WK 4 x€ WK zeWg x€! WK zeWg

As for the right hand side of (3.55), we may expand, now using €, H,, = (—71 )Z(W) forw e Wy

& Hox = & Y h Ho=¢ Y b H.=¢g Y h_ . (-1)VH (356
xeEW

VZ,Uw, yZ,uw
’ yeW;,ze!W 0 yeWy,ze!W 0
— - =4 _ - -/
B Z hyz,uwg (_T) (y>NZ - Z hyxz,uw{f (_T) (y)Nxz (3.57)
yeW;,ze!W YW, xze! W

Hence we obtain that

ZyEWJ hyixz,uw"(_f)ié(y) - O;yuré(Z)ié(wg) and also Z)’GWJ h);cwgyuwg(_r)iem = Oxu> (3.58)

where we set 7z = wg in the first equation to get the second. The other equalities in (3.50) follow from (3.47).
One may verify (3.52) in a similar way. We leave the proof to the reader. O

19



3.4. Affine Weyl groups. — In this section, (/,-) will be a Cartan datum of finite type with associated
Cartan matrix A and untwisted affinization A,g. Write W := W(A) for the finite Weyl group and Wy :=
W(Aug) for the affine Weyl group. Fix (Z,-,)which is assumed to be of simply-connected type and write
D := (Y,{d;},X,{a;}). Using this root datum, we can define the Euclidean space V :=Y ®z R. Extend the
pairing ¥ x X — Z to one between V and V := X ®z R by linearity and denote it by the same symbol. We
write R C V* to be the roots as in §3.2.4 , 0 € R the highest positive root as in (3.15), Q for the root lattice,
and Q 2 Y for the coroot lattice.

3.4.1. Groups generated by affine reflections. — Define for each i € I and integer k € Z, the affine reflection
Oui:V —=>Vbyy: o4r=y— ((ya)—k)d; forve V. Note that the reflection o, fixes the hyperplane
Naik = {v €V | (v,a;) = k}. Replacing a; with a for any root a € Q (the root lattice of (Z,-,D) in the
formulas above, we define o, ;. We define ), x as the fixed hyperplane of this reflection, and say thaty € V
is positive (resp. negative) for the hyperplane ), if (y,a;) > k (resp. (y,a;) < k). Define now

Wst(I,, D) = (G4 s | i €Lk € Z). (3.59)
It contains as a subgroup W = W(I,-) = (0,0 | i € I), as well as the subgroup T generated by the elements
t(kd;) == 04 k0040 foricl ke Z (3.60)

One may check that y - t(kd;) = y — kd; for y € V and hence t(kd;) o t(md;) = t(md;) o t(kd;). We denote
this last element as t(kd; +md;) € T. In a similar way we may define for any d € Ra corresponding element
t(d) € T. One verifies T = Q22 Y, where the last isomorphism follows from the simply connected hypothesis.

Moreover, the subgroup W := W (I,-) normalizes T and

Waff(l, ~,®) =WxY. (361)

3.4.2. Coxeter structure. — As we are in the simply-connected case, the group Wy (I,-,D) is a Coxeter
group with Coxeter structure defined by the set of simple reflections S,¢ consisting of s; := o0y, o fori € I,
and the new reflection sy := 0p ;. In this simply-connected case, we then have Wy(1,-,D) ~ W(Ay) as
Coxeter groups; we shall from now on just write

Waff = Waff(l, -,@) = W(Aaff). (362)

One can then define the Bruhat order on Wy(1,-,®) as well as the length function ¢ with respect to this
Coxeter structure, and from ([45, p.20, Prop. 1.23]), one has the following useful formula for the length of
an element in Wy(/,-,0) with respect to the previous decomposition (3.61): for wt(f) withw e W, 3 € Q,

()= ¥ B+ Y N+Bal (3.63)
acRNw IR, acRNw1(=Ry)
From this formula, (3.16), and the fact that £(w) is equal to the cardinality of the set R, Nw~!(—=R, ), (see
[11, Cor. 2, p.170]), we see that if (3,a) > 0 for all a € R, then

Lwe(B)) =Ry nw ™ (=Ry)|+ Y (B.a) = t(w) +(2p, B). (3.64)

acR

3.4.3. Chambers. — The Euclidean space V :=Y ®z R, regarded as an affine space has two chamber
structures, in the sense of [11, Ch. V, §1] corresponding to the action of W and Wy(7,-,©) on V. The
chambers are the connected components of V' \ {L = $,0,a € R}. The Weyl group W acts transitively on
the collection of chambers. We define the dominant chamber and antidominant chambers as

Ci:={veV]|{na)>0foricl}and C_:={veV |(va) <O0foriec I} respectively. (3.65)

3.4.4. Alcoves. — Define the collection of affine hyperplanes as M= {$9ak.a € Ry k€ Z}, and denote

the connected components of V \1\71 as alcoves. Write &7 for the collection of alcoves. For any v € V \1\2
and a € R, there exists an unique integer &, so that k, < (v,a) < k,+ 1, i.e. v lies in the connected region
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between the walls §, x and ), 1. For any alcove A € <7, there exist integers k,,a € R such that for v € A,
oen has k, < (v,a) < k,+ 1 for all a € R, . The anti-dominant fundamental alcoves will be defined as

A_={veV|-1<(va)<Oforallae R;} CC_. (3.66)

The upper closure of an alcove A, which will be denoted as A, and it is obtained by replacing the upper
bounds in the definition of an alcove with inequalities. Every v € V can be uniquely written as v = x - w for
w € Wy and v € A_, where we record here that

A ={veV|-1<{va)<Oforallac R, }CC_. (3.67)

3.4.5. A result on separating walls. — For w € Wy define M (w) to be the set of walls which separate A
and wA (a wall is called separating if the alcoves lie on different half-spaces defined by the wall). In terms
of a reduced decomposition of w € Wygr , say w = wy, -+ -wy,, where b; € L = {0} U1, then we have :

M(W) = {HblaHbzwbn"deWbd,l "'Wbl}a (368)

where H; := H(,, o) if j € I and Hy := H|4 ;) the walls defining simple reflections (see [44, Theorem 4.5]).

Remark. — In terms affine root systems (which we have not formally introduced), these are the walls

corresponding to the positive affine roots which are flipped to negative by w1,

3.4.6. Dot action. — We are often interested in the following ‘dot’ action of W on V
xoew:=(x+p)-w—p forw € Wy, x €V, (3.69)

where p was defined in (3.16). Note that it is indeed an action of W. Under the dot action, o, is a reflection
through the hyperplane 9, :={x € V | (x+p,a) = k} since

xe0, =x—((x+p,a)—k)aforxecV,ac R keZ. (3.70)

One can again define a set of alcoves with respect to the hyperplanes {53;7,( | a € R,k € Z} and we designate
the (anti)-fundamental alcove and its upper closure as

At = {xeV]|-1<(v+p,a)<0forallaec R}, (3.71)
A = {xeV|-1<(x+p,a)<OforallacR,}. (3.72)
3.4.7. Example: (Q,n)-twisted affine Weyl group. — Let (I,-,9) be an arbitrary root datum, (Q,n) a given
twist with associated root datum (1, 0(q ,),®) which we assume is of simply connected type. We note that

W(I,-) = W(I,0.q,)) and both groups are denoted as W. Recalling the Cartan matrix of (7,0(q ) was
denoted as A, we shall now write

Wats := Waff(l, O(Q,n)vg) ~ W(Aaff) ~WxY. 3.73)
The dot action of Waff onV :=Y ®zR is defined via
xeo;  =v—((v+p,a;)—k)a/ forveV,ielLLkeZ. (3.74)

Note that the p which appears in the above formula is ‘untwisted’. A fundamental domain for this action of
Wags on V is given by the set

A qm = {veV|-1<(v+p,a) <Oforallae R} (3.75)
= {veV|—-n(a)<(v+p,a) <Oforallac R }. (3.76)
When the choice of Q is implicitly understood, we often abbreviate our notation and write

'A'—,n = ‘A'—.,(Q,n)‘ (377)
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3.4.8. Stabilizers, orbits, and cosets. — For 1 € AT. , let J C I be such that
(Wate)s 1= Stab gy, o (7). (3.78)
Then~we may identity (Waff) 7\ W, with elements in the 02b1t Wigr o 1. Writing [1 € Wgr o 1 as [t =1 ew with
w € Wigr, we may fix w uniquely by requiring it to lie in / (W,¢). In this way we get a bijective correspondence
1} @ Wasr > ' Wagt for J C Ly as in (3.78). (3.79)
We may extend this result to conclude that for 1) € ﬁ:yn and J as in (3.78), there is a bijection

(Wate)s \ Watt /W <55 (W, @)-orbits in 7] Wi, (3.80)
where by (W, e)-orbits, we mean orbits under the e-action of W. The above correspondence can be further
strengthened to one between regular double cosets (see the end of §3.1.9) and regular (W, ®)-orbits in 1) ® Wy
(i.e. those orbits under the e-action of W whose stabilizer is trivial). One may verify that each regular (W, e)-
orbit in 1) @ Wy has a unique dominant representative and so we obtain a bijection

v O 1:1
Y, O] 0 Wi <0 (’Waff) R (3.81)
Denoting the Bruhat order on the left hand side by <p (the one induced from the Bruhat order on the right

hand side). Then one knows that if x,y € (] VT’;H) correspond to dominant coweights /le, i,y, then
reg

x<py = AL <A (3.82)
where the order < in the right hand side is the dominance order.
3.4.9. Boxes and restricted weights. — Keep the notation of the previous section and define the lower-
closure of the box (in the terminology of [51]), or set of restricted weights, as the set
Oquy = {A €Y |0< (A,a) <n(d) forieI}. (3.83)

One can easily check that each Ae Y} may be uniquely written as
A=Jo+&hoe0qm e, (3.84)

Indeed, from A € Y., we may just subtract positive multiples of the fundamental coweights attached to D
until we arrive at an element in the box (our simply-connected hypothesis ensures that these fundamental
coweights lie in Y, ).

3.5. Affine Hecke algebras and their combinatorics. — In this subsection, we assume (/,-,D) is of
simply connected type and write © = (Y, {d;},X,{a;}). Write W for the Weyl group of (/,-) and Wy :=
Wagr(I,-,D) = W x Y for the corresponding affine Weyl group, which we know is a Coxeter group under the
simply connected hypothesis. As such we can define two Hecke algebras: Hy := H(W,t) will be called the
finite Hecke algebra and Hyg := H (W, t) will be called the affine Hecke algebra.

3.5.1. Bernstein presentation. — If B €Y, weset Yﬁ =T, ) and we note by the length formula (3.63) that
YBHV, = YﬁYT/ = YyYﬁ when 3,)76 Y, . For a general element [§ €Y, we may write ﬁ =A- [1 with i,ﬂ ey,
and then set YB =YY, i ! which can be shown to be well-defined (i.e. independent of the choice of A ey,

cf. [73, p.40]). This definition extends to give a well-defined injective morphism of algebras 1 : Z;[Y] — Hyg.
Let us also remark that one has the formula (see [58, Lemma 3.5] for a conceptual derivation)

Yy =HyY, sH, . (3.85)
One can verify (see [73, p. 59, (4.2.7)]) that the elements {H,, Yﬁ} forw ¢ W,[; €Y (and similarly {Yﬁ H,})
form an Z;-basis of H,g, where one has the following relation

—Ys
=(t7'=1) Ysp ’3. (3.86)

HyY o

B~ Ysiﬁ Hy,
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3.5.2. The module Hype. — Regarding I C I in the natural way so that (Waff) ;1 = W, we then set

o) 3.87
£:=——¢. .
Py (t71) ! (3-87)
From (3.41) and (3.42) we find linethat
H,e=1e =¢H, fori € Iand €* = &. (3.88)

The parabolic module H,ge = HaffE;r defined as in §3.3.5 is sometimes also referred to as the polynomial
representation in the literature, as the relation (3.86) and the first of the relations above show that the map

1 above induces an isomorphism of Z;-modules, 1 : Z;[Y] = Hse, see [73, §4.3]. The induced action of
Hayg on Z[Y], denoted h+— h.p(Y), h € Hys, p(Y) € Z[Y], takes the following form:

Yi.Yy = /l+u for A JieY, and Yy .Hg = 1 Ys,u+ T T Y#. (3.89)

Y,a.

3.5.3. The spherical Hecke algebra Hypn. — The spherical subalgebra is defined as the Z;-module
Hsph = EHyr€, (3.90)

with algebra structure induced from H,g using the fact that € is an idempotent. The inverse of the isomor-
phism 1 from the previous paragraph induces an isomorphism of Hyg-subalgebras

S: Hypn — Z[Y]", (3.91)

where Z;[Y]" is the space of W-invariant elements in the group algebra of ¥ over Z; (the action of W
on Y induces the action of s; on Z;[Y] by the relation s,-Yﬁ =Y B etc.). One can show that the elements

hy := €Y € for I € Y, form an algebra basis of Hyp,, and that
<ﬂ72p> 1— 72Y v
T T Yo
Sthy) = ————= —2v ], (3.92)

where Py, (t~1) is the Poincaré polynomial of the stabilizer of {1 in the finite Weyl group W see (3.9). The
space Z;[Y]" has another distinguished basis, namely the characters X3 Ae AY defined as:

):weW(_ 1 )Z(W) Yw(iﬂs)fp
Hdeﬂh (1 - Y*d)

Denoting by ¢ € Hypn the element such that S(c; ) = x5, the elements {cj }5 cy, form another basis of Hph,
which is related to the basis {/y } through the so-called Kato-Lusztig formula

X =23 (Y) = (3.93)

¢y =Lp<i pp,}l(f) hg, orequivalently x5 =Y, 5 pﬂﬁ(r)s(hﬁ)’ (3.94)

where < in the above refers to the dominance order on Y as in (3.14). For 5 €Y., if we write w ¢ for the

longest element in Wt ()W, then it can be deduced from (3.63) that

v

wé::wot(g')andﬂ( 2) = C(wo) + (£,2p). (3.95)

In terms of the Kazhdan-Lusztig polynomials (3.39), we have p, 5 (1) = TiA-2p >Pwﬁ,w;1 (7). It is known
that y < wjy in the Bruhat order if and only if there exists I € Y, such that fi < A and y € Wt(j1)W, see
[50, (4.6)]. So it follows that if ,LVLjL €Y., then 1 < A if and only if wy <wjy.
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3.5.4. The modules ;V and jVspn. — LetJ C I C L and consider the Z;-modules
JV =& Hy and ]Vsph ‘= &; Hypr €. (3.96)

We have already described a basis for the space ;V, namely N,, := €, H,, where w ranges over the elements
in /Wg. In a similar way, we see that ;V,, has a basis B, := €; H,€ as u ranges over a set of regular,
minimal length coset representatives (J Walff) reg” One can equip ;V and ;V;p, with involutions inherited from
the involution d on H,¢, and we continue to call these d : ;V — ;V and d : jVipn — jVipn. Finally, let us note
that ;V carries a right action by H,, denoted as - and ;V;pp, is equipped with a right action by Hypy, denote
as %, and computed as follows: for & € Hyg,u € (JWaIff) reg> WE have (SJ_HMS) * (ehe) = g (H,eh)e.

3.6. Twisted affine Hecke algebras. — Throughout this section, we let (/,-,®) be a root datum, written
D =(Y,{da;},X,{a;}), and equipped with a twist (Q,n) such that the associated root datum (, 0,, D), written

D = (Y,{a/}.X,{a;}), is of simply-connected type. Set
W= W(I, ) = W([, O(Qan))7 Waff = Waff(l, O(Q,n) =W ?, and ﬁaff = Haff(ﬁ/aff,t) = Hy ®ZT[?] (397)

Finally, we denote the analogues of the modules in (3.96) as jﬁ and ]‘th, i.e.

JVi=¢; Hyr and Vi := & Hyr€. (3.98)

)(ﬁ) = (Waff)J. Define
the A-module V() to be a copy of the Hy-module ;V. We now describe a basis {v; } of V(1) indexed by

elements [t in 1) e ﬁ/aff (recall that:vas we explained in (3.79), this indexing set is in bijection with J Waff, the
set indexing the natural basis of ;V). The elements vj; are defined as follows:

3.6.1. The module V(1]). — Pick 1 € AT:J, and suppose J C L is such that Stab g, -

— for [1 € 1 @ Wy, write [i = 1] e w for a unique w € /Wy
— decompose w = o t(f) with B €Y and 6 € W;
- setvy :=¢€; Hg YB'

The elements vy, with [l € Wi 1) satisfy

vi = & Hsifli=1e0,0¢ Wy, (3.99)
vi ¥y = Vi ifA ey, ft € oWy (3.100)

Lemma. — Let 1) € ﬁ—,n’ J defined as in (3.78), and A € Y, N1} @ Wag. Then we may write 1. = 1} e 6t ()
with B € Y, and O't([;) € 'War, and hence vy = &; Hy for the unique x € IWase such that 1) ex = A.

Proof. — Observe that for each ¢ € W, we have —n(d;) < (1] ® 6,a;) < n(d;). Hence writing A = 1j
ot(f) = (jec)+f forany 6 € W, € Y, we must have (§,a;) > 0. Indeed, if @z, = n(d;)d,, denotes the
fundamental coweight in the root system attached to D, we have (by the simply-connected hypothesis) that
0y € Y. The exist integers f; € Z such that

B=Y fidos =Y fin(d;)aa, (3.101)

icl

from which it follows that (§,a;) € {0, £n(d;), +2n(), - .., }. The dominance of 3 follows, and the second

assertion of the Lemma follows from the (3.64) and the fact that if B € ?Jr, then H, §= Y 5 L]
3.6.2. Quantum Demazure—Lusztig operators. — The action of the polynomial part of the affine Hecke

algebra H,gy, i.e. of the group algebra Z,[Y] is given in the basis just introduced of V(#}) by formula (3.100).
The action of the finite Hecke algebra Hy C H,g on V(1)) can be described by the quantum specialization
(2.5) of the metaplectic Demazure—Lusztig operators that will be introduced in §4.1. Since we explain the
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properties of these (unspecialized) Demazure—Lusztig operators in more detail in loc. cit., we introduce
them in a somewhat ad hoc manner now. To begin, we introduce the expression

-1 ifm=
v(m) = o 0 mOdn, (3.102)
T ifm#£0 modn

then define the operators ’Tﬁi on \7(17) acting on the right, via the formulas :

! U(<i+ﬁvai>Q(di))V}1.si+(T_T_l) Z V;l—kn(d,-)d,- if <7L,a[> > Oa

=
vi () =g L @zt . (3.103)
T u(( +p,a,~>Q(ai))v;L.si+(’L' —1) ]EO Vi kndn)ds if (A,a;) <0.
()<~ (ka)

Using these formulas, we find that for [l € 1] e W,
Viies; if —n(di) < <[1 +ﬁ,ai> <0,
Vi (T*ITQ — ey + (T—T v 0 < ({4 a) < n(d), (3.104)
—T Vpg=-71 IVI:"SI. if ([fL+[3,a,->:O,
where in the first two cases, we note that ([t + p,a;)Q(d;) Z0 mod n by the definition of n(d;) in (3.19).
Proposition. — Let M € ﬁ;n. Then in V(1), we have the relation
v - Hy, = vp - (‘E_]Tzi) for i €n oWaff andanyi€l. (3.105)
3.6.3. Proof of Proposition 3.6.2, part 1. — Let J := {i € Lg | (] + P,a;) = 0}, so that by definition
V(1) = V;. Suppose that I € 1 @ Wy actually lies in the orbit of W, i.e.
i=HeoforceW. (3.106)
Then (3.44) together with the fact that e defines an action of W implies for each i € [

Vites; if 0s; > 0,05 € W,
Vi -Hy, =& Hg-Hy, = { Vyey, + (T — r‘l)vﬂ if o0s; < 0,05; €Wy, (3.107)
—771Vﬂ if os; € JWaff.

Hence, we need to match up the conditions in (3.107) and (3.104).

Lemma. — Forn € ﬁ. aand J C Lyg such that (3.78) holds, we have

1. Ifos; € Waff and os; > © then —n(d;) < <,u +p,a;) <O0.
2. If 6s; € 'Wys and 65; < © then 0 < (L+p,a;) <n(d).
3. If osi §é JWaﬁ if and only lf<.u +P,Cl,> 0’

v

Proof. — We begin with (3). If os; ¢ J Waff, then from (3.10) we may write os; = s;0 with j € J. Hence
(Meo)esi=1e(0s;)=1e(s;0)=1esjec=1eC (3.108)

by the assumption on the stabilizer of 7. But (1] @ 0') es; = 1) @ ¢ implies that (fec +p,a;) = (1 +p,a;) =
Conversely, if ([t + p,a;) =0, then [i e 5; = [i. By definition of [i, (1) e 0) ®5; = 7] @ G and hence

ne(os;)="neo. (3.109)

This last equation means that os;06~! € (V~Vaff) joros;=1t0 with 1 £7 € (Waff) 7. Therefore s;c ¢’ W as
o is the minimal length representative for right ( aff) J cosets.
As for (1), first observe that

(L+p,a;) = (Moo +p,a) = (A +p) 0,a) = (N +p,07 (a)). (3.110)
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Using the definition a; from §3.2.6, what we need to show is
—1<{(M+p) -o,a)<0. (3.111)

By assumption, —1 < (] +p,a;) <O forallk € I. As 6s; > 0, (¢;)0 ' > 0 and we find that ({1 +p,a;) < 0.
However, we cannot have ([I + p,a;) = 0 since this would contradict part (1), so the desired upper bound
follows. With our assumption that 1] € ﬁ:ﬁn, the lower bound is just the statement that ) + p and (1] +p)o
are on the same side of the hyperplane defining the reflection o ;. But this is clear from the fact that 6 € W

and the description of the set M (o) from (3.68). Part (3) follows from a similar analysis. ]

3.6.4. Proof of Proposition 3.6.2, part 2. — In the general case, suppose jl = ew, w €’ Wagr, where
w=0ot(B) forc € W and B €Y. Defining A := 1] e & it follows that ¢ € /W, as well, so that

Vi = & Hs andvn :VZ-Yﬁ. (3.112)

The Bernstein relation (3.86) for the metaplectic Iwahori Hecke algebra shows that

Yi —Y;

Vit 'Hsi =Vj -YB 'Hs; = V/VIHSIYBs,- — (’L’— ’L'il)V7L : % (3.113)

Vv
a;

We leave it as an exercise to verify that (vy - ﬁ)( -l ) =vy +B(T*1’T;i) satisfies the same recursion as
Vi ﬁH 5; using the explicit formulas given in (3.103).

Remark. — The operators Tgl can also be built from the so-called Chinta—Gunnells action of the Weyl
group W (see §4.1.1 - 4.1.2 for more details). Using the special property of the Chinta—Gunnells action
(4.6), the recursion asserted above for TEi then follows immediately from the formula (4.8).

3.6.5. The module V. — Keep the same notation as in the previous paragraph, and consider now the sum
P vn). (3.114)
neA”,

as an Hyg-module. Note that as a Haﬁ module, many of the summands V(n) will be isomorphic to the same
V;. We may write cach A € Y as A = 1] ew for a unique 1] € A o> defining vy € V(1) as above, we see
that {vj };., form an A-basis of V, i.e. we have as A-modules V =~ Z.[Y]. The action of Hyg on V and an
involution d are obtained by adding together those on individual V(7).

3.6.6. On the modules Vsph(ﬁ). — Forn € AT:’” and J as in (3.78), we define the Z;-module
‘th(ﬁ) =€ Hyee  and let Vi) :==vpeforfleYnNn o W (3.115)

The elements [v;;] will span Vsph(ﬁ) by a simple application of the Bernstein presentation, but they will not
be linearly independent, as the following relations hold.

Proposition. — Let 1) € ﬁ._ﬁn and let a; be a simple root with corresponding reflection s;.
L If (A+p,a;) > 0and (A+p,a;) =0 mod n(d) then [vy] +[vy, ] =0.
2. If0 < (A+p,a;) < n(d;), then [vi] = tlvg,, ] =0
3. If (A+P,ai) >n(d;) but j:= (A +p,a;) #0 mod n(d;), then setting

/Vl( )= =i res, ((), +P,ai))di, wehave 0=[vy]—tlv;, ]—1lvim]+I[via,l (3.116)

In type A, the above is due to [65, Prop. 5.9]. The generalization to arbitrary type is in [43, Prop. 6.3(ii)],
see also [63, Prop. 4.4]. As it is a specialization of Proposition 4.3.2, we defer the proof to Section 4.
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3.6.7. The space ﬁph. — As Vsph(ﬁ) = gj_j:laffg, we know that a basis consists of regular, minimal length
representatives of the double cosets. On the other hand, we have a bijection, see (3.80):

v O 1:1 ing v y g
Yo N1 e Wy 25 (’Wa’ff)reg, L= 1 ew s (Wat)y wW. (3.117)
Using the straightening rules above, we may show that

Corollary. — Fix 1 € Z.—,n' The collection {[vy]} for i € Y, N1 @ Wagr forms a basis of\th(ﬁ).

If we now define the Z.-module

Voh := D Vepn(11), (3.118)
neA”,

then we find that, as an Z;-module, ‘th has a basis [v; | with Y= Y..

3.7. Involutions and canonical bases in \th. — Keep the same conventions and notations from §3.6.

3.7.1. Involution on V(1]). — Recall that each V(1]) ~ &; Hyg€, and so is equipped with an involution d.
It takes the following explicit form with respect to the basis vy introduced above.

Lemma. — [65, Prop. 5.4] Let 1 € ﬁ._’n with J as in (3.78). Then for [l € N oWaff, we have

Vi = d(vg) = (—1) vy, - Hy L (3.119)
Proof. — The proof in loc. cit. carries over. To begin, suppose 1 e w = ji with w € / Wagr written as
w=0t(f),sothatvy =g, -HY;. By definition and using (3.36) and (3.85), we find
Vi = & Ho - Vg = &5 How, Y, sHy - (3.120)
Now we have that
fLewo =1 e t(B)wo = 1j & (Gwp) - t(wo). (3.121)

Writing @ := (owo)t(wof), we leave it as an exercise to verify that if ot(f3) € /Wi, then wiw €’ Wt
The result follows since Hy,,i € J acts on &; via the scalar —7 1 O

Note that by Proposition 3.6.2, we could have equivalently defined

Vi =100 (o) )y (T0,) (3.122)

Remark. — By definition, if 1) € ﬁ:n then vy = &; and so Vi = vy. Hence, the above Lemma implies that
o _

Vi = (—1) v, Byt = v, (3.123)

But the action of Hy,, on vy can be described in terms of the formulas (3.104): we have
ViewHs; = Vit - (T7'T0) = CiVigows,  if £(wsi) > £(w), (3.124)

where c;=1ifi¢ Jand c;=—1t ' ificJ.
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3.7.2. The involution on \th(ﬁ). — In order to construct a Kazhdan—Lusztig basis on the space ‘th(ﬁ)
introduced in §3.6.7, we need the following result.

Proposition. — Fix 1 € ﬁ:ﬂ with J C Iy defined as in §3.6.1. Suppose 1e YiNnNe Waff. Then we have
1. The involution d : V(1) — Vipn (1) takes the following form:

d([vz]) = (1) g0 0) T, (3.125)
2. With respect to the dominance order <, for some a wi € Z; one has
dlvi)=Mv;l+ Y a;lval- (3.126)
ﬁGTI'Waﬁ'ﬁh
<A

Proof. — We have already seen that d(vy ) = (—T*I)E(Wé)vZ.WOH .o~ On the other hand, we have

divg] =d(vie) =d(vy)e = (—1 ") "y H,le. (3.127)

Since H,,,€ = 7!0")e, we have HV;OIE = 77t0v) and the result follows. The triangularity can either be
deduced by inspecting the form of the straightening rules, or by resorting back to the triangularity of the
involution in ej_flaffs and then using the comparison of the Bruhat order with the dominance order from
(3.82). We will explain the former approach in more detail in the g-twisted setting in the next section. [

3.7.3. The module Vgph and its canonical bases. — For any ne A using [71, Lemma 24.2.1] and part

—.n’
(2) of the previous Proposition applied to the set ¥, N Ne W with the dominance order, we may construct
anew basis of V, starting from [vy], ft € Y, N 7] @ Wyr. In fact, we have two possibilities: we may construct
[Gy] and [G;} for A € Y, N 1) @ Wyt characterized uniquely by the property that they are self-dual with respect

to the involution described above and satisfying

Gs] = [Gs]T:i=vs]+ 0. 5 |vy], where 04 % €Z! and (3.128)
i i i i) il
i<l
[G;] = |vi]+ Z 0 i v“] whereo 5 €2, (3.129)
fi<A

respectively. If y,x € (YW/) e, are such that j ey = 4,7 ex = [1, then Lemma 3.6.1 implies [vs] = Oy and
also [vy] = O,. Hence we may conclude that

Opj =0yx and 0,5 =0y, (3.130)

where the elements on the right hand side of each equality were defined in Proposition 3.3.7 .
The collections {[Gj]} and {[G;]} will be referred to as canonical bases of Vo (17). Putting these bases

together (for all 1] € X:J,), we get bases for Vsph indexed by Y, which are again called canonical bases.

3.8. Littlewood—Richardson polynomials and the I-NIsph-module structure on Vsph. —

and J defined as in (3.78), the space \th(f])
g Haﬁg is naturally a right Hsph = eHaffs module under a rlght action * introduced in §3.5.4. Using the

3.8.1. Hsph -module structure on Vsph(n) — Forfje A®

—,n

Satake isomorphism (3.91), we obtain an action of Z;[Y]" on Vsph(n), written as <, and defined as
vOf =vkSH(f) for £ € Zo[Y]V v € Vipn(R). (3.131)
Proposition. — Let f(Y) =Y yc; Y3 € Z.[Y]V with 3 € Zr. Then
Val O f = ch alfor L€ o Wy (3.132)

28



Proof. — 1t suffices to Verlfy this for f = S(hy), Ae Y, since these form a basis of Z.[Y]%. Writing
S(hy) =X FerCEaYy Y: with ¢ € Y, we compute from the definitions

Va] OS(hy ) = [vi] < hy = vpeeYs € =vyS(hy e _Zcm Vel (3.133)

O

3.8.2. The Littlewood—Richardson polynomials. — For i, [L,év‘ € ir, the Littlewood—Richardson coeffi-
cients cg 5 € Z are defined as decomposition numbers for the multiplication of characters x5 € Z[?] defined

in (3.93): x5 - =X ¢ cg 5 XE A deformation of these numbers to polynomials in type A was introduced
in [65] under the name q—[:ittlevyood—Richardson coefficients see [43,63] for the extension to general type.
In our setup, the polynomials Q’C} i (1) can be defined via the relation

[val ey = valOnz = X Q“ : (3.134)
Cev.
Remark. — When n = 1, dropping all tildes from our notation, one has isomorphism of Hg,n-modules
Vsph = Hsph = Z‘L’[Y]W (3135)

under which [v] gets mapped to ¢y € Hgpn and xy € Z[Y 1V, respectively, reducing Q% P to c% i

Using Proposition 3.6.2 and (3.88), the action of € on Vis given, in terms of the basis vy, ft €Y, as

vpe= Y o0y 700, (3.136)

weWw

Let us introduce the element CSb( o) e V (see below for some remarks on this notation) by the expression

CS’(J1) :==vy- €= Y vy -T,7 "™ (3.137)

weWw

and write its image in Vsph as [CS’(f1)]. Recall the polynomials p 53 from (3.94).

Proposition. — Let Ae Y, and [t € Y. Then we have

Y pei[CS(@)- ¥ = ¥ 0F ()lvel. (3.138)

¥<i lev,

Note that in order to write the left hand side of the above relation (3.138) in terms of the basis elements [v 5],
we may need to use the straightening relations of Proposition 3.6.6.

Proof. — Tt suffices to show, in light of the relation (3.94), that [v;]{S(hy) = [CS°(it)-Y: Y;]. This follows,
since by definition, [v;|{)S(hy) = vpeYie = CSb(ﬂ)YZs. O

Remark. — The notation CS’ comes from the fact that in the metaplectic setting, the analogous expression

évS(,LVL) gives the metaplectic Casselman—Shalika formula that is featured prominently in the literature on
multiple Dirichlet series. Motivated by this, McNamara [70] has proved combinatorial formulas expressing

CS(f1) as a sum over the crystal By s (or alternatively as a sum over certain Gelfand-Tsetlin patterns in

type A) and in [13], lattice models are studied whose partition function yields évS( ). Although both results
are proved in the metaplectic setting, one may treat the parameters introduced there as formal variables and

perform a ‘quantum specialization’ to obtain what appears to be new combinatorial formulas for Q% p (7).
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3.9. Tensor product theorems. — We formulate below two results for the bases [Gj | and [G;] introduced

in §3.7.3. Modeled on the Steinberg-Lusztig theorem (see Thm. 7.3.6 (1)), the result for [G;] seems to
originate in the work of [65] in type A. The proof sketched below follows the nice argument due to Lanini-
Ram [62] for general type. In fact, the argument in op. cit. can be easily modified to also give a tensor
product theorem for [G Jl} which matches a result due to Andersen for tilting modules (see Thm. 7.3.6(2)).

3.9.1. Tensor product theorem. — Recall the notion of (Q,n)-restricted coweights [Jq ) from §3.4.9.

Proposition. — Let Ae Y. be decomposed uniquely as A= j.o + 5 , where 5 € ﬁ_ and io € Uqun)-
1. [62, Thrrj 1.4] ‘:Ve have [G;O] *Cp = [Gﬂ_o+§]
2. Writing A := Ao -wo+2(p" — p) we have
[G)VLJ] *Eg = [G

13'+5]' (3.139)

In both cases, the idea is to verify that the left hand side of the desired equality satisfies the characterizing
properties of the right hand side (see §3.7.3). We shall just focus on the [G] variant. Since

(AT, a;) = (Ao, a;-wo) +2(n(d;) — 1), (3.140)
% € U(qu)> and a; - wy is the negative of some simple root, it follows that At e Y.
3.9.2. Proof of Proposition 3.9.1, part 1: self-duality. — Pick 1] € ﬁ‘_m with J defined as in (3.78). We

assume [G%;] € ﬁph(ﬁ) is written as [G%I] =g heforh e ﬁsph. Write also ’55 = eh'e for some W', i’ € Hyg.
As both of these elements are self-dual,

d([GM]):vﬁhezvﬁﬁs:vf,he:[cig] and  d(cy) = elle = elle = ;. (3.141)

we may apply the fact that d is a homomorphism to conclude
d ([GZOT} *Eg> =d(viheeh'e) = Vphel'e = [Gy) % (3.142)
3.9.3. Proof of Proposition 3.9.1, part 2: triangularity. — We may write
Gyl = i )+ Xy s vie)  and  cp =hg+ X, ¢py phy (3.143)
for elements o iy € Z§ and py 4 € Z! defined earlier. From the straightening rules and the proof of Propo-

sition 3.8.1, we have forany A € Y, and Ji € Y,

v xhy = [Viﬂi] + Z de 34 [Vg] for some d; 3, ; € Zs. (3.144)
E<d+ii
From here it follows that
(Gl *cp = [vz] + Z ag; val, foray ; € Zq; (3.145)
<

it remains to show a id € Z}. To do so, recall a few facts about Littelmann’s path model for representations.

3.9.4. Recollections on the path model. — We apply the path model of Littlelmann [66] to the root system
defined by ®. From op. cit., the character of a highest representation is written as a positive sum over paths

v

in the highest weight crystal B({), i.e.
o= Y, Yo (3.146)

peB({)

where wt(p) € Y denotes the end-point of the path. Recall also that there exists an involution on the set
1:B(O)\{pr 5}, where p; is the unique path in B({) with endpoint £, which has the property that

wt(1(p)) = wt(p) es; for a unique i € I (3.147)
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3.9.5. Proof of Proof of Proposition 3.9.1, part 3: straightening. — Write a = b to mean a — b €
©3 oy Z7[Y], i.e. itis a linear combination of ¥y with [i €Y and the coefficients are in Z7. In this notation,
the straightening rules in Proposition 4.3.2 imply that for [l € Y,

0 if 0 < {lt+P,a;) < n(d;

[Ylﬂ = 1 — <‘nu+p7al> I’l((ll), (3148)
—[Yi0)es,]  otherwise.

Lemma. — [62, Lemma 1.5] In the notation of part (2) of Proposition 3.9.1

[YZ§+§] = —[Yj’g+§.si] forany i€l (3.149)

Proof. — Recall AT = Ag-wo+2(p" — p) and write i = AT+ . We compute

(i+p.a) = (Ao-woa)+2(n(@)—1)+1+(C,a;) (3.150)
= (Ao-wo,a) +2n(d) — 1+ (C,a). (3.151)

Using that ({,a;) > 0and £ € Y as well as the fact that —n(d;) < (Ao - wo,a;) < 0 we conclude that
res, () (L +p,ai) = (Ao - wo,a;) +n(d;) — 1. (3.152)

Using the definition that i) = 1) — (fi + 3. a;)d; we obtain

1Wes; = pgW.si—di=AT+ —res, (it +p,a;) —di (3.153)
= Jo-wo-si+2(p —p—a,-)+c-s,-+(<io-wO,al->+n<d,->—1)d,-—a,- (3.154)
= do-wo+2(pY =p)+C-si—d (3.155)
The rest of the argument follows as in Lemma [62, Lemma 1.5] ]

3.9.6. Proof of Proof of Proposition 3.9.1, part 4: conclusion. — Since the o, id € Z1, we have that

[Gygl*cg = lvyglxeg. (3.156)
From our description of the action by Eg in (3.134) and formula (3.146), this amounts to checking that
ViglOxe = X WViriwe) = Vigsel (3.157)
peB(E)

Using the previous Lemma and what we recalled about the involution t in §3.9.4, we are done.

4. g-twisted canonical bases and Kazhdan-Lusztig polynomials

Recall the generic ring Z; g from §2.0.9 which was defined in terms of formal parameters T (where
72 =t~") and the g, k € Z subject to the relations as described in loc. cit. In this section, we introduce a ‘g-
twisted’” version of the constructions from the previous one. Under the quantum specialization (see §2.0.10)
gk — T, k #~ 0 we recover the constructions from the previous section, and under the p-adic specialization of
§2.0.11), as we explain in Part II of this paper, the constructions of the present section provide information
about the structure of the Whittaker module on covers of p-adic groups.

We keep the same conventions as at the start of §3.6. Namely, we fix a root datum (/,-,0), which
is written © = (Y,{d;},X,{a;}), and a twist (Q,n) on © such that the twisted root datum (I,o(Qﬂ),BS) is
of simply-connected type. Set ® = (Y,{a’},X,{a;}) and write Hygy := Hys(I ,o(QJl),ﬁS) and Hypy, for the
corresponding affine Hecke algebra and spherlcal Hecke algebra, respectively. Recall that the Bernstein
presentation for ﬁaf‘f allows us to identify it as

Hqy = Hy @ Z.[Y], 4.1)
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where Hy is the finite Hecke algebra of W := W(I,-) = W(l,0(q)) With generators Ty,,i € I, or their
renormalizations Hy, = T~ !T;., satisfying the braid relations and the quadratic relations

(T, — ©)(T;, + 1) = 0 or equivalently (Hy, — T)(H;, — 7~ ') = 0. 4.2)

The key to our constructions in this section is to use a representations of the affine Hecke algebra Hyon a
space of polynomials Z; ¢[Y]. Such a construction was introduced in [26, 81], and what is new here is the

use of ideas from the previous section to equip Z; g[Y| with an explicit decomposition into H,-submodules
and an involution that allows us to introduce a g-twisted version of Kazhdan—Lusztig theory.

4.1. Metaplectic Demazure-Lusztig operators. — Our goal in this section is to construct a representa-
tion of H,gr on a certain space of polynomials. Our computations will take place in the ring Z;4[Y] (or
Z:4[Y]). We also introduce localizations Z; g n[Y] and Z; g m[Y] by the ideal

m= (1 —Y a1 -T2 i€ 1) C CeglY), 4.3)

and for a positive integer n > 0, define the residue map res, : Z — {0,1,...,n—1}.
4.1.1. The Chinta—Gunnells action. — Following Chinta and Gunnells [25, Def. 3.1], define

Y
A5 (1—172)Y

) 3
71 — ’CiZY_aV sy <B(j“f7)>d -7 gQ(d)JrB(}L,d)Ya\/*d(l — Y,aﬂ/) forA € Y,a €1l “4.4)

Yi *8q =

where A - s, denotes the right action of s, on J and II denotes the set of simple roots attached to ©. Extend
this by Z; g-linearity to define f xs, for every f € Z; 4[Y] and use the formula

%*sa _/f h*s for f € Zegl¥),h € m, (4.5)
to further extend this to an action x of W: —xs, : Z¢ g m[Y] = Z; gm[Y]. Note that for a € IT we have that
(f-h)xsa = (f*sq) -B* for h € Zog[Y], f € Zrg[Y], (4.6)
where A* is the usual action of s, on Z; 4[Y].
4.1.2. Metaplectic Demazure—Lusztig operators. — Introduce the rational functions
b(X)= 55t and e(X)= L. @.7)

For each a € IT with corresponding simple reflection s,, we define the following elements in Z; g(¥)[W]":

Ty, =T := [so)e(@") +[1]b(a@"). (4.8)

Sa

Consider now the action on C; g [Y] of T, by the formulas
Yy Ty = c(@")Y; *sq+b(a@”)y;. (4.9)

Remark. — Note that our operators 'Ta are the inverse of the ones in [81, eq. (4.10)] (and of course one
should replace v with T=2). They also act on the right here, as opposed to the left in op. cit.

The operators T, will be used to define a representation of the affine Hecke algebra on CrglY] (see §4.2.1).
Recall the dot action of the aﬁine Weyl groups Wygr and Wygs on Y from 3.4.6 and (3.74), respectively, as well
as the fundamental domain ‘A.—,n for the dot action from (3.75). From the computation in [81, (4.18) and

4. 12)]((’), we deduce the following formulas.

(6)Note that in (4.12) there is a mistake; the right hand side of the equality should be replaced by Y3 +vaqY; _;
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Lemma. — 1. Foraell and A €Y, we have

90i+5.0) Q@) Vhose +(?-1) IEO S— if (A, a) 20,
YE'T _ kn(d)<(1.a) 4.10)
a ) Ly .
g<i+ﬁ,a>o(a)Yima +(1-17) ]EO Yi+kn(d)a if (A, a) <0.
kn(d)<—(A.a)
2. Forfi=neW andi€ I, we have
_ 7_19<ﬂ+/3,a,->Q(“)Yﬂ°sz if —n(d) < (ft+p,a;) <0
Yﬂ-(r*T&.) T gy panau ) Yins F(r—T Y ifO< (U4 pPa) < n(d), @.11)
_Tily,ﬂ =-T Yu-s; if (lL+p,a;) =0.
3. If/.VLEY,QV’GI?andiEI, we have
- _ [\ Ye —YC
(Va¥p)- (17 Ty) =Yg (17" Ty + (1 77) Ty 4.12)

Remark. — Note that the formulas in (4.10) imply and are implied by the formulas in (4.11) and (4.12).

4.1.3. Statement of result. — The following computation plays a crucial role in our work. In making it we
were inspired by the straightening formulas of [63, (1.3)] and [43, Prop. 6.3], see [65].

Proposition. — Let . €Y, a €11, and n(d) as in (3.19).
1. If (A+p,a) > 0and (A +p,a) =0 mod n(d) then

(% + %50, ) To=— (Y + ¥, ) - 4.13)
2. If0 < (A+p,a) < n(d), then
(%~ 9t paroion,) T == (%1~ 9tspa o ies,) @.14)

3. 0If (A+p,a) > n(d) but j:= (L +p,a) Z0 mod n(d), then setting 1) i—resn(d)(@ +p,a))d,

( ~9jQ@ Vi, ~95Q@ Y30 +Y1<1>.sa) T = (Y ~9jQ@) Yies, ~ 9@ Y0+ Yia ) (4.15)
The proof will occupy the remainder of this section. Set m := n(d) > 1, @’ := md, and write
(A+p,a) = j+md, where j€{0,1,....m—1}andd € Z. (4.16)

Let us also record here that (4 es,,a) = —(1,a) —

4.1.4. Proof of Proposition 4.1.3 (1). — In case (1), we must have j =0 and d > 0. Assume further d =0
so that (A 4+ p,a) = 0 and hence

hosa=(A+P)sa—pPp=A+p—p=A. 4.17)
Since <5L,a) = <§, e 5,,a) = —1 we may apply the second case of (4.10) to conclude that
(%) To = (Yi,, ) T =15, (4.18)
where we used Yiitpa Qe =90 = —1. Next, we assume that d > 1 in (4.16) and that j =0, so
(A,a) =md—1>0and (Les, a)=—md—1<0. (4.19)
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Applying the first and second case of (4.10) to Y5 and Y3, =7Y;_, .. respectively, we find

¥)Ta = Y, +(*=1) Y Y . and (4.20)
0<k<d—1
(Yiosa>Ta = _Y + I_T Z av+kav “4.21)
0<k<d

If we add the above expressions, the terms in the sums over k cancel, which leaves with

( s, )T“:_( + a) (4.22)

4.1.5. Proof of Proposition 4.1.3 (2). — In case (2), we must have d =0 and so j = <i +pP,a) > 0. Hence
(A,a) > 0 and we may apply the first case of (4.10) to obtain

(Y1) Tu = 9jq(Yias, T (T2 — 1Y (4.23)

On the other hand, to compute <Y;L.S ) T, we note (see after (4.16)) that <5L es5,,a) = —(j+1) <0 so that
the second case of (4.10) yields

(Yz.su) To=9jo@ Y (4.24)
since the sum over k in the second expression of (4.10) has no terms since j+ 1 < m. One then has
T 2
(91Q< )Y, Yz) Ta = Yjaw9-je@ ¥ ~9ja@Yie, — (7"~ 1Y} (4.25)
= (9]Q<a> Jos, Yz) » (4.26)

where we have used the fact that 9q(x9- jq) = 72 whenever j # 0 and Q(d) #0 mod n (see §2.0.9).

4.1.6. Proof of Proposition 4.1.3 (3). — In case (3), we have d > 1 and also j # 0 in (4.16). Hence
(A,a) = j+md —1 >0, so that we may apply the first case of (4.10) to write

(YT = giqa)Yie, T (=1 Y, ¥ (4.27)
0<k<d

Consider next () o5, = (1 —jd)sqa—d= A — mdii from which we conclude

AW esg,a) = =AM @) +2=j—nd—1<0 (4.28)
since md > m and 0 < j < m. Hence we can apply the second case of (4.10) to obtain
(Viorey, ) Ta =i Vi +(1=7) Y Vi e = (4.29)
km<11§1?10 Jj+1
gja@¥in T(1=7) ¥ ¥ oy =%@¥io +(1-7) 3 ¥ e (4.30)
0<k<d 0<k<d

Hence, we find that
(Y;l + Y;w).su) T, =9jq0) (Yz.su + Y;w)) +(P 1) (Y;l + Y,’L(l).sa) : “4.3D)
If we now define
A=Y +Y50,, and B:=Yy  + Yy, (4.32)
we may restate what we have proven as follows:
(A) a=9jQaB+ (17 —1)A. (4.33)
Now recalling the quadratic relation (4.36), we may apply T, to the previous relation to get
(00 B)Ta = (AT, — (> = 1)A)T, = T°A. (4.34)
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Using 9,19 jQ(a) = 72 we get (B)’T‘a =0_jqQ(a)A, hence we conclude using (4.33) that A — g,q(4) B is an
eigenvector of T, with eigenvalue —1 as desired.

Remark. — In Proposition 4.1.3 we essentially compute eigenvectors with eigenvalue —1 for the operators
’T‘a. These are used to define a certain “exterior power” quotient in §4.3.2 which models the metaplectic
spherical Gelfand—Graev representation. A similar exterior power is known to model the representations
theory of quantum groups at a root of unity; we’ll make this more precise in §7. One may similarly compute
g-twisted eigenvectors with eigenvalue t* for T, and use them to define “symmetric power” quotients. This
doesn’t have any immediate applications to the p-adic setting, so we will not pursue it here.

4.1.7. The classical straightening rules. — Note that Proposition 4.1.3 holds for any Q as defined in 3.2.5,
including when Q(d) = 0 modn. In this case (owning to g,x = —1), we have that equations (4.13)
and (4.14) are the same and equation (4.15) is a linear combination of (4.13) for A and AV The rela-
tions become classical in nature, and the straightening rules we develop in Proposition 4.3.2 will be the
same to the classical straightening rules in (1.4). This is consistent with the fact that when Q(d) =0 mod n
for all ¢ € I1, then the corresponding metaplectic n-cover of G(J) is just the direct product G(F) x w,.

4.2. The metaplectic polynomial representation V. —
4.2.1. The representation V. — Let V := Z; 4[Y] be the space of polynomials in the variables Yi,/XL eyY.
The elements in Z.[Y] act on V by translations, i.e.

Yy Yy =Y, ;forfie¥,Ley. (4.35)
From the formulas in Lemma 4.1.2, one sees that T, preserves the space V. In fact, one has the following.

Proposition. — Keep the notation above and recall the space 1% from §3.6.5 equipped with its H,g¢-action.

1. The formulas (4.35) together with Y5 - Ty, :== Y3 'Tu,- foriel, Ley define an action Ofﬁaff onV.
2. The quantum specialization q : Z; g — Z¢ induces an isomorphism, which we continue to denote by

the same name, q: Z; @z ,V =5V that is equivariant with respect to the Hag-actions.
Proof. — From the arguments in [26, Prop. 3.1] we know the operators {Ta,- | i € I} satisfy the braid
relations as well as the quadratic relation
T2 = (> = 1)T,+1° fora € I1. (4.36)
This shows that the given formulas define an action on V. A more conceptual proof of this fact that doesn’t
use the Chinta-Gunnells action is given in [83, Theorgm 3.7]. The second part follows by observing that the
formulas in Lemma 4.1.2 reduce to the formulas for TZ under the quantum specialization. O

4.2.2. Decomposition of V. — In analogy with the constructions of §3.6.1, for each 1] € ﬁ’_,n, define the
right ﬁaff—module

V() := Yy - Hagr := {w €V | w =Yy - h for some h € Hyr}. (4.37)

The following result follows immediately from the explicit formulas in Lemma 4.1.2.

Proposition. — For each 1 € ﬁ:}n, V(1) is a Z; g[Y]-module of rank equal to the cardinality of the orbit
1N eW, and we have V(1) = D Eenew Y- Zf,g[? | and a decomposition of \l into Hyg-submodules

Vi=Zg[Y]= @ V(). (4.38)
Hed® ,

It is then clear that a basis of V(7)) is given by Yj; for fl € f] e W
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4.2.3. The basis Vy. — Let 7] € ﬁ;n and J as in (3.78). In analogy with the construction of the elements
vj; from §3.6.1, we introduce elements vy for fl € 1] Wt by the formula

Vo= YﬁHﬁYﬁ when [1= ’F] OGt(E), Gt([;) S JWaff, O c W,ﬁ S Y. (4.39)

where we recall the action of Hy, = (T*I’TS,.) on Z;4[Y] is computed in Lemma 4.1.2.

Lemma. — Let i = 1) o 6t(B) with 6 € 'W of minimal length and B € Y. Then the new basis satisfies

Vi = K(ﬂ)Yﬁ where K([.VL) = H (Tﬁlg<ﬁ+ﬁ_’a>Q(d)) S Zr,g- (4.40)

acR,(a)o—1>0

Proof. — By definition we have that vy = Y. If fl =)@ o with 0 € /W of minimal length, then we may
use induction on the length of o and the argument follows from using the first case of Lemma 4.1.2(2)

v

repeatedly. If [t =7 eot(f), then k(f1) only depends on ©. O

Remark. — By construction, we find that if we replace the Yy in Lemma 4.1.2 with V;, one obtains the
exact relations from the previous section, namely (4.11) becomes (3.103) with vy, replaced by V. In other
words, all the Gauss sum contributions are absorbed into the Vi Finally, let us comment that under the
quantum specialization of (2.5), x([1) is mapped to 1.

4.2.4. Examples. — Consider the PGL3 root datum ® with simple coroots &, ¢, simple roots o, @ such
that (&, a;) = —1+368;; and p = & + &. Let D (q ) be the twist of ® withn =6and Q(&) = Q(&) = Q.
Consider 1 = —20; — 2, € ﬁ:n Then we have by using the first case of Lemma 4.1.2(2):

Voas 2t = Yoom 20 Vot-200 =T 9-QY- s 20> Vst =T '9-Q¥ 2t > (4.41)

Vog =7°0-Q9-20¥-5: V- =7 9-Q¥-2Q¥-, Vo=7 "g-qf-2q0-qYo-  (4.42)

These are all the elements vy with fi € 7] e W. The rest of the elements v in V(7)) can be obtained by
multiplying with elements Y for B €Y. If instead we work with 7}/ = —3&; — 28, then we have

Vosam—26, = Yo3m 200, Voo, =T '0-3Q¥-26, Vowm+3a, =T 9-3Q9-3QY2a 4360, (4.43)

4.3. g-twisted canonical bases. — We now construct an involution on the space V and use it to study a

version of Kazhdan—Lusztig theory on a spherical quotient V,p, of V.

4.3.1. The involution on V(7). — Let 7 € ﬁ.,’n and J as in (3.78). We would like to define an involution
on V(%) which is compatible with the action of Hyg and reduces to our previous involution on V(7]) under
the quantum specialization. We begin with the following simple observation which follows from Lemma
4.1.2(2) and the same ideas as in the remark concluding §3.7.1. For 11 € fl:’n, we have

Yf] : Two = TZ(WO)(_T)_E(W@ K(ﬁ b WO)Y[LOWO where K(ﬁ hd WO) = [1 (T_lg(ﬁ-&-ﬁ,(l)Q(d))a
acR., (4.44)
(@) (wg)~'>0
or equivalently in terms of the basis vy introduced in §4.2.3, we may write

Vi - Hyy = (—7) "0y, (4.45)

Inspired by (3.122) and the computation in Remark 3.7.1, we now set for [1 € 1] e W either
dYy) = Yy:= 7lwo) (—T)*e(wtji) K(fLowo)K(f1)Y e, ('T‘WO)*1 or equivalently (4.46)
dvg) = (1) Vv, -H,. (4.47)

The equivalence of the two expressions is immediate from (4.40) and the fact that k(f1) = x(ft)~'. If
fj € A~ then ¥; = ¥y follows from (3.123).
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Proposition. — The formula (4.46) defines an involution on V(1) which satisfies
d(v-h)=v-h for veV(f]),heHy . (4.48)

Proof. — First suppose h = Yf with i:’ eYandw= vy forany fi €7 e Wagr. From (3.85), we have Y? =
Hy, Yy, H,,  and we wish to show that

Wo’

d(vﬂyé):d(vmé):(—r)*f(W{))v(éw).WoH*l is equal to d(vp)Yéz(—r)*Z(WvﬂWOH 'H,, Y Hl.

wo wo CW wo
Since (5 +i)ewyg=[lewy+ 5~w0, (4.48) follows for h = Yé- Suppose now that h =H,icland il =1 €

ﬁ:n It suffices to show show

d(vy-Hy) =d(vy)-Hy =V -H, . (4.49)

Si

Now d(Vj - Hy,) may be computed using Lemma 4.1.2(2) as follows
_ *E(W ) M H- 1 f ~ N .
d(vy - Hy) = ( T)_g ) e o £ +2,a1 70 (4.50)
(_T) (WO)( T )Vnoon if <77 +paai> =0

The rest of the proof is an exercise in Coxeter combinatorics with the use of Lemma 4.1.2 (2). Note Nthat the
involutive property of d follows from (4.48) since each v inV(7) is of the form Y} - h for some & € Hygr. [

4.3.2. Onthe space Vg (1). — Recall the element € from §3.5.2. For 1) € ﬁ; »» We define the Z; g-module
)

Vsph (ﬁ ) (

where [v] :=v-€ € V for any v € V(7). Here, the action of € on v is obtained by writing € = €, as in (3.40)

and identifying the action of H,,,w € W with that of the operator 7~ (T, from Lemma 4.1.2. As with Vil
the elements [Yj;] are not independent and satisfy the straightening rules below. Since eH, = 7€,

€= SpanZ {[ ANAS n.Waff} Spang_ {[Vu] {e n.Waff} 4.51)

(Y] -Tsl. =1 [Yﬂ] foriel. (4.52)
As an immediate consequence of Proposition 4.1.3 and the previous equation, we obtain the following.
Proposition. — If a = a;,i € I, one has the following relations for elements [Y;] (resp. [V4]), Ae 1) ® Wage:
L If(A+p,a) >0and (A +p,a) =0 mod n(d) then
Y5 ]+ [Y;l.sa] =0 or |[vi]+ [Vi-sa] =0. (4.53)

2. If0 < (A+p,a) < n(d), then

[YZ] = g(i_l,_[)d)Q(v) [Yinsa] or [Vi] = T[v;{,osa]' (454)
3If(A+p,a) >n(d), ji=(A+p,a)Z0 modn(d), then setting /l( 1) = A— resn(d)((i +p,a))d
Y3l = 9iq@ Ve, — 950 [Y;w)] Ve, ) =0 or [vi]=7lvi, ] =7vim]+ Vi, ] =0. (4.55)

4.3.3. On the space Vg, and its canonical bases. — Fix 1] € ﬁ;n. Using the straightening rules above,
we may show that

Corollary. — The collection {[Yy]} for t €Y, N1 ® Wast forms a basis of\N/sph(ﬁ), and similarly for {[vy]}.
If we now define the Z; g-module

Vo = P V(1) (4.56)
neA”,
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then we find that, as an Z; g-module, Vpp, has a basis {[Y5 ]} or {[v;]} where A ranges over Y, . The involution
d : V(1) — V(1) which was studied in §4.3.1 1nduces an involution on the subspace V(1) by using
Proposition 4.3.1 and the fact that € = €. We have

d([Vg)) :=d(Vz€) = d(v )€ for i € 1] @ Wi (4.57)

Combining the arguments in Proposition 3.7.2 with that of Proposition 4.3.1, we obtain the following for-
mula for the involution d : V(7]) — V(1)) restricted to the subspace Vpn (1),

d([vs]) = (—I)K(W]O)T*E(WO)*Z(W/O)[V;I.WO] or equivalently, (4.58)
d([vy]) = (—1)00 0000 (R ye(R owo) ¥y, ] (4.59)
The involution d defined above naturally extends to one on V.

Proposition. — For each A € Y., there exist a unique self-dual elements G5 ], [G ] € Vopn () (here 1 €
ﬁ:r . U8 such that A= newforwe Wasr) which satisfies the triangularity condition

Gl = Vil + X5 a5 Vil fora 5 € Zt and [G/l] Vil + X5 ay 1 lval, for a ;€ Z:. (4.60)
By the way they were constructed, one can verify that a™ i ot 5 are the parabolic, singular Kazhdan—

Lusztig polynomials from (3.128). Writing (4.60) in terms of the basis [vy] = k(f1)[Y] we find relations
(3] = k(M¥g] + Lz k(f)oy 5 (v Y] and  [G;] = k(A)3] + L, 5 k(i) 5 (T )Yl 4.61)

v

Defining [G; ], [GZ] to satisfy [Gx | = k(4)[G;] and [G;] = K(i)[GZ], the previous equations become
Gyl = )+ Ky kGRCD)0F ()] and  [G5] =[]+ g w(0)x(h) o ()Wl 462)

We shall refer to [Gj | and [G;] as the canonical basis in Vg, (1) and [G; ], [G;] as the g-twisted canonical
bases. We also set

g+ . ()
5= K(}l)oﬂﬂ(f ) (4.63)

and refer to these as g-twisted parabolic, singular Kazhdan—Lusztig polynomials.

4.4. g-twisted Littlewood—Richardson theory. — Recall the spherical subalgebra ﬁsph = eﬁaffg intro-
duced in §3.5.3. It is equipped with two bases, hy := €Y € and cj, both indexed by Ae ?+. Under the
Satake isomorphism S : ﬁsph — Z;[Y]" we have § (hy) is given by the formula (3.92) and S(cj) = x; the
Weyl character, see (3.93). The Z; g-modules Vi, (17) and Vi, can be equipped with a right ﬁsph action,
denoted by x, and defined as in §3.5.4. We shall also write <> for the action of Z; [Y]W asin (3.131), i.e.
wlf =vxSTI(f) for w € Viph, f € Hyph- (4.64)
4.4.1. Action ofﬁi. — Let [Yy] :=Yye € Vgon(1) for L € Y, N7 o W,i. From §4.3.2
Vil xhy =Yy-e¥ie=[CS(i)-¥;] for AecY. jlevs, (4.65)

where we have written (Ajg( ft) := Yy €. The elements €S( ft) € Vph are precisely the values of the unramified
spherical Whittaker function on metapletic covers (see [81] and the references therein). Alternatively, one
may write the above expression in terms of the (Hall-Littlewood) polynomials S(/; ) introduced in (3.92),

V] why = [V - S(hy)], (4.66)

where again one needs to use the straightening rules to rewrite the above in terms of the basis {[Yy]} ey, -
One may prove a version of Proposition 3.8.1 and

[Vixce = [¥]Oxe = [V - 2] (4.67)
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4.4.2. g-twisted Littlewood—Richardson polynomials. — 1If we alternatively expand the product [Y;]xc;
for i, A as in the previous paragraph, we obtain an expression of the form

_ 4 4
[Vilxcs = ﬂ;@ ng 5 [Yu] for some ng,}l €Z:g. (4.68)

”

We call the elements gQg P g-twisted Littlewood—Richardson polynomials and under the quantum special-

ization, one can easily show that q(9 Qg jL) = Qg 5» where the latter are the polynomials defined in (3.134).

In fact, we can be even more precise. From Remark 4.2.3 it follows that the elements [vy ] will satisfy
equation (3.134) on the nose, and by comparing that with (4.68) and the use of (4.40) we get

@’Qg’1 = K(n)x(i)*lggﬁ. (4.69)

4.4.3. g-twisted Tensor Product Theorems. — We now consider the action of Flsph on the new bases
[Gi],[Gy ], it € Yy of the space Vg that were introduced in §4.3.3. The action is entirely determined
from the following g-twisted analogue of the tensor-product theorem [65], [62].

Proposition. — Let Ae Y, be written uniquely as A= 1{) + 5 with 10 € U and 5 € ﬁ.
1. We havev[G%]*ng = [G%+§]
2. Writing A := Ag-wo+2(p" — p) we have

[Gig] *Eg = [Gi()1+5] (470)

The proof given in Section §3.9 carries over here, where one uses the properties of the involution d from
Proposition 4.3.1 as well as the fact that the straightening relations (see Proposition 4.3.2) when viewed with
respect to the [v; | basis look the same as their ‘quantum’ counterparts from the previous section.

Remark. — The Proposition holds if we replace the bases [Gy] and [G;] with the bases [Gy| and [G;L]
respectively. To see this, note that |Gy ] = K*I(i)[GZ] and [G; | = K*I(%)[G%] by definition, and use the
fact that k(L) = k(Ao because A — Ay = 7} € Y,.. The same argument works for the [G;] basis.

PART II
p-ADIC MODELS

Throughout this part, we assume that (Z,-,) is a root datum with ® = (Y, {d;},X,{a;}) assumed to
be of simply-conneted type. Let (Q,n) be a twist as in §3.2.5 and (1, o(Q‘n),ﬁ) the corresponding twisted
root datum as in §3.2.6 again assumed to be of simply-connected type. Write ® = (¥, {a"},X,{a;}). Both
simply-connected assumptions can be removed (for the purposes of this part) with known techniques, though

the constructions become a bit more notationally involved. Denote also by
Wagr := Warr(1,0,0)  and  Wagr := Wagr(1,0(Q.0), D) 4.71)

the affine Weyl groups attached to ® and D. Again, by our assumptions both are Coxeter groups and we
adopt the same terminology here as in §3.4. On ocassion, we write A (resp. A) for the Cartan matrix attached
to (1,-) (resp. (1,0(q.))) and Ay and Ay for their untwisted affinizations (see §3.1.4).
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5. Recollections on p-adic groups, their covers, and associated Hecke algebras

In this section, we recall some facts about (covers of) p-adic groups and their associated Hecke algebras.

5.1. Groups attached to root datum. — Throughout this section F' will denote an arbitrary field. Denote
by G := Gy the corresponding split, simple algebraic group of simply-connectd type whose points over any
field F will be denoted as G(F) := Go(F). We review a few details of this construction following [95], and
adopt the notation in §3.2.4 to describe the roots, weights, etc. associated to (7,-,D).

5.1.1. Torus H. — The group G comes equipped with a (split) torus H such that H(F) =~ Hom(X, F*). For
any s € F and A € Y we write st e H(F) for the element which sends u € X to s#) . As D was assumed
simply-connected, ¥ has basis IT and it follows that every element in H(F) may be written uniquely as
[Ticss% with s; € F*. There is a natural action of W := W(I,-) on H(F) induced from the corresponding
action of W on X, and for s € W and h € H(F) we denote this action by s(h) € H(F).

5.1.2. Unipotent subgroups. — For each a € R there exists a subgroup U, C G and an isomorphism'”
xq: F — U,(F). Recall that a nilpotent set of roots ¥ C R is a subset such that if a,b € ¥ and a+b € R,
then a+b € ¥ as well. For a nilpotent set of the form {a,b}, we write [a,b] = (Na+Nb) N R and also
la,b[:= [a,b] \ {a,b}. For each nilpotent pair {a,b}, there exist constants k(a,b;c) that can be computed
explicitly from © with ¢ €]a, b] such that

[xa(8),x5(1)] = H xc(k(a,b;c)s™t") for a,b,c € R;.. 5.1
c=ma+nb
c€la,b|

For any nilpotent set ¥ C R, there exists a subgroup Uy C G equipped with inclusions U, — Uy and such
that: i) Ug(C) is the unipotent group corresponding to the nilpotent Lie algebra defined by W¥; and ii) for
any order on ¥, we have an isomorphism of schemes, [],cy U, — Uw. The sets R are clearly nilpotent,
and we write U :=Ug, and U™ := Ug_ for the corresponding ‘positive’ and ‘negative’ unipotent subgroups
of G. Often we drop the + from the positive case.

5.1.3. Some relations. — For each a € R, we define elements in G(F') by the following formulas
Wa(s) = x4(8)x_o(—5 Dxa(s) forx € F*  and  hy(s) :== wa(s)wa(1)~! for s € F*. (5.2)

Note that w,(s) ™! = w,(—s).Write for w, := w,(—1). The following relations hold in G(F):

— tx4(s)t ' = x4(t(a)s) fort € H(F) = Hom(X,F*) and s € F anda € [1 C X.

— ForacMandt € H(F), watw, ' = s5,(t) for s, € W the simple reflection in W corresponding to a.

- Fora €Il and z € F*, we have h,(z) = z%, where the latter elements were described in §5.1.1.

- Fora €Il,b € Rand x € F, we have wux; (s)W, ' = x,, 5 (11(a,b)s) for some 1(a,b) = %1 that can be
determined explicitly from ® (cf. [74, Lemma 5.1(c)]).

5.1.4. N and the Weyl group. — Denote by by N := (w,(s) | a € IL,s € F*) and note the above relations
imply H(F) C N. Then the map W(A) — N which sends s; — W, induces an isomorphism of groups
W — N/H(F). Note that the lifts w, satisfy the braid relations (see [94, Proposition 3]) so that for w € W
with reduced decomposition w = s;, ---5;, we may unambiguously define W := wail "'W“k € G(F). An
explicit set of relations which the generators satisfy is also known (see [93]).

5.1.5. BN-pairs. — Let B be the subgroup generated by U and H. We know that B(F) = U(F) x H(F).
In an analogous way, we may define B~ using U™. The tuple (G(F),B(F),N,S) where S := {w,,a € I1}
satisfies the condition of a Tits system or BN-pair ([11, Def.1, Chap 1V, §2.1]) and hence one has Bruhat
decompositions for the group G(F). We can replace B with B~ and obtain a (conjugate) BN-pair.

i

(MTo define Xg, a further choice is needed to fix some signs, and we refer to [95] for more details.
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5.1.6. — Attached to the chosen twist Q as in §3.2.5 and an abelian group A with bilinear Steinberg symbol
(-,) : F* x F* — A as in §2.0.6, one can construct a universal covering group E fitting into an exact sequence
0A—ED G(F) — 1. We follow the approach of Matsumoto [74], but adapt the terminology of [21]
where the construction of covers for general reductive groups is given, and review a few aspects of this
construction following [82] which treats the Kac-Moody (but simply-connected) case in this same notation.

5.1.7. The torus H. — There exists a subgroup HCE ﬁttlng into a sequence 0 —+ A — H— H(F) — 1.
More concretely, the group H is generated by A and symbols h, als ) with a € ITand s € F* and subject to the
relations that A C H is an abelian subgroup, and that for &,bY € ITand s,r € F* :

ha($)ha(Dha(st) ™ = (5,029 and  [ha(s), hy(1)] = (5,1)B <a1h>. (5.3)

5.1.8. Some relations in E. — Next, we note that there exists a homomorphism U(F)* — E which splits
the map p from (5.1.6). Abusing notation slightly, we shall henceforth write x,(s) fora € R and s € F to
mean the corresponding element in E. Define elements w,(s) := x,(s)x_4(—s 1)x,(s) € E, and then set
Aq :=wq(—1). The elements A, satisfy the braid relations and p(A,) = w, for each a € I1. Moreover, one
has the following relations

— ha(8)xp()ha(s) ™" = x(s'00)1),

- Wa({)wa(_l) :ﬁa(s)gv

= A hy(s)A ! = hb(s)ha(s*<”7bv>),
= A, xp(8) A = o L xp ()

5.1.9. Weyl groups. — Define N to be the subgroup generated by H and the elements A,. Then the pair
(N,B) where B := H x U(F) satisfies the axioms of a BN-pair. Replacing U(F) with U~ (F), we also obtain
the BN-pair (B~,N). The Weyl group of N/H is isomorphic to W := W (I,-) = W(l, oQu))-

5.2. Structure of p-adic groups and their covers. — Let J be a non-archimedean local field as in §2.0.5
and write G := G(¥F) (recall the convention in §2.0.1). Let n be a positive integer such that (¢,2n) = 1,
W, the group of n-th roots of unity in F (which, by our assumption, is of cardinality n), and write (-,-) for
the Hilbert n-symbol as in §2.0.6. We call G the central extension of G as in §5.1.6 specialized to these
particular choices, see [82, §6] for more details in the same notation as this paper.

5.2.1. Affine Weyl group. — Recall that we have an isomorphism W — N/H sending s; — w,,(—1)H for
i € TI. We can extend this to a map from the affine Weyl group § : Wyis — N/Hy as follows: let x € Waﬁ

be written as x = wt(4), where w € W and A € Q is written as A = ¥, bidi; with b; € Z; define 7/

[Ticr ha,(7™) and set {(x) = ¢ (wt(h)) = y7* Hy. The map ¢ is an isomorphism, and we often write, for

X € Wagr, X 1= Wit

5.2.2. Compact and Iwahori Subgroups. — Let K = G(0') and let us continue to write ® for the reduction
map G(0) — G(k). Let us define the Iwahori subgroup I~ = @~ ! (B~ (k)). The integral torus and unipotent
groups are defined as

Hy:=H(F)NK=H(0) andU;:=KNUX(F)=U(0), (5.4)

where the second equality in each of the above expressions is verified using some simple representation
theory. As U*(0) C K, we also define, using the map @ : Uy — U(k), the congruence subgroup Uy :=
®~!(1). One can verify that Uy is generated by elements x,(s) with @ € R, and s € w&; in fact one has a
unique factorization of any n € Uy as n = [],cx_+ Xa(S4) for some fixed order of R and where each s, € ©0.
From ([45, Thm 2.5]), we have the Iwahori-Matsumoto decompositions I~ = U, HsUr. We can also obtain
different (though equivalent) decompositions by permuting the order of the factors in the above. From
[45, Prop. 2.4], we have K = U,,ewI WwI . From [45, Prop 3.2], for x € Wy, we have |[I- \ I x| = q'®
and so, with respect to the natural Haar measure on K which is normalized to give /~ volume 1, we have

vol(K) = Y ¢"™). (5.5)

weWw
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5.2.3. Some p-adic decompositions. — The Iwasawa decomposition for G asserts that G = B~ K. We can
refine this further to assert the decomposition into disjoint pieces

G=U;_,U 7K. (5.6)

In particular, to each g € G we may write g = km*u with ley uniquely determined from g. Note that &
and u are not unique, since we could replace # with any element from n_lU(ﬁ ) n*. The Cartan decompo-
sition asserts G = L3 ev, K7’ K. Combining the Cartan and Iwasawa decomposition with the ones from the

previous paragraph, we obtain what we refer to as the Iwahori-Matsumoto decompositions
G = leeWaﬁ.I_X]_ = Uxewalfl_)'d_ — I—'XGWafo_ xl_ . (57)
5.2.4. The group G. — As mentioned above, the group G splits over U and U~ and we fix a given splitting

as above and continue to adopt the same notation (i.e. x,(s), etc.) for elements in these unipotent groups. We

continue to denote the Weyl group of G by W and write, for a € IT, w, := A, for the elements as constructed
in §5.1.8. As the 4, satisfy the braid relations, we may also define w for any w € W in the natural way.

5.2.5. On H and its abelian subgroups. — Fix an ordering on /. As we are in the simply-connected case,
every t € H may be written uniquely (with respect to the fixed order) ast = § [Tics ha,(si) with s; € F* and
¢ € u,. For A €Y, written in terms of the Z-basis {d;(i € I)} as A = Y, cidi;, we define the elements in

Tt = Hielzai(n'”"). As (m,m) =1 (see end of §2.0.6) we may use (5.3) to see that the above element
does not depend on the choice of ordering on /. Define Hy to be the subgroup generated by the elements
ha,(s) with s € 07, i € 1. Under the assumption that g = 1 mod 2n, Hy is in fact an abelian group and
Hy \ H~pu,xY.

5.2.6. Iwahori and compact subgroups of G. — Recall the subgroups K := G(&') and I~ C K constructed
in §5.2.2. Let I~ C G be the subgroup generated by the following elements:

Es),s€CacR_, E 4(1),acR.,ten@ and heHgp. (5.8)

Writing I~; =INUand I~ :=1N U, one can show as in [45, Theorem 2.5] that I~ = IN; ﬁﬁ I~ . Moreover
one knows [82, Lemma 6.1.3] that the covering map p satisfies p|;: I~ — I isan isomorphism. For this
reason, we continue to write /~ in place of I~ and will let context dictate what we mean.

Let K C G be the subgroup generated by elements éa( ) with s € 0, a € R. For w € W, the elements
W constructed earlier lie in K, and one has K = Lwew I'w1. Moreover, p(I wl ) = IWwl. Thus if x € K is
such that p(x) = 1, thenx € I and, from what we said earlier about plywehavex =1,ie. p: K — K is an
isomorphism. From now on, we just identify K with K using p, and shall drop the notation K.

5.2.7. Decomposmons of G. — Recall the decomposmons from §5.2.3 and let us explam the corresponding
versions for G now. The Cartan decomposition for G asserts that G = L Jer, u, Kt K and easily follows

from the corresponding result for G. The analogue of the Iwasawa decomposition for G is as follows. Every
ge G can be written as g=u akwithk € K u €U,and a € H. The class of a € H/Hﬁ is unlque in any
such decomposition. For g € G written (non- uniquely) as g = u~ ak, we denote the class of a in H / Hp by
Iwg (g). Use what was said at the end of §5.2.5 to set

In(g) :=In(Iwz(g)) €Y and z(g) :=z(Iwz(g)) € U, (5.9
so that image of Iw3(g) in Y x u, is (In(g),2(g)).
5.3. Hecke algebras. — We now review an algebraic (as opposed to measure theoretic) framework to as-

sociate convolution Hecke algebras on p-adic groups. We refer to [12, §4] for more details on this approach,
which is equivalent to the usual one.
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5.3.1. Iwahori—Hecke algebras. — For x € Wy, let T, denote the characteristic function of /-x/~. Let
H(G,I") denote the space of Z- linear combinations of the form ), cy, .7, T, with almost all n, = 0. Equiv-
alently, we are looking at Z-valued, compactly supported /™~ -binvariant functions on G. This Z-module
is equipped with the structure of an associative, unital algebra under convolution defined as follows. For
X,y € Wagr, let my, - I X1~ x ;- I"yI~ — G and define (see [45, p. 44])

TexTyi= Y, n.T, where ng:=|m™ ' (2)| = [I"\I & "I znI yI"|. (5.10)

7EWqss

Theorem. — [45, Theorem 3.5] Writing Hyg for the affine Hecke algebra attached to (I,-,D) (see §3.5), the
map Hyge — Zg™"?) @ H(G,I7) sending Ty, — Ty, for i € Ly is an isomorphism of algebras when T q'2.

Using this result, we construct elements in H(G, 1) that we again denote (by abuse of notation) as H,, and
Y; forweWw, A €Y which correspond to similarly named elements in Hyg.

5.3.2. Spherical Hecke algebra. — The spherical Hecke algebra H(G,K) consists of finite linear combi-
nations of the characteristic functions hi,i € Y, of the double cosets Kw*K and multiplication defined as
follows: for i,[l €Y, andm: Kn*K xx KThK — G, we set

hyxhi= Y Im (@) hy = ¥ [K\Kx *Kz" KT K] hy. (5.11)
NeY, NEY,

Justifying the abuse of notation (since hy were already defined in §3.5.3), we have the following result.

Theorem. — The map from the spherical subalgebra Hyyy, := € Hyir€ C Hygt to Z[qil/ 2@ H(G,K) sending
EYE to hy for [t €Y, is an isomorphism of algebras when T +— ql/z.

5.3.3. Relating H(G,I™) and H(G,K). — To relate H(G,I~) with H(G,K) we need to take into account
the fact that convolution in the spherical Hecke algebra is with respect to a measure which assigns K volume
1, whereas in H(G,I~), the convolution is with respect to a measure that assigns /~ volume 1. Recalling
equation (5.5), let ex := VO}—(KK) where 1k is the characteristic function on G of the subgroup K. One may
define a left and right convolution of H(G,I~) with the function ex which then produces an element in
H(G,K), and we find that the map H(G,I~) — H(G,K), f — ex * f xek fits into the commutative diagram

€x* - k€

H(G.I™) H(G,K)
% F (5.12)
H g £of Hsph

where the bottom row is the map s +— ehe, h € Hygr and the vertical maps are from Theorems 5.3.1 and 5.3.2.

5.3.4. e-genuine functions. — Recall that 11, C F is assumed to have cardinality n. Fix a faithful embedding
€ : U, — C* which we use to define the Gauss sums as in §2.0.8. A function f : G — C is €-genuine if

F(Eg)=e(0)f(g) for g € G.§ € . (5.13)

Let Cg(é) denote the space of compactly supported €-genuine functions on f : G—C.

5.3.5. Metaplectic spherical Hecke algebra. — Define the spherical Hecke algebra
H(G,K) = {f € Ce(G) | flkigka) = f(g) for ki, ks € K}. (5.14)
The Cartan decomposition of G (see §5.2.7) ensures that the functions, defined for A € Y., by setting

_ {e(z(x)) if x € g KK, (5.15)

0 otherwise,
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span the C-vector space Hs(é, K). In fact, one can also verify that Z}l if well-defined only if A €Y since if
A ¢ Y there exists hy € Hg such that [k, ﬂri] # 1. The collection {Zl Hi <y, forms a basis of H(G,K) as a
vector space. The vector space H (G, K) is also equipped with a convolution structure, which is defined by
considering the multiplication map my g unKxiK xx Kn'K — G. For e ir and x € mzlv(ﬂ“), written
as x = (a,b) with a € p, ,KniK and b € KK, we set, in the terminology of §5.2.7, z(x) :=1z(a) € uy as
it only depends on x. Then we define the convolution product as

hyxhy=Y x| ¥ ) |. (5.16)

pey xemy (7h)

1
The metaplectic Satake isomorphism (see [86,87], [77, §11]) gives an isomorphism of algebras
S:H(G,K) — C[Y]V = Ky (Rep(G(q)(C))) (5.17)

where C(QJ,) (C) is the complex group attached to DV = (CD(Q’H))V. So, for each A € ﬁ, we can define
elements ¢ € JV-C((?,K) such tljat S (c5) = X ie. :cvi (Lorresponds to the class of the representation Vj of
highest weight 4 of the group G (q ) (C). For A, ft,{ € Y, we have the multiplication rule

Cy *Cp = VZ dimHomé(Q‘n)(C) (VjL ®Vp,V§)C§. (5.18)

feyy

5.3.6. Metaplectic Iwahori-Hecke algebras. — We define H(G, ™) to be the space of functions f € Cg(é)
which are also /™ bi-invariant. It has a convolution structure that can be defined starting from the multiplica-
tion map my, : I %I~ X;- I"yI~ G and using a procedure as in §5.3.1, but taking into account the €-genuine

condition as in the previous paragraph. As an algebra, the structure of this Hecke algebra was first described
by Savin in [86], [87, §6]. In our notation, his results state

H(G,1") 2 C®z, Hyr := C®z, Hur(1,0(q ), D) = Hy @ C[Y], (5.19)

where the map Z; — C sends T — ¢~ '/2. We shall write Yi,i €Y and H,, T,,w e W for the elements in

H(G,I™) corresponding to similarly named elements in Hyg. To relate H(G,I~) and H(G,K) one has a
diagram analogous to (5.12), where we note that ek is again defined as 1k /vol(K) where vol(K) stays the
same in the metaplectic context.

6. Spherical and Iwahori-Whittaker functions on covers of p-adic groups

Fix the same conventions as at the start of Part II and notations as in §5.2-5.3.

6.1. Whittaker spaces for covering groups. —

6.1.1. Character of unipotents. — Fix an additive character v : F — C* as in §2.0.7. For a € I1, using the
chosen isomorphism x, : F — U, (F),s — x,(s), we regard y first as a character of U, := U, (), and then,
via the isomorphism U — U /[U,U| = &,4enU,, as a character, to be denoted by the same name, y : U — C*.
One can easily verify that ¥y () is trivial, and W’U(n—l o) 1s non-trivial. As we identify the unipotent group

U with its preimage in the cover G, we can regard y as a character of U C G as well.

6.1.2. Spherical Whittaker space WV,((N}, K). — An g-genuine function f : G — C is said to be (U, )
left invariant if f(ug) = y(u)f(g) for any u € U and g € G. Denote by Wy (G, K) the space of e-genuine
functions on G which are right K-invariant, left (U, y)-invariant and supported on a finite union of sets

of the form w,Un*K with i € Y. For f € Wy (G,K), if we define Supp(f) C Y as the set of it € ¥ such
that f(7") # 0, then one can show that Supp(f) C Y; for any f € Wy(G,K). For i € Y, we define
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5 i€ Ww(é, K) to be the unique €-genuine function that takes value 1 on mf and is 0 outside of u,U mhK.
Using the Iwasawa decomposition from §5.2.7, one shows that the set {J; } sey, is a basis of Wy,(é,K).

6.1.3. Convolution action of H(G,K ) on Wl,,(é K). — One has a right convolution action, denoted again
by *, of H(G,K) on the space WW(G K). Let us recall here the definition of 3” *hy with [1 € Y., AeY,.

As we observed earlier, the support of such a function is a linear combination of 3 g with C € Y,. For such

a { €Y., consider the multiplication map my 3t HnU UnhK xx KT'K — G and let (a,b) em; A(TCC) with

ac u,UnfK and b € KT K. Suppose we write a = @un”k for ® € p,,u € U,k € K. Write @ = z(x)
as one sees easily that it depends only on x. On the other hand, u is not well-defined as we can replace it
by uu; with 1 H*uyn# € K, i.e. n; € a*Ugsn~ . However, since [.VLVG Y. and y is trivial on Uy, we have
y(uuy) = y(u)y(u;) = y(n). In sum, if for any x = (a,b) € m;ll (n%) where a = z(x) unfk we set n(x) = u,
then y(n(x)) only depends on x. Using this notation, we define

=Y U Y ey | g 6.1)

. =
fery xEmﬂ‘i(ﬂ:;)

where we note that { < A 4 ji in order for bt (5) =4 d <ZXG’"¢1;1(7:Z) W(X)S(Z(x))) £0.
Remark. — Let du be the usual Haar measure on U which assigns U(O') volume 1. Then we can also write
biE) = P9 [ Wiy (. 6.2)

6.1.4. Iwahori—Whittaker spaces. — We define Ww(é, I7) by replacing K with I~ in the definitions given
in §6.1.2. In light of the Iwahori-Matsumoto decomposition (5.7), we may regard functions in Wy, (G,I7)
as (U, y)-left invariant, right I -invariant, £-genuine functions which are supported on a finite union of sets
of the form u, U )il ~ with x € Wygs := Wyge(1,+,D). For each x € Wy, let V{l; . denote the unique function (if
it exists) in Wy, (G,1~) which is supported on the subset w, UxI~, and taking the Value lLonx If x=1t(f)

with [l € Y, we shall just write v/ Wi in place v/ (i) from now on. Note that vy, . with x € Wy is only

vt
well-defined when y | ;- 1,y= 1. The vector space WW(G I7) carries a right actlon denoted again by x,
under convolution by H(G,I~ ) One can define its action in a similar manner to the one in which we defined

the action of H(G,K) on WV,(G K) (note that the modular character does not appear though).

6.1.5. Averaging operator Avf;". — Define the operator AviT WW(G,I ~) — C[Y] by linearly extending
the following procedure. For x € Wy , let f = w,x' Note that f is only well-defined if Y, ;- -1~y = 1.

Using the map m = m, : g, Usl~ x I"U~ — G, forz € G and y = (a,b) € m~'(z) with a = z(y) uxi for
z(y) € gp,u € U,and i € I, we may set y(y) = y(u). By our assumption on x, y(y) is well-defined. Set

AV (V) = ) e(z(y) w(y) | Yaq®H. 6.3)

ReY \ yem; ' (nh)

For example, since Ur*l- NU~7*~ =t~ we have

Ange?(q_<p’7“>vll’;i) =Y; ford ev,. (6.4)
Remark. — In the usual integral notation, one writes
AVE"(f Z 4°%) ( / f(m ) Y, (6.5)
ley
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where du™ is the Haar measure normalized so that U~ (0) = KNU™ has total volume 1.

6.1.6. — We shall need the following result which can be deduced using the same arguments as in [24].
Proposition. — The map Av‘gUef1 induces an isomorphism of vector spaces
AVE" Wy (G,17) — C[Y], (6.6)

which satisfies the following equivariance condition:
AVE (wxYy) = AVE W)Yy for w € Wy (G,I7),A €7, (6.7)
where the action on the right hand side is just by multiplication in the group algebra.

One can prove the Proposition in a different manner than that suggested in op. cit., proceeding as follows:
— We may write Avg" (Vi ) = Yyes, cu¥u with ¢y € Cand Sy :={ft € Y | p, Ul N, U~ 71~ # 0}
One may introduce a natural order on Y such that AVgUe’i1 is upper triangular with non-zero diagonal
coefficients. This suffices to prove that the map is an isomorphism.
— To prove the equivariance, one uses that Y5 x1,, ;- = 1“ -y~ for A €Y, where forany Vv € Y, we
write 1, ;- vy~ € Ce (G) to be the unique function supported on p,, I~ 7’U~ and taking value 1 on 7.

6.2. Structure of the Iwahori-Whittaker space Ww(é, I7). — Recall that we constructed an action of
ﬁaﬁ onV= an[Y] in §4.2 by means of the operators 'Ts,« for i € I, see §4.1. Using the p-adic specialization
map p : Z; g — C defined as in 2.0.11 and the isomorphism C ®z J—C(C~},I*) =C®z, Hag, we obtain an action
of H(G,I7) on C[Y] = C®z, , ZcglY].

6.2.1. — Let 9’1 € Wq,(é,l ~) be defined uniquely through the relation

AVEN(Y5) =Y; forany A €. (6.8)
Proposition. — For any simple root a € Il and ie Y, we have
AVEN(Ys % T,) = ¥y, - Ta (6.9)

Hence we have an isomorphism of C-vector spaces that we denote as
p:C@z,,V—Wy(G,I) (6.10)
sending Yy 91 and intertwining the actions of Hy and H (é,l 7).

6.2.2. Proof of Proposition 6.2.1, part I. — Suppose that A€ Y, and consider the element v/, constructed

v o~ v "I 2’
above which we showed satisfies AVgUef(q*<p’7L>vg) =7Y;. Hence Y; = c[<p”1>V{,;;l for A € Y,. We claim
AVE™ (g PRIVE « T, ) =Yy T, when A €Y, (6.11)

follows from the arguments in [81, §5.7]. Since the setup in op. cit. is a bit different than the present context
(in particular what we write as Tj, here is Ts_,-l in op. cit.), let us sketch the key ideas in the computation

here. First, to determine the support of Avf,ef1 (Vg{ *‘}SG), we need to determine for which [1 € Y
0 WUT T Wl U™ N Um U~ = py U Up U WU~ Aty UTHU ™ (6.12)

where we have used the dominance of A and the Iwahori-Matsumoto factorization to obtain the equality in
the last line. Apply [81, (5.24), (5.25)] or using the relations described in §5.1.8, for x_,(s) € U_,(0) with
s'=ng%rre 0*and k>0, we may write

X_al(s) = xa(s ™ Vha(s YWaxa(s™1), where ha(s™") = ha(r)n % (r, )R, (6.13)
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Defining ¥(x_q(s)) = € ((r, n)kQ( )) one finds then that Av;,” (¢ ~{p, MV;L * Ty ) is computed as the sum

Y a0 [ v e () du K, (6.14
k>0 U_a [k]
where du_,[k] is the restriction of the measure on U_, giving U_ (ﬁ) total volume 1. Note that non-zero
summands in the above expression may arise only for Yf when C € {), A— . A —koaV, A ew,}, where

ko is the largest positive integer such that kpa’ < <),,a>. We leave the rest of the computation to the reader
as it follows from the same ideas at the end of [81, §5.7].

6.2.3. Proof of Proposition 6.2.1, part 2. — Recalling the definition of ﬁ:,n from (3.67), we choose A=
1 e W for some 1] € ﬁ’_ﬁ. As we observed earlier, this forces

—n(d) < (A+p,a;) <n(d) foralli 1, (6.15)
and one notes that verifying the Proposition for these A is equivalent (see Lemma 4.1.2(2)) to verifying :
| Basae@ die i enld) <(A+p.a) <0,
9375 = 8 panQa) dies T(@— 1Yy 0 <(A+p,ai) <n(di), (6.16)
—Y3 if (A+p,a;)=0.
gen

Indeed, we may just apply the isomorphism Av;,~ to such relations and bear in mind that Y, i+ Y3 under
Avfffl . Now the second case above follows since 7L € Y,, so we may apply part (1) and the general formulas
for 'T action. Assume then that A is as in the first case, and let us show the equivalent statement that

g&lwa yl = Hbs ;1. Since

AVE s T = g AV (G5, - T) + (g — 1) A5, ), 6.17)
and ()VL e s;,a;) > 0 by our assumption on A, the right hand side of the above can be computed explicitly

using part (1) and the deswed result follows. The third case is proven similarly. The Proposition is thus
proven for all A € A

6.2.4. Proof of Proposition 6.2.1, part 3. — Observe that for é:’ €y, Proposition 6.1.6 gives
giyg ZQM forAc A’ oW, eY. (6.18)

Asevery [I €Y is of the form [i = A+ Z:’ with 5 €Yand A € ﬁ.—,n o W, it sufices to show that

Age“( ‘T, foraGH,ZEAT:,wWaéGK (6.19)

N T) = Y
Using Proposition 6.1.6 we may compute
Y 2—Y;

AE Uy xTa) = AUy xYp T) = AV (U5 x 7Y, p) + (g 1) Avfj’f(%)*% (6.20)
AyEn AyEen waf - Y(f
= (9A*T) g+( 1A (9,1) 17 (6.21)

The terms on the right hand side are all computed from part (2), so (6.19) can be easily verified.
6.2.5. A decomposition of Wy (G,I”). — For §j € A", define the 3((G, I~ )-module
Wy (G,17)(#) := Spanc{ Yy xh | h € H(G,I7)}. (6.22)

From the previous Proposition and the results of Section 4, we obtain the following.
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Proposition. — For M € A" the map p from Proposition 6.2.1 restricts to an isomorphism

C®z,, V(1) — Wy(G,I7)(1) (6.23)

-

and hence by Proposition 4.2.2 we have a decomposition into H (C~; I~ )-submodules

Wy(G,I7) = &y g0 WI,,(GI )(7). (6.24)

6.3. Structure of the spherical Whittaker space Ww(é, K). —

6.3.1. Action of H(G,K) on Wy(G,K). — Let Vg, be Hypn-module introduced in §4.3.3. The map p :
C®z,,V — Wy(G,I7) from the Proposition 6.2.1 descends to a map that we denote as
pg:C ®ng Vsph — Ww(é K). (6.25)

Recall the dlagram in (5.12) and the remarks at the end of §5.3.6 which explain the relation between the
clement ex € H(G,I") and € € Hyg. The natural right convolution maps - x ex : WW(G I)— WW(G K).

Proposition. — The following diagram
Wy (G 1) — % W, (G,K) Yy —— J;
pTg ET’JK which sends T T fordey
C®Rz,,V —5— C®z,, Viph Yy —— [13]

is commutative. The vertical maps in the left diagram are isomorphisms that intertwine the actions of the
corresponding Hecke algebras: H (G [7) ~ Hygt on the left and H (G K)~ Hsph on the right.

We may define the (G, K)-submodules

Wy (G,K) (1) := Wy (G,17)(1]) *ex, (6.26)
forn € ﬁ:yn and by the Proposition above we have that px restricts to an isomorphism

P : C@z, 4 Vipn (1) — Wy (G,K) (1) (6.27)

which intertwines the H (6, K) ~ I-leph—actions. We can reformulate this using (4.56) as follows

Corollary. — One has the following decomposition of W.,,(é, K) into H (6, K)-modules:
Wy (G,K) = @0 Wy(G,K) (7). (6.28)

For A € Y,, define the natural bases L 3 and 9; in Ww(é, K) which correspond under the isomorphism pg

to the bases [G;] and [G; ] of C®z, , Vspn(7), respectively. We call these the canonical bases of Ww(é, K).

6.3.2. Metaplectic geometric Casselman—Shalika formulas. — Using Proposition 6.3.1 and the remarks in
the previous paragraph, we can import the structures studied in Part I and especially in §4 to the study of
Wy (G,K). The results in §4.4.2 and §4.4.3 produce the followmg geometric Casselman—Shalika formulas

for the ‘p-adic basis’ 7 3 and the canonical bases L and 9 of WV,(G K), respectively.

Theorem. — 1. Suppose Ji € Y, and A € Y. Writing gQC = p(gQg /1) for the p-adic specializations
of the Q-twisted Littlewood-Richardson coefficients deﬁned in (4. 68) we have
HIjL *EZ = VZ gQﬂ’1 [Yl:’] (6.29)
Cer,

2. If% € U and Z_,v’ € ﬁ, then we have
(6.30)



3. If € O and £ € Y., then writing A := Ay -wo+2(p¥ — p) we have

Fy xS =i r- (6.31)

Remark. — Note that the second and third parts, together with the well-known structure coefficients for
Cpi € J-C(G K) (see (5.18)), determine the action of ¢y on the basis L and ‘J'v as explained in (1.7) of §1.0.1.

PART III
INTERPRETATION VIA QUANTUM GROUPS AT ROOTS OF UNITY AND APPLICATIONS

7. Quantum groups at a root of unity

After introducing in §7.1-7.3 quantum groups and their specializations (following Lusztig [68,71]), we
collect several results from the representation theory of these objects. We are working with Lusztig’s dotted
version of the quantum group and its root of unity and quasi-classical specializations, though we could have
as well worked with the undotted versions of these objects as their representations theories are the same.
The main results needed to connect the quantum setting to the p-adic ones are contained in §7.5.

Fix throughout (/,-,®) a root datum written as ® = (Y,{d;},X,{a;}) with Cartan matix A = (a;;)
attached to (/,-). Let u be a formal variable and, for each i € I, set u; := u? . These elements lie in the ring
Z, := Z[u,u"]. Throughout this section we shall consider commutative, unital rings A equipped with a ring
homomorphisms ¢ : Z,, — A. We shall need to impose stricter conditions on ® in §7.5 as we will explain at
the start of that subsection.

7.1. Algebras attached to root datum. —

7.1.1. The algebraf. — Attached to the Cartan datum (I, -) with Cartan matrix A = (a;;), we construct f :=
f(1,-) the associative Q(u)-algebra with unit defined as in [71, §1.2.5]. It is a deformation of the enveloping
algebra of the ‘positive’ half of g, and defined as the unital algebra generated by elements 6; (i € I) subject
to the quantum Serre relations: for i, j € I, with i # j

P —u=*

(=17 (87/1p1}) 6; (67 /1p')}) = 0 where [p]} = [ =—. (.1)

.0 ENsptp'=1—a;; s=1 Wi — U;

The algebra f has a decomposition f = @, cz;)fy where £, is the vector space spanned by words in 6; in
which the number of appearances of 6; is given by the coefficient of i in .

7.1.2. Z,forms for f. — For each i € I,n € Z, we define the divided power 6, := 67 /[n]} if n > 0 and

6,"") = 0 otherwise. Defining fz, to be the unital subalgebra of f generated by 6, for all i € I ne”Z, we
have

fz, = ®uezpfu.z, where f, 7z, =f, Nfz,. (7.2)
For any Z, — A as above, we set fy := A ®z, fz, and note again that
fi= @“EZ[[]fM7A where fﬂyA =A Xz, fuzu. (7.3)

7.1.3. The quantum group Ua (D). — Let U4(D) be the A-algebra generated by symbols Xy ,x ey
where x € f 4,y € £/ 4 for w,u’" € Z[I] and ¢ € X and subject to the relations described in [71, §31.1.3].
Note that these relations depend on the root datum ©, not just on the Cartan datum (7,-). We also record
here that the A-linear maps
fA@4Z:X]@afa = Us(D) , x@X, @yrx 1y~ (7.4)
fA®AZT[X] ®AfA—>UA(©) , x®@X) ®y»—>x_1,1y+ (7.5)
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are isomorphisms of A-modules and hence we have U4 (D) = A ®z, Uz,. Note that U, does not have a
unit, but instead a family of elements (1;)3cx such that 113, = &3 ;. These give a decomposition Uy =
Ya 12Ualy. If A= Q(u), we often drop it from our notation and just write U in this case; the natural map
Z, C Q(u) allows us to view U, C U as an Z,-subalgebra, or, what we might call a Z,-lattice.

7.1.4. Module categories. — Let €4(®) denote the category whose objects Ux (®D)-modules M which are

— unital in the sense that for any z € M, we have 1,z =0 for almostall A € X and Y, .y 1,z =12,
— finitely generated when regarded as an A-module.

Objects M € €4(®D) can be decomposed as M = @, xM; where M; = 1; M. One can equip €4 (D) with
the structure of a monoidal tensor category (see [68, §1.6]) with product denoted ®4. If A = Q(u), we drop
it from our notation and just write €(D) in this case. An object M € €4(D) is said to be a highest weight
module with highest weight A € X, see [71, §31.3] if there exists a vector m € M? such that

— setting E;") := dex(ei(n))+1g, we have E;"m = 0 for all i and n > 0;
-M={xm|xety};
— M* is a free A-module of rank one with generator .

We define a module M to be integrable if for every m € M and i € I, there exists an ny such that El-(n")

Fi(no)m =0 (see [71, §31.2.4]). For a field F, let Rep(Ur (D)) be the full subcategory of €4 (D) consisting
of integrable highest weight (unital) modules M whose weight spaces M; are finite-dimensional F-vector
spaces. For such modules we can define their character

X =Y (dimp M;) X € FIX]. (7.6)
rex

7.1.5. Standard or Weyl modules A;. — For A € X, define the f-modules T; = ¥, £6%* " and define
A, =f/T). Letting n; = 1+ T,, we may regard A, as an element in €(D) see [71, 6.3.4, 23.1.4] in which

m =

(6 1)n, =0,i€ LA €X and (x 1p)Ny =& yx+s, wheres € Tforx e f,A’ € X. (7.7)
We also write, given any Z,-algebra Z, — A,
Mz, =Uz,(@)m and Apa:=A®z,Aps - (7.8)

One knows that Ay 7, is an Z,-lattice in Ay and Ay 4 € €4(D). These are called the standard modules.
Overafield F, Ay ; € Rep(Ur (D)) and their characters can be computed using the Weyl character formula.

7.1.6. Irreducible modules. — Again we work over a field F. The structure of irreducible highest weight
modules in Rep(Ug (D)) is similar to that for ordinary Lie algebras, see [71, Prop. 31.3.2]: foreach 1 € X
there is a simple object in Rep(Ur(®D)) which is a highest weight module with highest weight 1. We
denote this obect as Ly r (or just Ly if F is implicitly understood). One know that L, r and L,/  are not
isomorphic if A,A’ € X are distinct. Moreover, if M is any highest weight module with highest weight
module with highest weight A, then M has a unique maximal subobject whose corresponding quotient is
isomorphic to Ly .

7.2. Classical and quasi-classical specializations. —

7.2.1. Classical and quasi-classical specializations. — Let ¢ : Z, — A be a Z,,- algebra such that ¢ (u;) =
+1 for all i € 1. In this case Uy will be called a quasi-classical specialization of Uz,. If ¢ (u) = 1, then we
say that Uy is a classical specialization of Uz,. We would like to describe the categories €4 (D) when A is
taken to be one of these two specializations. As it turns out if ¢ : Z, — A is a quasi-classical specialization,
and we write Ao = A for a copy of A and define @ : Z, — Ao to be the unique map such that ¢ (u) = 1, then
from [71, Prop. 33.2.3], there is a unique isomorphism of Z,-algebras

Uy, (D) = Us(D), and hence €4, (D) = €4(D). (7.9)
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Not only do the representation categories under classical and quasi-classical specializations agree, but from
the construction in op. cit. it follows that if My € €4,(D) corresponds to M € €4 (D) under this equivalence,
then it also follows that M ; = M, foreach A € X.

7.2.2. Classical enveloping algebras attached to root datum. — Following [68, §5.1], define Ug(®) be the
Q-algebra with unit generated by symbols x*,x~ with x € fg and Y,y €Y subject to the relations:

— the maps fg — Ug (D), x — x* are Q-algebra homomorphisms preserving 1,

— themap Y — Ugq,y + y is Z-linear,

- =y foryy ey,

- Xe,.i =0 (y+(ya)) foryeY,iel,

- 6,76,0;0; = d; fori,jel.
This is a generalization of the usual universal enveloping algebra (attached to a semisimple algebra), and
will be called the universal enveloping algebra attached to a root datum. One may equip it with a Hopf
algebra structure as in op. cit.

7.2.3. Kostant type forms. — Let Uz(®) be the subring of Ug(®D) generated by the elements

1
(%) = Eyy—l --y—k+1foryeY keN

+
as well as <9i(’") fori € I,m € N. Tt is a Z-lattice in Ug(®) which is the analogue of Kostant’s Z-form

see [60], which it agrees with when ® is of adjoint type (we eventually need to restrict to this case due to
existing limitations in the literature).

7.2.4. — Let €(D) denote the category of unital Ug(®)-modules M with vector space decompositions
M = & cxM* where we set M* = {z € M | yz=(y,A)zforany y € Y'}. (7.10)

The algebra form §7.1.3 attached to the map ¢ : Z, — Q,u — 1 will be denoted UQ(”D) and its category of
unital modules written €q (D). From [68, §5.4], one has an equivalence of categories

Co(D) = €H(D). (7.11)

These categories are semisimple with the simple objects V) := A; o,4 € X, introduced above. Letting Gp
denote the algebraic group attached to the root datum 2, it then also follows from [68] that there is an
equivalence to the the category of finite-dimensional representations of Gp (C), i.e.

Rep(Uc(®D)) ~ Rep(Go(C)). (7.12)

7.3. Quantum groups at roots of unity. —

7.3.1. Roots of unity. — Let ¢ be any positive integer. If £ is even, set / = 2¢ while if ¢ is odd, we define
I="VCor2l LetZ =2,/(®P;(u)) where @, is the d-th cyclotomic polynomial. In this section, we only
consider ¢ : Z, — A which factors through Z;, i.e. ®;(¢(u)) = 0. For { € C a primitive /-th root of unity,
we define the corresponding map ¢ : Z,, — C sending u — {. With respect to this map, we then write

U (D) :=C®z, Uz, (D). (7.13)

7.3.2. OnRep(Ug(D)). — The category Rep(Ug (D)) is isomorphic to the category of finite dimensional
highest weight complex modules of type 1 of the (non-dotted) quantum group at a root of unity (as defined
as in [6, Definition 1.1], see also [59]). For A € X, we denote by A, the specialization of the modules A
defined in §7.1.5. We denote by V, the costandard object of highest weight A (for its construction, which
is essentially ‘dual’ to that of A,, we refer to either [46] where they are denoted by HO(QL) in or to [29]
where they are denoted as A(A4)). The characters of both standard and costandard modules are given by the
Weyl character formula. Let L; be the simple module with highest weight 4 € X, in Rep(U¢(D)). Their
characters are given by Lusztig’s conjecture (see, for example [46, Appendix H.12]).
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7.3.3. Tilting modules. — Tilting modules are a class of representations that naturally appear when study-
ing Rep(Ug (D)). They are objects admitting both a filtration by standard modules and a filtration by co-
standard modules. Andersen [4, Theorem 2.5] showed (using ideas from modular representation theory)
that there exists a unique indecomposable tilting module in Rep(Ug (©)) with highest weight A € X;. We
shall denote such a tilting by T3. See [5, §2] for an explicit construction of 7.

The characters of 7 are known due to the work of Soergel [90,91] in many cases.

7.3.4. On Rep(U(D))). — If (I,-,D) is our given root datum, where ® = (Y,{d},X,{a;}) is as-
sumed of adjoint type, we may construct the [-twisted root datum (/,0;,®;) as in §3.2.8. Denoting
9, := (Y,{a;},X;,{a:}), we have that a;’ = li’lcii, a; = l;a; where [; were defined in §3.2.8. With respect
to (I,0;) we then have u; := ul? (cf. [71, 35.2.1]) so that if we are working with a map ¢ : Z, — A as in
the previous section, we are necessarily in the quasi-classical case. So, for example Uc(®;) for the map
Z, — C,v+— { is a quasi-classical specialization of Uzu (D)), and hence from (7.12)

Repc(U(D1)) = Rep(Gi(C)), (7.14)
where Gy is the algebraic group with root datum ©;.

7.3.5. Quantum Frobenius. — For any ¢ : Z; — A as in §7.3.1, the quantum Frobenius morphism of
Lusztig, see [71, Ch. 35], is the unique A-algebra homomorphism Fr : Us (D) — Ua(®;) such that for
alli € I,n € Zand { € X we have

(k) E (%)
Fr:E™ — i
0 otherwise 0 otherwise .

ot
~——

IC if k=0 mod /;, and FI.:Fi(k) — Fz( 1; if k=0 mod [;, (7.15)

Using this map of algebras, we can define a fully faithful and exact embedding
Fr: €4(9;) = €4(D). (7.16)
For Z,, — C,v > { as above, we obtain a functor
Fr:Rep(Gp,(C)) — Rep(Ug (D)). (7.17)
Replacing D by 9, writing 9; = (Q(QJ))V for (Q,/) as in §3.2.8, and setting G, = Gy, we have
Fr:Rep(G((C)) — Rep(UC(’}VD)). (7.18)

The simples in Rep(G(C)), which we’ll denote from now on as V5, are parametrized by Ae Y, + which
we regard as a subset of Y (the latter is the set parametrizing simples L in Rep(Ué« (©)).) As Fr is exact,

Fr(V;) € Rep(Uy (9)) for A €Y, is again simple. Unlike the general simple in the latter, one can explicitly
write down the character of these simples using a dilation of the Weyl character formula [71, Prop. 35.3.2].

7.3.6. Tensor product theorems. — Recall the notion of restricted weights from §3.4.9 and consider the
box in the affine root system determined by %);. Concretely,
O, ={AeY|0<(L,a) <, foralliel}, (7.19)

and we note that each A € Y, can be decomposed uniquely as A= io -+ 7 where % c;and N €Y.

Theorem. — Let o € U, and 1 € 171#.

1. (Steinberg-Lusztig) We have an isomorphism of modules

Li{)-i-ﬁ ~ Lio ®Fr(V,v7). (7.20)
2. (Tilting) Writing A= j.o wo+2(pY —p), we have
Tig+ﬁ ~ Lig ®Fr(V,v7). (7.21)
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The first is the analogue Steinberg tensor product theorem from modular representation theory which has
been proved for / odd by Lusztig [67] (for general [, see [7]). The second is due to Andersen [4, Corollary
5.10] , and follows closely from related results by Donkin in the mod p literature.

7.4. Background on enriched Grothendieck rings. —

7.4.1. Enriched Grothendieck rings of highest weight categories. — Given an abelian category %, it is
natural to consider the derived bounded category D”(%’) (see [41, Chapter III] for definitions and basic
properties of derived categories). The Grothendieck ring does not distinguish between the € and D’ (%),
namely Ko(%) ~ Ko(D?(%)). For a natural class of categories arising in representation theory, a finer in-
variant called the enriched Grothendieck group was introduced in [29] to partially remedy this deficiency.
To introduce it, let T be an indeterminate and consider the ring Z[7,7~!] of Laurent polynomials(®). Let
% be a highest weight categories as introduced in [27] with weight poset A indexing simple objects in &
Define the full additive subcategories &~ C D?(%) and &K € DP(%) as in [29, Section 2]. Then K% (%) is
the free abelian group generated by symbols [X],X € & subject to the relation [X] + [Z] = [Y] if there is a
distinguished triangle X — ¥ — Z in &~. One may define KX (%) similarly.

7.4.2. Inner products. — Let % be a highest weight category equipped with weight poset A,. For A € A,
we denote by A, the standard object of highest weight A (also known as the Weyl module) and by V), the
costandard object of highest weight A (which is the induced module and denoted H°(A) in [46]). Let L, be
the simple module with highest weight A; it appears as the unique irreducible quotient of A .

Proposition. — [29, Proposition 2.3] The spaces Kk(¢') and K§(€) are free Z[t, v~ ']-modules with basis
given by {[A],A € Ay} and {[V,],A € Ay}, respectively. Moreover, there is a natural non-degenerate,
sesquilinear pairing

() KE(€) x K] (€) — Z[tr,77Y];  ([V],[W]) = RHom(V,W) := ¥~ 7 dim(Ext,(V,W)). (7.22)
Under this pairing [Ay],[Vy] form dual bases, i.e., ((Ay],[Vy]) = Oun for u,n € Ay

Using this pairing, for V € ¢ its image V in K§(¢’) may be written as
V] =Y (A VD) [Vl (7.23)

U

Remark. — Note that in (7.22) we are using T~ " instead of the t of [29]. This is done to make the matching
with the results in §3.3 easier.

7.4.3. A trivial example. — Let (I,-,D) be a root datum, and G the corresponding algebraic group. Then
Rep(G(C)), the semi-simple category of finite-dimensional representations of G(C), is a highest weight
category and there are natural Z[t,7~!] isomorphisms

K§(Rep(G(C))) ~ K (Rep(G(C))) ~ Z[r,7~ '] @z Ko(Rep(G(C))). (7.24)

Let us denote by K’ (Rep(G(C))) the space Z[t,7 '] ®z Ko(Rep(G(C))).

7.5. Extension formulas in Rep(Uy (9)). — In this section we need to make more stringent requirements
on® and /. Fix ® = (Y,{d;},X,{a;}), which implies ® = (X,{a;},Y,{d;}). We emphasize that all repre-
sentations from now onwards will be over C. Our restrictions are:
— We assume (/,-,9) is simply-connected. This means D is of adjoint type and so admits a primitive
twist (Q, /) for any [. The quantum group Ug(@) is also isomorphic to the quantum group associated
to a semi-simple Lie algebra U (g).

(8) At the categorical level, 7! will correspond to the exact functor ¢ : D?(¢’) — D”(%’) that maps 7! : X — X[—1] on objects and
t: f— f[—1] on morphisms.
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— We choose [ larger than the Coxeter number of the semi-simple Lie algebra g of Cartan type given by
(1,-) and also that [ is KL-good (as defined in [92, §7]). Under these assumptions, one can invoke the
Kazhdan-Lusztig equivalence [57].

Under the first assumption, it is known that Rep(Ug(’b)) is a highest weight category see [28], see also
[59, §2]. It has standard objects Ay := Ay ¢, costandard objects which we denote as V; and irreducibles L,
for A € Y,. The second assumption is needed because we use a result of Ko (Proposition 7.5.3).

7.5.1. — Under the assumptions above, the spaces Ké(Rep(Ug(”}vD))) and Kg(Rep(UC(ZV)))) are free
Z[7,7 ']-modules with (dual) bases given by the classes [A;] and [V;], respectively, for A € Y. We
will mostly be working with K§ (Rep(UC(b))). Recall that K (Rep(G¢(C))) defined in §7.4.3 has ba-
sis [Vi], 1 € ¥; 4. The quantum Frobenius map (7.18) equips K(If(Rep(Ug(’b))) with the structure of a
Ky (Rep(G¢(C)))-module defined as follows: for V € Rep(G¢(C)) and W € Rep(U;(9)), then

W]o V] = [W®Fr(V)] € K§ (Rep(Ug (D)). (7.25)

The Z[t, 7" ']-module K§ (Rep(Uy (9)) also has another basis coming from simple modules [Ls], A €Y, and
Theorem 7.3.6(1) implies that for Ao €0 and 1 €Y 1, one has

[L3,) © V] = [Ly, 5] € K& (Rep(Ug (D). (7.26)

This relation determines the structure of K§(Rep(Uy (D)) as a K (Rep(G(C)))-module in the following
sense: if L € Y, and N €Y 4, we write =X+ 1’ with Jo €0 and 1’ €Y, 4, and then we can compute

L)@ Wil = (L, @ Vi]) © Vi) = [ ] © (Ve Vi), a27)

where [V;] - [Vi] is computed in K (Rep(G;(C)) using the usual Littlewood-Richardson coefficients.
Alternatively, the Z[7, 7~ !]-module K{f(Rep(UC(@)) also has another basis consisting of indecompos-
able tilting modules [T;l],i eYandif A = Ao+ with g € 0, and 1§ € Y, +, Theorem 7.3.6 implies that

[Tl oVyl =T K§ (Rep(U¢ (9)). (7.28)
7.5.2. — Recall the Hecke algebra PNIsph = ﬁsph(”}D) >~ Hypn(D(q,)) from §3.8.1. It is a standard fact that
K5 (Rep(G(C))) ~ Z[¥))" ~ Hpn, (7.29)

where in §3.8.1 we used Y for Y;. The space Vsph from §3.7.3is a ﬁsph—module, where we take the twist (Q,/)
to be a multiple of a primitive twist (Qprim,/). Using Proposition 3.9.1 and Theorem 7.3.6(1), we deduce:

Proposition. — The map ® : K{f(Rep(UC(”}VD)) — Viph sending [Ly] — [G;] for A €Y, is an isomorphism
of Z|t, v )-modules which intertwines the K5 (Rep(G¢(C))) =~ Hypn actions. In particular;
P(v)xcg =vO [Va] for veEKERep(U(D)), it €Y. (7.30)

7.5.3. — Let Waff = Wage(1, ol,@}/). Let us also recall the definition of ﬁ:’n from §3.4.7, which is again
defined for root datum (/,0;,®)’). The following result of Ko will be used in our matching.

Proposition. — [59, Thm. 4.10] Fix 1 € ﬁ._’n and J C Ly as in (3.78) and let x,y € Wy such that e x, 1 e
yeY,. Then

1/ _
(Apoyls [Lges) = Y (=271 Oy, (731)
ZG/(WI)
Proof. — This is essentially the result of [59, Thm. 4.10]; we will now explain how to translate it into our

setting. Unlike op. cit, we use a right action of W, on the weight lattice as opposed to a left action. As such,
xe 2 in op. cit corresponds to our A ex~!. Now the 7 in op. cit corresponds to our 7! and t/®=0)p, (r71)
from (2.3.1) in op. cit (which, we note, matches with the m, () in [46, I1.C.2] needs to be replaced with
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m;,l - in our conventions, since My in (3.43) is a left module for Hyy while [46] works with right modules

and Jantzen’s m is our m™~). Finally, we note that the expression

[Z(x)*f()’)P){x([*I)::tg(x)*é(y) Y (~1)/Op, (17" = Y (=0)!@ =t p (171

2€(Wagr) s 2€(Watt)s

in [59, §4.2] matches to Jantzen’s [46] Zze(W,)J(_t_l )Z(Z)mym(t) which in turn matches to our

O]

7.5.4. — The following result follows immediately by combining Propositions 7.5.2 and 7.5.3, (7.29) and
(3.128) and the definition of Q%Jt in (3.134).

Proposition. — For any [1 € Y, and ie Y, + we have

v
Valo Vil =Y 0F alVal- (7.32)
ney
Proof. — Tt suffices to show that for any [I € Y, we may write
L] = Vel + ¥ o ;[VE] (1.33)
&<
We know that 0;1 £ =0y, SO the result above follows by (7.23), (3.129) and (7.31). ]
Remark. — The proof presented for this result is not optimal as it assumes (via the dependence on [59])

the graded version of Lusztig’s conjecture. The restrictions on | which we place (especially | being KL-
good) stem from the application of Kazhdan—Lusztig equivalence that is used to prove this conjecture. We
believe®) there should be a proof that bypasses this work and just uses the fact V p® Fr(Vg) has a 'V filtration

where the successive quotients can be expressed combinatorially.

7.5.5. On tiltings and dualities. — Using the Z;-module K%(Rep(U¢ (D)) allows us to naturally connect
(at least conjecturally) the tilting modules with the polynomials 0% i Recall that 054 € Zt, so we do not
expect it to arise from an inner-product of the type introduced in Proposition 7.4.2, which would take values
in 77!, On the other hand, one may just take 053 € Z; and posit that

(T3, Vi) =0y 3 (7.34)
If this were true, then in K§ (Rep(Uy (9)), we would have
[T] = [Agl+ X (T, Vi) (Al = [A3]+ ) 0,5 [Ag] (7.35)

Q<A Q<A
We could not find a reference for (7.34) in the literature, though it does seem to hold at the level of specialized
characters from the work of Soergel [91]. Actually, (7.34) seems to be the content of certain Koszul type

dualities at the categorical level (see [1, §1.3]); it is also consistent with the known multiplicity of V; in a
V-flag of T (the later of which produces character formulas for many 75, see [90, §7] and [91]).

(©)We thank Hankyung Ko and Catharina Stroppel for discussions and advice on this point.
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8. Main result and applications

In this section we formulate the main connection between the results in Part I, II, and §7. In §8.1,
the main result is formulated and the consequecnes for Lysenko’s Lysenko’s conjecture in the ‘quantum’
Geometric Langlands program are draw. In §8.2, an extension of Savin’s local Shimura correspondence to
the Whittaker level is formulated. We use this to highlight certain classical behaviors within metaplectic
Whittaker spaces connecting to recent work of Gao—Shahidi—Szpruch [39]. In §8.3, we describe some
combinatorial properties and a formulate some questions concerning the different basis of Ww(é, K).

8.1. The main result. — Let us review the different settings which our main result will bring together.

8.1.1. The generic case. — Fix (I,-, D) a root datu, written ® = (¥,{d;},X,{a;}), a (Q,n) a twist on
D, and associated twisted root datum (7,0(q ), D) where © = (¥, {cTV} X,{a;}). Assume that ® is of
simply-connected type and construct the Hecke algebra Hy = Haff(@) and its module V as in §4.2. V has

a decomposition V = @, a V(TI) into Hg-submodules and bases {vy} and {Y; } for ley.

At the spherical level, we have flsph := £H,gre and its module Veph = {[w] | w € V}, where [w] := we for
any w € V. The algebra Hypy, is equipped a basis ¢; while the module Vyp, is equipped with bases [v; ], [G ],
and [G;] (all indexed by A € Y, ), as well as their rescaled versions Y31, (Gl [GT] for A € Y, where

vi] = x(A)[], [G;]=x(A)[G;], and [6;] = K(A)[G;], (8.1)

and K(i) is a product involving the Gauss sum parameters as in (4.40).

8.1.2. The quantum case. — Assume that ® is of simply-connected type (i.e., ® is of adjoint type.) For
any positive integer ¢, define the integer [ as in §7.3.1 and construct the corresponding quantum group at a
primitive {-th root of unity U¢ (). Write (Q,!) for the primitive twist on D (see §3.2.8) so that (D(q,))"

is equal to 9, the I-twist from the theory of quantum groups at roots of unity. In §7.5.1 we constructed the
module K§(Rep(U¢(9))) for the algebra K’ (Rep(G¢(C))). The module is equipped with bases of simple

modules {[Ljz]}, indecomposable tilting modules [7 ], and costandard modules {[V]} for A €Y,. On the
other hand, the algebra K’ (Rep(G¢(C))) comes equipped with bases | V], €Y 1, and its (right) action on
K§(Rep(U;(9D))) is denoted by @, i.e. [W]® [V] = [W @Fr(V)] for W € Rep(U¢ (D)) and V € Rep(G¢(C)).
8.1.3. The p-adic case. — Fix y an additive character of conductor O of the local field J of residue char-
acteristic ¢, an integer n such that g =1 mod 2n, and € : y, — C* as in §5.3.4. We assume now that both
(1,-,@) and (I, o(Q7n),35) are of simply-connected type. In Part I, we have constructed a metaplectic group

G with associated spherical and Iwahori-Hecke algebras of genuine functions H(G,7~) and H(G,K) as
well as their Whittaker modules Ww(é I7) and Ww(é K), respectively. The right actions of the Hecke al-
gebras were denoted by x. We recall that WW(G K) has a natural p-adic basis which we write as H L eEY,
as well as correspondmg canonical bases that were denoted as L and ﬂ The algebra H (G K) has a nat-
ural basis ¢ for Ae Y+ which, under the Satake isomorphism, is mapped to the character of the associated
irreducible, highest weight representation Vj of the group G @y (C).

8.1.4. — Connecting the above constructions, we have the following.

Theorem. — Let { be a positive integer satisfying the assumptions in §7.5 and | defined as in §7.3.1.
Fix (I,-,9) of simply connected type with primitive twist (Q,1) such that (D q))" = 9, is also of simply
connected type. The maps p: Zr g — C (see §2.0.11) and q: Z; g — Z (see §2.0.10) extend to isomorphisms
of C and Z-modules respectively that we continue to denote by the same name,

p:C®z, 4 Vsph = Ww(é,K) sending [Yy] — dy for i €Yy, and (8.2)
q:2Z[t, 77} ®Z. Vsph = Kg(Rep(Ug(é))) sending [Yy] — [Vy] for i €Y. (8.3)
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The map p intertwines the I-~ISP}l and H(G,K) actions, while q intertwines the ﬁsph and K3 (Rep(G¢(C)))
actions. Moreover, p maps [Gy| to Ly, [Gp] to Ty On the other hand, q sends (G| (or [G]) to [Lp].

Remark. — In §8.1.6, we comment on the image of [Gy] under the ’dual’ of q. Let us also mention here
that we may work on the p-adic side with a twist that is a multiple of a primitive twist, then the main theorem
will still hold after choosing | accordingly, see Remark 3.2.8.

As for the proof of this theorem: first on the quantum side, the theorem follows from the main results of §7:
Theorem 7.3.6 and Proposition 7.5.4; on the p-adic side, the theorem follows from Proposition 6.3.1.

8.1.5. Lysenko’s Conjecture. — Within the quantum Langlands program (see [35]), Lysenko [72, Con-
jecture 11.2.4] formulated the Casselman—Shalika problem as giving an interpretation of a certain quantity
(see [72, equation (62)])— essentially, the function-sheaf equivalent of our 5 L *Ei— in terms of quantum
groups at a root of unity. He conjectured a precise relation in Conjecture 11.2.4 of loc. cit. and the follow-
ing result seems to answer the version of his conjecture that can be seen at the level of functions.

Corollary. — For A € Y, 1,1 €Yy there exist gQg 5 € Z; g (defined uniqutely via (4.68)), such that
dxCy =Lqp(Q; )y and  [Va]©[Vy] = Lqa(®Q) ;) [Va]. 8.4)

The p-adic statement is Theorem 6.3.2, whereas the quantum statement is Proposition 7.5.4.

8.1.6. Tiltings, dualities, and inner-products. — Denote the map q : Z; ®z,, Vpn — KX (Rep(Ug (D))
which sends [v; ] — V3 by g% now, and let us define a corresponding ‘left’-variant

b1 Z: @z, Viph — K5(Rep(Ug (D)) by sending [v;] — A, (8.5)

where [V ] is the image of [v; | under the involution d. Dualizing (3.128) one obtains
[Gi] = W—i— Z 51371 m, where 5'&71 ezZ;. (8.6)
fi<A
Applying g to the right hand side, we obtain [As]+ Zﬁ <% [Ajz], which under assumption (7.34) is just

equal to (T3], i.e. q*([G3]) = [T3] under this assumption. The map q" may be understoof as follows. The
pairing of Proposition 7.4.2

K§ (Rep(U¢ (D)) x K§f (Rep(Ug (D)) — Ze (8.7)

is uniquely defined such that A; and Vj are dual bases. Using the map g* and the diagram below, one
obtains a unique pairing on Z; ®Z.q Vph

Z‘L’ ®Zf,g Vsph X Z‘c ®Zf.g Vsph - Z‘r
qu lqze (8.8)
K§(Rep(Ug (D)) X K§(Rep(Ug(9)) —— Z;

such that [vy] and [v; ] are dual bases.

Remark. — Presumably there is an inner product on Wy, (G,K) given in terms of p-adic integrals, defined
independently of our main result, but consistent with it. Such an inner product would allows us to give a
consistent p-adic interpretation of all quantum objects Ly ,Ay, V5 and T; simultaneously.

8.2. On the local Shimura correspondence. —
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8.2.1. — Let (I,-,) be any root datum equipped with a twist (Q, ) and corresponding twisted root datum
written now as D q ) = (Y(Qu)» {d(Qn).i} X(Qun)> 14(Q.n),i})- Denote the algebraic group attached to this
twisted root datum as G(q ). Write G(q,,) := G(q.n) (F), and let I(’Qn) and K(q ,) be Iwahori subgroups and

compact subgroups defined in analogy with I~ and K, respectively, where we note that a choice of dominant
chamber for the root system defined by ‘O also picks one out in © q ). In this notation, the local Shimura
correspondence of Savin [86], see (5.19) and (5.17), states

j‘f(é, 17) ~ fH(G(Q’n),I(Q?n)) and j‘f(é,[() ~ %(G(Q,n)vK(Q,n))- (89)

8.2.2. — Let y be an additive character on J of conductor 0 extended to the unipotent subgroup U(q
of G(q) as in §6.1.1. We may then define Wy (G(q,n),1(q,n)) and Wy (G (q ) K(qQ,n)) as the Iwahori and
spherical Whittaker spaces for the linear group G(q ). The structure of these modules over fH(G(Q’,,) , I(Qyn))
and H(G(q,n), K(q,n)) Was partially reviewed in §1.0.1. Let us also mention here some additional facts.

— It is known (see [24]) that Wy (G (q ), (q,)) is the anti-spherical module for 3(G(q n),1(q,»)) With

I . N
anti-spherical vector VWQ 5 € Wy(Guy,lqu)s i-e. Wy(Gqn):Iiqn)) = ClY(qn] as vector spaces
and as a module over H(G(q,n),1(q,n)) = Hw ® C[Y(q,n)], the structure is specified as follows: C[Y(q »]

I
acts by translation and for each i € I, Hj; acts on VI,(/Q ”i)v via the scalar —

-1
— The space Wy (G(q.n),K(q,n)) has a ba51s d(Qu),p for f €Y+ and fH( (@.n)> K(Q.n)) has basis cx

for A € Y(Qun),+ (see (1.6)). One has J(q ) O*C)L =i

8.2.3. — We may decompose WW(G,I*) =~ C[y] into H(G,I~) submodules Biien®, WI,,(G I7)(7n) as in
Proposition 6.2.5. Using Theorem 6.2.1 together with the observation that —Pew =— p forallw e W, we
conclude that Wy (G, 17 )(—p) has rank one as a module over C[Y] = C[Y(q )] C H(G,I") and the Hy,,i € I

acton Y _ via the scalar —1~!. The following may be seen as an Iwahori-Whittaker variant of Savin’s local
Shimura correspondence. It follows by using the description of Wy, (G(q »),1(q,»)) in the previous paragraph.

Proposition. — The map sending 9 > vl‘(lQ )p\/ extends to a unique isomorphism of H (G [~ )-modules
WW(G7K)(_F3) i> WW(G(Q,H)vl(_QJl))' (8.10)
~ ~ Iic Ig
Remark. — Note that this isomorphism must send H,ﬁﬂgv = %Lf,Y,;v to VI,/Q "pvypv = Vq(/ This compu-

tation explains the appearance of the coweight —p + p" in the next paragraph.

8.2.4. — From Corollary 6.3.1, we have a decomposition Ww(é,K) = Sper Wl,,(é,K)(ﬁ) into

H(G,K)-modules. One observes that WW(G K)(—p):= W.,,(G I7)(— ﬁ)*eK is a free rank one H (G, K)-
module. Within it, consider the elements 3 PPV = H PPV K€K for [l € Y+ = Y(Q n) 4 where we note
that [1 € ﬁ implies —p + p" + [ € Y. The spherical extension of the previous result can now be stated:

Proposition. — There is an isomorphism of H(G, K )-modules
Wy (G,K) (=) — Wy (Gaum: Kqu) (8.11)
which is defined by sending 3~5V,f, = dQun)0- For 1 € 7+, one has the following analogue of (1.5):
Hpv *cu—gpv it (8.12)

Equation (8.12) together with Theorem 6.3.2 imply

Corollary. — Letﬁ < ?4_. Then gﬁ\/,ﬁer = Lﬁ\/,ﬁJr# 9 it -
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8.2.5. Quantum group interpretation. — On the quantum group side, Corollary 8.2.4 and equation (8.12)
correspond to the fact that in Rep(UC(f))) the representation Lsv_5_ , for [ € Y, is equal to the costandard
and indecomposable tilting corresponding to the same weights (see [75, Corollary 6.8] and [4]). In partic-
ular, equation (8.12) ‘corresponds’ on the quantum side to [75, Lemma 5.2]. The space Lzv_ is called the
Steinberg representation and plays an important role on the quantum side (see [4]).

8.2.6. Relation to the p-adic literature. — An asymptotic or usual Casselman—Shalika formula (in the
terminology of our introduction) was found in [39] for the same coweight p" — p at the level of unramified
Whittaker functions on the metaplectic group. In [18, Section 5] a similar result is shown using integrable
systems techniques for certain metaplectic covers of GL,. Actually in op. cit. multiple coweights where
similar phenonemon occur are shown. This stems from the fact that gl, is not semisimple. In the semi-simple
case, one expects that p¥ — p will be the only point at which such phenomenon can occur.

We also note here a proof of the classical (non-metaplectic) Casselman—Shalika formula in terms of the
Steinberg-Lusztig theorem was given in [62, Theorem 2.3].

8.3. Whittaker functions and g-twisted combinatorics. — In this section we discuss in more detail the
g-coefficients which arise in our work and mention a few questions that can be solved using the connections
to the theory of quantum groups. We fix the same notation and hypotheses as in §8.2.

8.3.1. The li-large asymptotic Casselman—Shalika formula. — Let [l € Y, and Ae ﬁ. As in (6.29), write

Hﬁ*zizzgeﬁgggﬂﬁé or equivalently  [Yy] &5 = [Ya]Owz = [V x;(Y)}=dey+9Q§7i[Yg]-(8-13)

In general, straightening rules may be needed to rewrite the product [Yy - x; (Y)] in terms of the basis [V; ]

with A € Y, . However, if [i is large compared to J in the sense that o+ 5 € Y, for any 5 appearing as a
weight of the representation V5, then no such straightening relations are necessary. We shall say that I is

A-stable if this condition is satisfied. Equations (4.67) and (4.69) can be used to show:
Proposition. — Let 1 €Y, and let [i € Y, be A-stable. Writing 1Y) = Yecyay g foray ; €7,

= (T ()1
[Ya]*cy = Licy ga}l,f[yﬂ+§] where ga&p =x(f)x(A) ag y- (8.14)

There are well-known combinatorial interpretations of the coefficients aj I3 For example, in type A the
Weyl character is written as a sum over Gelfand—Tsetlin patterns and the coefficients are the number of
certain Young Tableaux (there are generalizations of this result to orthogonal and symplectic characters).

This result and Proposition 6.3.1 produce simple combinatorial formulas for g5 ¢ 4 in the stable range:

Hﬁ*g;l: Zgai,§3ﬂ+5' (815)
ley

Similar formulas for 5;1 *Zg have been used in the study of Weyl group multiple Dirichlet series [19,20].

8.3.2. On g-twisted LLT polynomials. — The quantum specializations QZ 5 are known to have non-

negative coefficients by the work of Grojnowksi and Haiman [43, Theorem 5.9]. We may use gQZ i to

define g-twisted LLT polynomials by using the formula after [43, Eq. (13)]. Among the connections
between LLT polynomials and Macdonald polynomials, let us note that it is proven in op. cit. that the
Schur polynomial expansion of transformed Macdonald polynomials are positive by using an expression
of transformed Macdonald polynomials in terms of LLT polynomials. This suggests there might exist
connections between g-twisted LLT polynomials and the metaplectic Macdonald polynomials of [83, 84].
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8.3.3. On the inverse Q-twisted Kazhdan—Lusztig polynomials. — Consider the basis 51 and £ j of the
Whittaker space Ww(é, K) introduced in §6.3.1. If we define 8d); 0 € C as the expansion coefficients in
3y = ), By Lu (8.16)
peyy
then it is a natural question to understand when these coefficients are non-zero.

As in the representation theory of quantum groups, we say that A€ Y. is strongly linked to [l € Y
(see [6, §3]) if there exists a chain [t = [, [, - -, [l = A of elements in Y such that

ﬁj—lzﬂi.sﬁj"i_mjlﬁjﬁjgﬁi for ﬁjeﬁ+,miez,i:2,--~,r . (8.17)
In the equation above [g; is the integer /; defined in §3.2.8 when a;; is a simple positive coroot. Otherwise,

for any coroot [;, there exists a w € W such that B =w(&;),j €I and we set lﬁ = lg;. The following is a
p-adic analogue of the strong linkage principle from the theory of quantum groups see [6, 8].

Proposition. — If the coefficient &d i £ 0, then [ is strongly linked to 2.

Proof. — By the discussion in §4.3.3, the coefficients gd;L i # 0 will be non-zero if and only if their quan-
tum version d;l’ i is non-zero (they will differ by a quotient of k factors which is product of Gauss sums).
The quantum coefficients are non-zero if a filtration of V; by irreducibles contains L. The result follows
by the strong linkage principle see [8, Theorem 8.1][6, Theorem 3.13]. O

Remark. — It might be interesting to see if there is a purely p-adic proof of the above result. We also

remark that a similar result may be stated for the relation between J5 and Ty, whose proof would again rest
of the validity of (7.34).

8.3.4. On the principal submodule Ww(é, K)(0). — In §8.2.4 we related the subspace W.,,(é,K)(—ﬁ)
with the non-metaplectic version of the spherical Gelfand—Graev representation. Let us now look the prin-
cipal subspace Ww(é,K)(O). LetA €Y, COeWyNY,.

Recall that [Y;] := Y; € can be thought of as an element in Z; g[Y] obtained by acting with € on Y3,
where ¢ is defined in (3.87) and the action of the Hy, on Z; 4[Y] is the one from §4.2.1. On the other hand, in
(3.89), we introduced an action of Hy on ZT[? | (this is not the quantum action considered above). Using it,
to each j1 € ¥, we define an element [17#] = 17[18 where ?ﬂ is a typical element in the group algebra Z[Y].

Denote by I1(q ) : Zcgl¥] — Z.g|Y] the natural projection sending Yy 0if fi ¢ Y and Yy = Yy if
fi € Y. Now, one expects (as in [34,75]) that i ([¥3]) € C[Y] can be expanded to an identity in Z 4[Y].

Mg ([¥y]) = X 0m [V, (8.18)
I

Specializing 7 — —1 in the identity above, which on the quantum group side means working with the
regular Grothendieck group instead of the enriched one, the corresponding specialized coefficients, denoted
v A+pY—p
ﬁ\/—ﬁ,‘i
This essentially follows by comparing the work of Frenkel-Hernandez [34] and McGerty [75] (especially
Proposition 4.4 and Theorem 5.5 in loc. cit.) to our setting. We pose the problem to study the coefficients

gmg, will be equal to (up to signs) the Littlewood—Richardson coefficients ¢ for the group (V}(Q,n).

9mg for generic 7 and give them a p-adic interpretation.
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