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ABSTRACT. In this paper, we prove the entirety of loop group Eisenstein se-
ries induced from cusp forms on the underlying finite dimensional group, by
demonstrating their absolute convergence on the full complex plane. This is
quite in contrast to the finite-dimensional setting, where such series only con-
verge absolutely in a right half plane (and have poles elsewhere coming from
L-functions in their constant terms). Our result is the Q-analog of a theorem
of A. Braverman and D. Kazhdan from the function field setting [4, Theorem
5.2], who previously showed the analogous Eisenstein series there are finite
sums.

1. INTRODUCTION

1.1. The theory of Eisenstein series on finite dimensional Lie groups has had pro-
found applications in number theory, geometry, and mathematical physics. Though
FEisenstein series are initially defined as absolutely convergent sums in a right half
plane or Weyl chamber, some of the most interesting applications occur at points of
meromorphic continuation outside the range of convergence. The broad spectrum
of their impact includes: the Langlands-Shahidi method of analytically continuing
L-functions that occur in their Fourier expansions; calculations of volumes of fun-
damental domains through residues; constructing interesting representations (e.g.,
unitary) of noncompact Lie groups; estimates for moments of L-functions through
multiple Dirichlet series; and applications to string theory.

Each of these areas has proposed applications from Eisenstein series on infinite-
dimensional Kac-Moody groups. The potential applications to L-functions are par-
ticularly striking, since the use of finite-dimensional groups has hit natural barriers
both in the Langlands-Shahidi and multiple Dirichlet series methods — barriers
which are tempting to circumvent through Kac-Moody groups. More detailed com-
ments about these programs, along with a discussion of how our results pertain to
them, are given in section 1.3 below.

This paper concerns the analytic continuation of cuspidal Eisenstein series on
loop groups, for which absolute convergence in a natural right half plane has been
established in papers of the first-named author. A fundamental obstacle in this
subject is that we do not yet know how to adapt the spectral theory methods that
obtain the crucial meromorphic continuation in the finite-dimensional case. Our
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main theorem below gives an entire continuation of these series to the full com-
plex plane by demonstrating their defining sums are in fact absolutely convergent
everywhere.

1.2. This paper builds on a series of papers [11-17] by the first-named author,
which studied minimal parabolic Eisenstein series on loop groups. These series were
shown to converge in a region analogous to the shifted Weyl chamber established
by Godement [19, §3] in the finite-dimensional setting. Moreover, by developing
an analog of the Maass-Selberg relations, they were subsequently meromorphically
continued to a larger region in [13-16]. In contrast to the finite dimensional case,
however, there is a natural boundary or “wall” of singularities at the boundary
of this region, and thus these minimal parabolic loop Eisenstein series cannot be
meromorphically continued any further.

On the other hand there are also cuspidal loop Fisenstein series, which are
induced from cusp forms on the Levi components of parabolic subgroups of loop
groups, e.g., maximal parabolics. Their convergence in the Godement-type region
was proved in [17] for maximal parabolics, and it was furthermore shown they can
be analytically continued up to the aforementioned “wall” using an analog of the
Maass-Selberg relations. Of note here is that these relations for maximal parabolics
consist of just a single term, and consequently cuspidal loop Eisenstein series for
maximal parabolic subgroups actually admit a holomorphic continuation up to the
wall [17].

In this paper we show that a much stronger result holds for cuspidal loop Eisen-
stein series induced from the maximal parabolic subgroup whose Levi component
comes from the underlying finite-dimensional root system. The following result
analytically continues these series beyond the “wall”:

Theorem. Let ¢ be a spherical cusp form for a Chevalley group G over Q. Then the
cuspidally-induced Eisenstein series Ey, (4.27) on the loop group of G converges
absolutely for any v € C to an entire function of v.

For example, this theorem applies to Eisenstein series on the loop group Fg induced
from spherical cusp forms ¢ on Eg. Following the work [17] (which was written in
the number field setting), a function-field analog of the above entirety result was
announced by A. Braverman and D. Kazhdan in [4, Theorem 5.2(3)]. As in many
problems in automorphic forms, the underlying analytic mechanism responsible for
the convergence differs greatly between the number field and function field setting,
and indeed their proof relies on a geometric interpretation of the Eisenstein series
unavailable over number fields. In fact, at each fixed element in the appropriate
symmetric space, their cuspidal Eisenstein series is a finite sum (independent of the
spectral parameter). This finiteness crucially uses the observation of G. Harder in
the function field setting that cusp forms vanish outside of a compact subset of the
fundamental domain.

However, this vanishing outside of a compact set is far from true in the number
field case, where cusp forms instead merely decay rapidly in the cusps — a crucial as-
pect of our proof. While rapid (e.g., polynomial) decay statements have well-known
applications in the classical theory of automorphic forms and analytic number the-
ory, such results turn out to be insufficient for our purposes (see Remark 4.6.1 as
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well as the end of this subsection for further details). Instead we require an expo-
nential decay result like Theorem A.1 (or its equivalent statement Theorem 4.6) to
obtain convergence in the number field setting.

Another key ingredient in our work is Theorem 3.3 and its Corollary 3.4, a
growth estimate on the diagonal Iwasawa components in the classical and central
directions as one varies over the loop analog of the discrete group. In the function
field setting, this estimate — coupled with Harder’s compact support theorem — is
enough to deduce the Braverman-Kazhdan result. In the number field setting, the
analysis is more involved and the entirety result we prove here is instead shown
by establishing a reduction to the half-plane convergence result [17] recalled in
Theorem 4.4.

The statement of Theorem 1.2 assumes that the cusp form ¢ is spherical, by
which we mean that it is K-fixed at all places of Q. This restriction is undoubt-
edly not essential to our proof, but is made because of an obstacle coming from
the local theory of loop groups: the usual definition of K-finite Eisenstein series
(e.g., [36, (6.3.1)]) relies on a matrix coeflicient construction whose generalization
to loop groups has not been developed. Thus the loop Eisenstein series induced
from K-finite cusp forms have not even been defined, and so it is premature to study
their convergence. The K-finite condition at nonarchimedean places amounts to a
congruence group condition, and hence a smaller group of summation in the Eisen-
stein series definition. In the finite-dimensional setting, the absolute convergence
of congruence group Eisenstein series is an immediate consequence of the absolute
convergence of full-level Eisenstein series (simply by dropping terms). Thus relax-
ing the K-fixed condition at nonarchimedean places may actually make absolute
convergence easier.

The K-fixed condition at the archimedean place also arises in a paper by Krotz
and Opdam [27] on Bernstein’s theorem that cusp forms decay exponentially. Though
their methods of holomorphic continuation of representations apply to arbitrary
archimedean K-finite cusp forms as well (e.g., in unpublished notes by those au-
thors), there is currently no proof in the literature. These decay results imply our
important ingredient Theorem 4.6. For completeness, and in order to allow our
convergence argument to apply to K-finite Eisenstein series once their definition
is eventually given, we have included an elementary proof of Theorem 4.6 for ar-
bitrary archimedean K-finite cusp forms in the Appendix, which interjects only a
small amount of hard analysis into the classical methods for proving rapid decay.
Together, this provides the full analytic machinery anticipated to be necessary to
handle the convergence of the presently-undefined K-finite Eisenstein series. The
appendix also discusses some related questions about decay estimates posed by
string theorists.

1.3. We conclude the introduction with some comments about possible extensions
of the Langlands-Shahidi method using Theorem 1.2, in particular updating the
status reports from [17] and [4]. Recall that in his monograph FEuler Products
[28], Langlands was led to introduce the notion of automorphic L-function in the
course of studying the constant terms of Eisenstein series. Namely, he found that
the constant terms can be expressed in terms of ratios of a special subfamily of
automorphic L-functions L(s, ¢, p): those for which ¢ is a cusp form on the Levi
component M of a maximal parabolic subgroup of G, and p is a representation
occurring in the decomposition of the adjoint action of the Langlands dual group
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LM on the (dual of) the unipotent radical of the parabolic. This generality is both
a strength and a weakness, because it inherently limits which L-functions can arise
(since all such p are easily classified). On the other hand, it is not difficult to show
that any finite dimensional representation of a Chevalley group arises in the adjoint
action of some “M in the Kac-Moody setting. Already for loop groups several
new and interesting p arise (such as the 248-dimensional adjoint representation of
LM = ES inside G = Eg)

Exploiting the fact that the Eisenstein series on G can be meromorphically con-
tinued using spectral techniques (which do not apply directly to L-functions them-
selves), Langlands deduced the meromorphy of the constant term and hence of its
constituent L-functions. This transference of meromorphy depends on the simple
fact that the constant terms are obtained by integration over a compact space. At
the outset we should state that the biggest analytic issue to applying Theorem 1.2
ala Langlands is the lack of a corresponding measure theory in the loop group
setting, due to noncompactness issues.

Affine Weyl groups are infinite and do not have longest elements. This is reflected
in the fact that loop groups have non-conjugate “upper” and “lower” triangular
parabolics. Thus each Levi subgroup M arises two very different ways: either as
the Levi of the “upper triangular” parabolic P of Taylor loops with positive powers,
or as the Levi of the opposite, “lower triangular” parabolic P~ of Taylor loops with
negative powers, where P and P~ are not conjugate. Thus there are potentially
two types of constant terms: one involving integration over the unipotent radical of
P, and one involving integration over the unipotent radical of P~. Both of these
unipotent radicals are infinite-dimensional, and neither is locally compact. How-
ever, whereas the unipotent radical of P can be equipped with a suitable projective
limit structure [11, §3] which makes its arithmetic quotient compact, the unipotent
radical for P~ is not known to have any such structure.

F. Shahidi [35] showed that a naive extension of the Langlands-Shahidi method
(involving the constant term for P) could not capture any nontrivial automorphic
L-functions. A. Braverman and D. Kazhdan proposed that the constant term for
P~ contains the anticipated L-functions L(s, ¢, p), where ¢ is a cusp form on M
and p occurs in the adjoint action of “M. The non-archimedean analogue of this
computation (i.e., Gindikin-Karpelevich formula) has now been achieved in [5, 6].
However, globally there is a problem defining the measure on the unipotent radical
of P~ because of complications at the archimedean primes.

Braverman and Kazhdan further proposed the following framework into which
our entirety result naturally fits. Corresponding to the two maximal parabolics
P and P~ one can consider two different Eisenstein series: the (positive) cuspidal
loop Eisenstein series Ey, (4.27) defined using P, and the negative cuspidal loop
Eisenstein series E, , defined! using P~. Theorem 1.2 shows that E, , is entire.

However, the series Ey, is predicted to have an analytic continuation only up to a
“wall” similar to the one discussed at the beginning of §1.2. Furthermore, there is

LAt present E;¢ is only defined in the function field case, and only for Re (v) large at that
(see [4] for the original geometric definition, or also [18] for a purely group-theoretical definition).
Note that naively switching P to P~ in (4.27) causes the series to diverge; E;¢ is defined as

a “regularization” of this divergent series. Alternatively, E

degree parameter r from (2.80) to be negative in the definition (4.27) of E, 4, a range in which
the sum in that definition diverges.

can be thought of as taking the
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an expected functional equation relating the positive and negative Eisenstein series
of the form

(1.1) By = BE(W9E,,,
where Z(v, ¢) can be written in terms of automorphic L-functions. The precise
form of E(v, ¢) is suggested by the Gindikin-Karpelevich integral from [5, 6].

One advantage of switching from E, 4 to £, is that the constant term expected
to give new L-functions switches from P~ to P. As mentioned above, the latter now
has sufficiently adequate measure theory to transfer holomorphy. Thus holomorphic
continuation of E, , would give new analytic continuations of L-functions in its
constant terms. Alternatively, if the functional equation (1.1) can be proven in some
domain, then the automorphic L-functions in Z(v, ¢) would be continuable to E, ¢’s
domain of holomorphy (because of the holomorphy of E,, , proved in Theorem 1.2).
In the function field setting, currently one can define E, , [4], take its constant
terms over P [5,6], and prove the functional equation (1.1). However, the analytic
continuation of EV_ 618 presently unknown, and none of these ingredients is known
in the number field setting.

In summary, there are two approaches to obtaining new meromorphic continu-
ations of L-functions using loop Eisenstein series: either developing an integration
theory over the unipotent radical of P~ to transfer the holomorphy of E, 4, or
instead defining and developing the analytic properties of £, ,. We note that the
(presently missing) integration theory could also yield meromorphic continuations
of non-constant Fourier-Whittaker coefficients. If applied to Eisenstein series on
covers of loop groups, this could potentially be a source of new meromorphic con-
tinuations of multiple Dirichlet series, such as ones used for studying moments of
Dirichlet L-functions (see [7], which has a detailed discussion of the fourth moment
problem for quadratic characters.).

Acknowledgements: We would like to thank Alexander Braverman for informing
us of his results with David Kazhdan and of Bernstein’s exponential decay estimates.
We would also like to thank William Casselman, Solomon Friedburg, Michael
B. Green, Jeffrey Hoffstein, Bernhard Krotz, Peter Sarnak, Wilfried Schmid, and
Freydoon Shahidi for their helpful comments.

2. NOTATION

In this section we shall recall some background material which is used later in the
paper. Part 2A concerns the finite-dimensional situation, part 2B discusses affine
loop groups, part 2C focuses on the affine Weyl group, and part 2D summarizes
some useful decompositions. Finally, part 2E redescribes some of this material
from the adelic point of view. A general reference for most of this material is Kac’s
book [26].

A. Finite Dimensional Lie Algebras and Groups

2.1. Let C be an irreducible ¢ x ¢ classical Cartan matrix. Let g be the cor-
responding real, split, simple, finite-dimensional Lie algebra of rank ¢. Choose a
Cartan subalgebra h C g and denote the set of roots with respect to h by A.
Let IT = {a1,...,a¢} C bh* denote a fixed choice of positive simple roots, and
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IV = {hy,...,he} C b the corresponding set of simple coroots. We let A, and A_
be the sets of positive and negative roots, respectively. For a root @ € A we denote
by h, the corresponding coroot. Let (-, -) denote the Killing form on § normalized
so that (g, ag) = 2, where ay is the highest root of g, and write (-, -) for the natural
pairing between h* and bh.

Let W be the corresponding Weyl group of the root system defined above and
Q and QY the root and coroot lattices, which are spanned over Z by II and IIV,
respectively. We define A D Q and AV D Q" to be the weight and coweight lattices,

respectively. The fundamental weights will be denoted by w; for i = 1,...,¢; recall
that these are defined by the conditions that
1, i=3j .
N N R < <
(2.1) (wi, hj) { 0., it for1 <id,5 < 4.

We also define the fundamental coweights wjv € hfor j =1,...,¢ by the conditions
that

\4 13 1= ] ..

. i ; = . R < < /.
(2.2) (i, wy) {0’ i for1 <i4,5 <¢
Note that we have

#7 1= J .o

As usual we set
¢
(2.4) p = 3 Za = ij,
acAy i=1
which satisfies the condition
(2.5) (pyhi) = 1 forl <qi < /.

We record here the following elementary statement which will be useful later. It is
equivalent to the positivity of the inverse of the Cartan matrix.

Lemma ([34, p.111, Lemma 6]). Each fundamental weight w € {w1,...,we} can be
written as a strictly positive linear combination of positive simple roots aq, ..., qy.

2.2. Let G be a finite dimensional, simple, real Chevalley group with Lie algebra
g constructed as in [37]. Let B C G be a Borel subgroup with unipotent radical
U and split torus 7. Let A C T be the connected component of the identity of T,
and assume (as we may) that B is arranged so that Lie(A) = b and that Lie(U) is
spanned by the root vectors for A;. Then G has a maximal compact subgroup K
with Lie algebra orthogonal to h such that the Iwasawa decomposition

(2.6) G = UAK
holds with uniqueness of expression. We denote the natural projection onto the

A-factor by the map g — Iw(g). Any linear functional A : h — C gives rise to a
quasi-character a — a* of A via

(2.7) a® = exp((\Ina)).

2.3. By construction, G C Aut(V) for some highest weight module V. Moreover, for
the Chevalley lattice Vz C V constructed as in [37], let I' C G denote the stabilizer
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of V. We then use the following notion of Siegel set as defined in [2]. Let Up C U
denote a fundamental domain for the action of ' N U on U. For any ¢ > 0 we set

(2.8) A = {a€Ala® >t foreach 1 < i < (}.

By definition, a Siegel set has the form &; = UpA;K. The following is shown in
[2].

Proposition. Suppose that t < \/3/2. Then for every g € G there exists v € T
such that vg € Gy, i.e., the I'-translates of &4 cover G.

2.3.1. Remark One of the key points in the proof of this proposition is the
following minimum principle (which will be important for us later). Let V* be the
highest weight representation of G corresponding to the dominant integral weight
p:bh — C from (2.4). This representation comes equipped with a K-invariant norm
|-]]. Let v, € V? denote a highest weight vector. Then for any g € G, it is not hard
to see that the function W, : v — [|g~!yv,|| achieves a minimum value on I' (see
[2]). Furthermore, this minimum is achieved by some 7 € I" such that v~ !g € &;.

B. Affine Lie Algebras

2.4. Let C denote the (¢ + 1) x (£ + 1) affine Cartan matrix corresponding to C,
and g the one-dimensional central extension of the loop algebra corresponding to
the finite dimensional Lie algebra g associated to C. The extension

(2.9) 3¢ = g@®RD
of g by the degree derivation D is the (untwisted) affine Kac-Moody algebra asso-

ciated to C (see [Kac, Chapters 6 and 7]).
Let h C g be a Cartan subalgebra and define the extended Cartan subalgebra

(2.10) b° := b e RD.

Let (Ee)* denote the (real) algebraic dual of e and continue to denote the natural
pairing as

(2.11) () (5°)" x b — R.

The set of simple affine roots will be denoted by

(2.12) 0 = {a,...,ae41} < (H°)".
Similarly, we write

(2.13) IV = {h1,....,he;1} C § C §°

for the set of simple affine coroots. Note that the simple roots a; : f)\e — R satisfy
the relations
(a;, D) = 0 for i =1,...,¢

2.14
(2.14) and (agr1, D) = 1.

A more explicit description of the a; will be given in section 2.5.
We define the affine root lattice as Q = Zay + - - - + Zayg+1 and the affine coroot
lattice as Q¥ = Zhy + -+ + Zhyy1. We shall denote the subset of non-negative
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integral linear combinations of the a; (respectively, h;) as @+ (respectively, @i)
The integral weight lattice is defined as

(2.15) A = {Aeb* | (\h) €Z fori=1,... 041},
We regard A as a subset of (66)* by declaring that
(2.16) (A\D) = 0 for A €A.

The lattice A is spanned by the fundamental affine weights A1, ..., Ag4+1, which are
defined by the conditions that

1, i=j o
. iy M = . . < < .
(2.17) (As, hy) {0’ P forl <i4,j <(+1
Note that the dual space (Ee)* is spanned by a1, as, -, apy1, Apr-
For any a € @) define
(2.18) @ = {z€g|[ha] = (ah)x, foral heph}.

The set of nonzero a € Q such that dlmg >0 will be called the roots of g and
denoted by A. The sets A+ = AN Q+ and A_ == AN (— Q+) will be called the
sets of positive and negatlve affine roots, respectively. We have that A= A+ L A,
i.e., every element in A can be written as a linear combination of elements from 11
with all positive integral or all negative integral coeflicients.

For cach i € {1,2,...,¢+ 1} we define the reflection w; : (h?)* — (§¢)* by the
formula

(2.19) wit A = A — (\Mhida;  for A e (h9)F.

The Weyl group Wc Aut((i)\e)*) is the group generated by the elements wy, ..., wey1.
The dual action of W on h° is defined by the formula

(2.20) Aw-h) = (w'Ah)  forall A€ (59", h € b°, andw € W.
The roots decompose as
(2.21) A = Ay U Ag,

where Ay (known as the “real roots” or “Weyl roots”) are the W-translates of ﬁ,
and A ; (known as the “imaginary roots”) is its complement in A. These sets will
be described explicitly in (2.28)-(2. 29) below. Each imaginary root is fixed by W.
The space g° is 1-dimensional for a € AW and is (-dimensional for a € A 1. Coroots
of elements a € Ay can be defined by the formula

(2.22) he == w'h; €8,

where w is an element of W such that wa = a; (this is shown to be well-defined in
[26, §5.1]).

2.5. We shall now give a more concrete description of the affine roots and coroots
in terms of the underlying finite dimensional Lie algebra g. It is known that g is a
one-dimensional central extension of the loop algebra of the finite dimensional Lie
algebra g. We denote this one-dimensional center by Rc, where ¢ € 6 The Cartan
subalgebra in the extended affine algebra g¢ can then be written as

(2.23) b = Rc@®bh @ RD,
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in which we have assumed (as we may) that b coincides with the fixed Cartan
subalgebra of g chosen in section 2.1. The finite dimensional roots a € A can then

o~

be extended to elements of (h)* by stipulating that
(2.24) (ayc) = (a,D) = 0 foreach a € A.

In particular the element p defined in (2.4), which for us always represents an object
from the classical group, extends to an element of (Ee)* that is trivial on ¢ and D.
We may then identify the first £ simple roots of the affine Lie algebra with those of
its classical counterpart:

(2.25) a; a; for i=1,2,...,0.

We likewise extend the fundamental weights w; for j = 1,...,¢ to elements of (i)\e)*
by setting

(2.26) (wj,e¢) = (w;,D) = 0.

Also, we can identity the affine coroots hy, ho, ..., hy with the corresponding classi-

cal coroots defined in §2.1 under the same name. It remains to describe both asy;
and hgy1 in terms of the underlying finite-dimensional root data.
Let ¢« € A be the minimal positive imaginary root. It is characterized as the

~

unique linear map ¢ € (h¢)* satisfying the condition that

(t,,X) = 0 for X € Redh

(227) and  (,,D) =

We then have the following explicit description of the real and imaginary roots of

o
(2.28) Ay = H{a+ni|aecA, neZ}
(2.29) Ay = {nt|ln #0,ne Z}.

The classical roots A can be regarded as the subset of AW with n = 0 in this
parametrization. One then has

(2.30) aey1r = —oo + L,

where we recall that ay denotes the highest root of the underlying finite-dimensional
root system.

We shall now give a similar description of hsy1. To do so, we recall from [26,
(6.2.1)] that one can define a symmetric, non-degenerate, invariant bilinear form

(-]-) on he. The form is first defined on b in terms of certain labels of the affine
Dynkin diagram (coming from the coefficients of ag when expanded as a sum of
the finite simple roots), and then is extended to all of h¢ by setting

(h; | D) = 0, fori=1,...,¢,
(2.31) (he41 | D) = 1,
and (D|D) = 0.



10 HOWARD GARLAND, STEPHEN D. MILLER, AND MANISH M. PATNAIK

~

The form (- | -) also induces a symmetric bilinear form on (§¢)*, which we continue
to denote by (- | -), and which has the following characterization:

(ai|aj) = (aivaj)a for i,j € {17"'76}3
(2.32) (a; | agr1) = (oy,—ap), for i € {1,...,¢},
and (a1 | aer1) = (ag,0) = 2.

It is easy to see that the above equations imply that
(2.33) (¢]e) =0 and (¢|a;)) = Ofori=1,... ¢
Note that together with the relations
(Aep1 | Aepr) = 0,
(2.34) (a; | Apr1) = 0, fori=1,...,¢,
and (g1 | Aepr) = 1,

(2.32) and (2.33) completely specify the form (-|-) on (h¢)* (and hence h°). We
define normalized coroots by the formula

(2.35) , = lwledp e {1,041},

More generally for

14+1
(236) b = Z/ﬂ a;
i=1
we set
441
(2.37) hy = Y Kihl,.
i=1

Using (2.25) and (2.30) these conventions give a definition for h/.
For any real root b we have defined the corresponding coroot hy in (2.22) in
terms of the Weyl group action. One then has that

(2.38) n, = g,
(see for example [26, (5.1.1)]). We now set

o 2 r_ 1
(239) hL = m hL = hL 5

using (o, ap) = 2. Suppose a = a+ne € Aw with o € A and n € Z as in (2.28).
Then in fact

— (oo 2 — 2
(2.40) he, = (ala) ha + (ala)nhL = hy + (ala)nh“
where in the second equality we have used the fact that (a | a) = (o | «), a
consequence of (2.33). In particular we also have the formula
(2.41) hexi = hooy + he,

in analogy to (2.30). One may check that h, is also a generator for the one-
dimensional center Rc of g¢ and that we have the direct sum decompositions

(2.42) h° = Rh, ®h®RD and § = Rh, @b

similar to (2.23). This decomposition of Ee will be frequently used later in this
paper.
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C. Lemmas on the Affine Weyl Group

2.6. The affine Weyl group W was defined above as the group generated by the
reflections wy, ..., weyq from (2.19). It also has a more classical description as the
semidirect product

(2.43) W = WxQV.

More concretely, the elements b of the coroot lattice QV correspond to translations
T} in the Weyl group W. Recall that T, fixes ¢, as do all elements in W. The action
of T, on A\ € Span(ay, . ..,ar) is given by the formula
(2.44)

T A = X+ (b ([11, (4.2)]).

It is also possible to obtain a general formula for the action of T; on an element in
(66)*, though we will not need it here.

We shall now state a formula for the action of W on Ee, which we shall make
frequent use of later. The general element of Ee can be written in terms of the
decomposition (2.42) as mh, + h + rD. If we use (2.43) to factor w € W as

w = w1} for some w € W and b € QV, then we have
(2.45)
r (b,b)

w-(mh, + h + rD) = —T—i—(h,b)—l—m h, — rw(b)4+w(h) + rD

(see [11, p. 309]). Note that in particular W fixes h,, ¢, and c. Combined with the
fact that (2.22) is well-defined, this shows that the coroots satisfy

(246) whe = hua
foranwaWandaeﬁ.

2.7. For each w € W we denote by ¢(w) the length of w, i.e., the minimal length of

a word in wy,...,wpy; which represents w. We then have the following estimate:
Lemma. Let ||-|| be an arbitrary norm on Y. Then there exist constants E, E' > 0
depending only on the (finite-dimensional) root system A and the choice of norm
I -1l such that

(2.47) E'bl] = #(A4) < lw) = Lwh) < Bl + #(A4),

for any element w € W of the form w = Tyw or w = Wy, where b € QV and
weWw.

Proof. Assume that w has the form T,w (the statement for w = @7} is equivalent).
From [25, Proposition 1.23] one has

(2.49) fw) = 3 lab)—xa (@ la)l,
a€AL
where xa_ is the characteristic function of A_. By the triangle inequality

(249) Lw) < D (Hab)+1) = D [ad)| + #(A4).

a€eAL a€ AL
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Similarly, we deduce from (2.48) that
(250)  Lw) > > (b =1) = D Uab)| — #(Ay).

a€AL a€ AL
Writing b = Zle d;w; in terms of the fundamental coweights w, and letting
2.51 M = v
(2.51) ax (o, wi')

1<i<t

we have |(a,b)| < M Zle |d;| for any « € Ay. On the other hand,

1

4
(252) > Kab)l = D Hab) = Y [awd)| = Y ldil.

aeA; aell i=1 i=1

As all norms on a finite dimensional vector space are equivalent, the assertions of
the lemma follow. O

2.8. For any element w € W we set

(2.53) Ay = {ac€A, | wla<0}.
It is a standard result that

(2.54) #(B,) = () = fw).

Moreover, given a reduced decomposition w = w;, ... w;,, r = £(w), the set A, can
be described as

(255) 3u) = {ﬂlv"‘aﬁT}v

where 3; = w;, ---wy, , (a;;) for j =1,...,7. We also set

(2.56) E,,w = {aeA_|wa>0} = wlA,.

Similarly to (2.55) it equals

(257) Af,w = {’yla"w’yr}a

where v; = w8 = wy, - wi, (a;;) = —wiy - wi,_ (ag;) for j=1,...,7.

2.9. Considering the classical Weyl group W as the subgroup of 1% generated by

wi, ..., we, let WP denote the Kostant coset representatives for the quotient W\W
(2.58) Wl = {weW|w'lae>0 for i=1,...0}.

For any i = 1,...,¢ and w € W let us write

(2.59) wla; = oy + mi(w e, where 0; € A and k;(w') € Zso,

which is possible since the Weyl translates of the a; lie in Ay (see (2.28)).
Lemma. For anyw € W? andi=1,...,¢, we have that

(2.60) ri(w™) < lw) + 1 = Lw ) +1.



ENTIRETY OF CUSPIDAL EISENSTEIN SERIES ON LOOP GROUPS 13

Proof. Suppose first that o; in (2.59) is positive. Then

(2.61) w(—a;+n) = —o; + (n—ri(w )

since W preserves the imaginary root ¢. The root —a; + ne is positive if n > 0,
while w ™t (—a; +nt) is negative if n — k;(w=!) < 0. Hence A,, from (2.53) includes
the roots

(2.62) —a; by —a; 2, ., —ag R (wT e

From this and (2.54) we conclude that x;(w™!) < f(w™!) = £(w). A similar analysis
for the case of o; < 0 shows A,, contains the string

(2.63) —iF by, —ap 4 (Ri(wTh) = 1),
and so x;(w™t) < L(w™t) + 1. O

D. Loop Groups and Some Decompositions

2.10. We next introduce some notation related to loop groups following [9], which
we briefly review here. Let gz C g and g5 C g° be Chevalley Z-forms of the Lie
algebras defined above. Given a dominant integral weight A € 6* extended to (Ee)*
as in (2.15-2.16), let V* be the corresponding irreducible highest-weight represen-
tation of g¢. Also, let V) C V* denote a Chevalley Z-form for this representation,
chosen compatibly with the Chevalley forms gz and g5 and with suitable divided
powers as in [8].

For any commutative ring R with unit, let g, g%, and Vé\ be the objects obtained
by tensoring the respective objects gz, g5, and Vi\ over Z with R. For any field
k, we let @2 C Aut(V}}) be the group defined in [9, (7.21)] which generalizes the
classical Chevalley-Steinberg construction of [37] to the loop setting. When no
subscript is present, we shall implicitly assume that £ = R, so that for example G
is taken to mean C:’ﬁ, ete.

For a € Ay and u € k we define x,(u) as in [9, (7.14)], which parameterizes the
one-parameter root group corresponding to a. Using X, (u) we may then define the
elements

(2.64) wa(s) = Xal(s)X—a(=5"") Xa(s)
and
(2.65) ha(s) = wa(s)wa(1)71

for s € k*. We shall use the abbreviation h;(s) = hq,(s) for i = 1,...,£+ 1. We
shall fix A throughout and shorten our notation to G := Gg and make a similar

convention for ék.
In case k = R, we let {-,-} denote the real, positive-definite inner product on Vi
described in [9, §16] and the references therein. We then define subgroups

T = {’Y€G|7VZ/\:VZ)\}
{ke @k} ={&n} for &me R}

Fix a coherently ordered basis B of VZ’\ in the sense of [9, p. 60], and let I;T, ﬁ,
and B respectively denote the subgroups of G consisting of diagonal, unipotent

(2.66)

~

and K
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upper triangular, and upper triangular matrices with respect to B. The subgroup
U contains the one-parameter subgroups x,(u) for each a € A;. The subgroup H
normalizes U and

(2.67) B = HxU

is their semi-direct product. There exists a surjective map from (R*)“*! onto H
given by

(2.68) (31, ey Sg.H) — hl(sl) s he+1(85+1) .

We use this parametrization to define the map h — h% on H for any simple root
a;, via the formula h;(s)® = s'%+"5). The products on the righthand side of (2.68)

with each s; > 0 form a subgroup A = Rf{)l of H , so that Ais isomorphic to H by
the logarithm map

(269) In : hl(Sl) ce he+1(5@+1) — 111(51) hl + e 4+ 1H(Sg+1) hg+1 .
Both H and A have Lie algebra f)\, and in fact

-~

(2.70) H = Ax (HNnK)

holds as a direct product decomposition. Using (2.69) the notation (2.7) extends
to give a character a +— a* of A for any A € (h¢)*. For any linear combination
(2.71) X = ca + -+ + cop1a041, ¢ €4,

we define the map

(2.72) hx(s) = hi(s) -+ hyy1(s)%r  for s € R*.

Using the relation ¢ = ag + ag41 from (2.30), this then allows us to define h,(s) for
s € R*.
Define

Heen = {h(s)|s € R*}

¢
and ﬁcl = {th(&) | $1,...,8¢ € R*},
i=1

and then set /Alcen =AnN }AIC@" and A\cl = AN ﬁcl. We then have a direct product
decomposition

(2.74) A = Ay x Ay

(2.73)

Indeed, it suffices to show that ﬁcl N ﬁcen = {1}. As any element z € ﬁcl N ﬁcm
can be written as

(2.75) z = h(s) = h, with s € Rsg and h € Ay.

Recall from above that the group G is defined with respect to a dominant integral
weight A. Because of [9, Proposition 20.2], there exists a positive integer m together
with a homomorphism (X, mAg 1) : G» < G™Ae+1 According to [9, p. 107] this
map identifies the elements h;(s) in the two groups, for any 1 < i < ¢+ 1. From
(2.17) and (2.41) we see that the fundamental weight Agyq satisfies (Agpq,h,) =1
and (Ag41,h;) =0fori=1,...,¢ In the group @mA“l, which acts on the highest
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weight representation VA¢+1 with highest weight vector Umhgyrs 95 Lemma 11.2]
shows

Apiah _
(276) hL(S)vae+1 = sm( e L>’UmAg+1 = vamA“_l-

However, using (2.75) the same lemma shows h,(8)vma,,, = hma, . = Vma,,
because h € A.. Thus s™ = 1 from which we can conclude that s = 1 itself.

2.11. For any field k, we define H k to be the subgroup of Gk consisting « of diagonal
matrices with respect to the coherent basis B. Similarly we set Bk and Uk to be the
groups of upper triangular and unipotent upper triangular matrices with respect to
B, respectively. Asin (2.67), ﬁk is the semi-direct product of H r and ﬁk. Moreover,
elements of H, can be written in terms of the map (2.68) (recall that the elements
ha(s) from (2.65) are defined for s € k*).

The group Gy, is equipped with a Tits system (see [9, §13- 14]) which ic identifies
the affine Weyl group W from section 2.6 as the quotient Ny /H;C = W where
Ny is the group generated by the wg,(s) from (2.64) with 1 < ¢ < ¢+ 1 and
s € k*. Thus each w € W has a representative in N, which we continue to denote
by w. Moreover, if w is written as a word in the generators ws,...,wpy; from
(2.19), a representative can be chosen to be the corresponding word in the elements
Wa, (1),...,wq,,, (1) from (2.64). We shall tacitly identify each w € W with this
particular representative. In the special case k = R these representatives lie in K.
With these conventions, there exists a Bruhat decomposition

(2.77) Gy = U Brw By,
weﬁ/\

where in fact each double coset Bkak is 1ndependent of the chosen representatlve
w. Because of (2.67) and the fact that W normalizes Hy, every element g € Gy
can be written as

(2.78) g = wizwuy, where ui, us € ﬁk, w € ﬁ/\, and z € Hy.

If Kk =R, the elements w € W and » € H are uniquely determined by g, though wu;
and uy € U are not in general.

2.12. Next, we recall from [9, §16] that there exist Iwasawa decompositions

(2.79) G = UAK = KAU
with respect to the subgroups U 21\ and K defined in section 2. 10, with uniqueness
of decomposition in either particular fixed order. Given an element g € G we
denote by Iw 3(g) € A its projection onto the A factor in the first of the above
decompositions. Note that Iw 3 : G — A is left U-invariant and right K-invariant
by construction.

For r € R, write s = e” and define the exponentiated degree operator on Vi by
the formula

(2.80) n(s) = exp(rD).
The element 7(s) acts on the one-parameter subgroups Xo-n.(-) by

(2.81) n(s)Xa—&-nL(u)n(s)il = Xa+n(s"u).
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It furthermore acts as a diagonal operator with respect to the coherently ordered
basis B, and consequently it normalizes U and commutes with A. It then follows
that

(2.82) n(s)G = {n(s)glg € Gy = Un(s)AK.

We then extend the function Iw 7 above to a function Iw, 7 : n(s)G — n(s)A by
defining

~

(2.83) Iw, gam(s)g) = nls) Iwz(g) € nls)A.

This extension is obviously right I?-invariant, and is also left U-invariant because
n(s) normalizes U. It furthermore satisfies

(2.84) Iw, o4 (n(s)aruas k) = Iw, o4 (n(s)ar)az = n(s)ajas

foranyueﬁ,al,ageg,andkef(./\ R R
We extend the logarithm map In : A = h defined in (2.69) to n(s)A by the rule

(2.85) In(n(s)a) = rD + In(a) for a € A

(cf. (2.80)). For the duration of the paper we make the important restriction to
consider only the case that r > 0.2

E. Adelic Loop Groups

2.13. In this section, we review some aspects of adelic loop groups and their
decompositions; further details can be found in [11,14]. Let V denote the set of
finite places of QQ, each of which can be identified with a prime number p and the
p-adic norm | - |,. For each p € V the field Q, is the corresponding completion of
Q and has ring of integers Z,. We write V¢ = V U {oco} for the set of all places
of Q, where the place co corresponds to the archimedean valuation | - | , i.e., the
usual absolute value on Q,, = R. The adeles are defined as the ring A = H;eve Qp,
where the prime indicates the restricted direct product of the factors with respect
to the Z,. Likewise, the finite adeles Af are the restricted direct product of all Q,,
p € V, with respect to the Z,. For each a = (a,) € A the adelic valuation is defined
as |ala == [[,epe laplp. We also write I = A* for the group of ideles and Iy =INAy
for the group of finite ideles.

In section 2.10 we introduced the exponentiated group @k for any field k, in
particular k = Q, for any p € V¢. For shorthand denote @p = @@p, so that @Oo

is just the real group G. For each p eV, we set
(2.86) K, = {9€Gy | gV3, = V3, }.

By convention, we also set Ko to be the group K introduced in (2.66). The adelic
loop group is then defined as

(2.87) G = ][ G»,

peE Ve

2Note that the convention in [9] is to also consider r > 0, although n(s) from (2.80) is in-
stead parameterized there as n(s) = exp(—rD). This is because here we work with the Iwasawa
decomposition (2.79) having K on the right, whereas in op. cit K is on the left.
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where the product is restricted with respect to the family of subgroups {Hp}pev.
We also define

(2.88) Ky = [[ K5 < Ga.
peye

Analogously, the groups G A, and K A, are defined by replacing V¢ with V in (2.87)
and (2.88), respectlvely

We set H = H@ C G to be the group defined at the beginning of §2.11,
where we remarked that it is generated by the elements hl( ), ha(s),..., hey1(s)
for s € Qy; thus for example, H = H. Define HA = Hpeve H , where the product
is restricted with respect to the family of subgroups {Hp N p}pev- Analogously to
(2.68), every element h € H, has an expression

41
(2.89) h = H hi(si), where each s; € I.
i=1
For such an expression, we define its norm to be the element of A given by the
product
{+1
(2.90) Bl = T hillsila),
i=1

which can be shown to be unlquely determmed by h € HA independently of its
factorization (2.89). We set Uy = Hpeve U@p7 where the product is restricted with
respect to the family {U@p ﬂKp}pey. We shall also write HA = HA . HA, which itself
is the restricted direct product of all H@p . Hp with respect to their intersections
with K.

2.14. We next state the adelic analogues of the Iwasawa decompositions (2.79)
and (2.82). First, for each p € V there is the p-adic Iwasawa decomposition
@@p = H@p H@p IA(QW which is not a direct product decomposition because HQP ﬂH@p
is nontrivial. Together with the p = oo decomposition (2.79), these local decompo-
sitions give the adelic Iwasawa decomposition

(2.91) Gy, = UyHyKy.

Although the adelic Iwasawa factorization

(2.92) g = ughgky, uy € Us,hy € Hu, ky € Ky,

is not in general unique, the element |h4| defined using (2.90) is uniquely determined
by g. We shall write the projection onto this element as the map

Iwvh : Gy — 421\,
(2.93) Va o e

onto the Iwasawa A-factor of G. Note that |hg| is an element of the real group G,
we do not adelize A.

Recall that we have defined 7(s) in (2.80) in the context of real groups, where
it has a nontrivial action on G = an by conjugation. After extending this action
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trivially to each é@p, p € V, there is then a twisted Iwasawa decomposition

(2.94) n(s)Gy = Uan(s)Hy Ky .
Moreover, if we write 7(s)g € n(s)Ga with respect to the above decomposition as
(2.95) n(s)g = wugn(s)hgkgy, Ug € ﬁA, hg € ﬁA, kg € IA(A,

then the element |hy| from (2.90) is again uniquely determined. We then have the
projection
A _ A 1
(2.96) Iwn(s)g :n(s)Ga — n(s)A,
g = 1(s) |hgl,

generalizing (2.83).

2.15. In §2.10 the group CA;'@ was defined over the field £ = Q. It has embeddings
Gg — Gq, for each p € V¢, and hence a diagonal embedding

(2.97) i Gy = ][ Go,-

peEVe
Note that the righthand side is the direct product, not the restricted direct prod-
uct: this is because i(Gg) is actually not contained in Gy (see [11, §2])3. Define
(2.98) o = i"Gy) c Gg

as the subgroup of é@ which does embed into éA. We shall generally follow the
common convention of identifying I'g with its diagonally embedded image i(T'g).

3. IWASAWA INEQUALITIES

3.1. In (2.53) we associated to each w € W the finite set of roots
(3.1) Ap-1 = {acAla>0, wa<0}.

Recall that the Weyl group fixes all imaginary roots, so ﬁw_l - ﬁw. For each
root a € AW let U, denote the corresponding root group consisting of the elements
{xa(8)|s € R}, and fix any simple order (i.e., a partial order in which every two
elements are comparable) order on A. Let U_ be the subgroup of G which acts by
unipotent lower triangular matrices on the coherent basis B from section 2.10. We
then have the subgroups

(3.2) U, = H U, = Unw'U_w c U
u‘e&w_l
and
(33) U_w = wU,w ! = I v, = 0-nwiw?' c U,
’YGK 1

—w—

where the product is taken with respect to the fixed order on A and one has
uniqueness of expression (cf. [10, Lemma 6.4 and Corollary 6.5]).

3n contrast to the finite-dimensional situation, an element of @Q can involve different prime
denominators in each of infinitely many root spaces.
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Similarly, each U, has a rational subgroup U, o = {xa(s)|s € Q}. Rational
subgroups Uy,9 C Uy, and U_ .9 C U_ ,, are defined as products of U, g and U, g
over the roots a and ~ appearing in (3.2) and (3.3), respectively. Because x4(s) is
also defined for s € Q,, we likewise have subgroups U, q,, Uw,q,, and U_ 4 g, , and
their adelic variants U,, 4 and U_ ,, o defined as restricted direct products.

3.2. Recall the notation for the Iwasawa decomposition and its adelic variant
introduced in (2.83), (2.93), and (2.96). For elements z, y in any group we shall use
the shorthand notation z¥ := yxy~

Lemma. i) Let yg € F@, regarded as diagonally embedded in Gy as in 82.15, and
let g € G. Use (2.78) to write yg = U1 Zwus with uy, us € U@, w e W and z € HQ
Regard the element von(s)g € n(s )GA and define the element IWU(S)A('an( s)g) €

n(s)A as in (2.96). Then

(3.4) It 2 (ron()g) = Tw, oz (n(s)g)" - I )

for some element u,, € Uy, 4 (depending on vyg and n(s)g).

i) IfyeT CG,
(3.5) IWn(s)g(vn(S) 9) = IW,,(s)g (U(S)g)w : IW%(““%u)
for some element u,, € Uy, 4 (again depending on vy and n(s)g).

Proof. First we note that since z € }AI@ we have that Iwé(z) = 1. Using the left

ﬁ,&x—invariance7 the commutativity of A with 7(s), and the right K a-invariance of

st(s) 1+ We compute
i ox(en(s)g) = Iw)x(uzwuzins)g)
(3.6) = Iwy 1(zwuan(s)g)
= IWIS(S)E (wugu'n(s)h'),
where
(3.7)
n(s)g = u'n(s)WE , with o € U, b = Iwz(9) € A, and ¥ € K,

is the (real, and hence also adelic) Iwasawa decomposition of 7(s)g. Let u = ugu’ €
U,. Again using these properties plus (2.84) we then have

(3.8)
ki (en(s)g) = Tk wun(s) i)
Iwﬁ(s) 2w W o™ w - @) H) - ()W)
= s ( B - wu)

)h
= (n(s)h)" Ww(wu),
where v’ = (n(s)h')"tu(n(s)h') lies in Uy because n(s) and h' € A both normalize

Us. Furthermore, u” can be factored as «”’ = u/"u,,, where wu"w=' € U, and

Uy € Uy a. Thus wu” = (wu'"w™)wu,, and formula (3.4) now follows from once

more applying the left U a-invariance of Iw‘j(s) 4 - This proves part i).
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To prove part ii), let yg € f@ be the diagonal embedding of ~ into Ga. Since
n(s)g € @, the archimedean component of Yon(s)g is yn(s)g. At the same time, its
nonarchimedean components are 7,. These lie in IA(p since they preserve the lattice
VZ); (as a consequence of the defining fact that v € G preserves V). Hence the

projection of ygn(s)g onto @Af lies in I?Af, and by definition (2.93) the left hand
sides of (3.4) and (3.5) agree. O

In particular part ii) of the lemma asserts that for v € f,

(3.9) In (Iwn(s)g (fyn(s)g)> = In(n(s)”) + In(Iw3(9)") + In (Iwﬁ(wuw ))

for some element u,, € Uy, a, where the logarithm map In was defined in (2.69) and
(2.85).

3.3. We next establish some estimates on the individual terms in (3.9) for later use
in section 4. For any parameter ¢t > 0 let

(3.10) A, = {h€g|h‘“>tforeachi:l,...,£+1},

and let UD be a fundamental domain for the action of T' N U acting on U by left
translation. Siegel sets for n(s)G were defined in [9] as sets of the form

(3.11) S = Upn(s)AK,

for some choices of ¢ > 0 and fj’p. R
According to (2.41) and (2.42), any element X € h can be decomposed as

(312) X = Xg + <Ag+1,X>hL, with X, € b and <Ag+1,X> eR,

~

where we recall that Ayt : h — R from (2.17) is the (£+1)-st fundamental weight (it
is trivial on all classical coroots). Note that because h, and ¢ are nonzero multiples
of each other, properties (2.24) and (2.26) assert that all classical roots a € A,
fundamental weights ws,...,ws, and p from (2.4) extend trivially to Rh, @ RD.
Also, the classical coroots may be identified with elements of He using the remarks
after (2.26). The classical component X.; can be expanded as a linear combination

¢
(3.13) Xa = Y (wj, X)hy
j=1
of the coroot basis {hq, ..., he} of b using (2.26). Because of property (2.5) we have
that
‘
(314) <p7X> = <ancl> = Z <wj7X>'
j=1
With the above notation, we can now state the following result, which is one of the
main technical tools in this paper.

Theorem. Fiz an element n(s)g of a Siegel set &, C n(s)@ as in (3.11). Recall
from (2.80) that n(s) = exp(rD) for s = e”, r € Rsg. Then there exist positive
constants E = E(s,t,A), C1 = C1(s,t,A), Ca(s,t,A) depending only on s, t,
and the underlying classical root system A, and another positive constant Cs =
Cs(g, s,t,A) depending only on g, s, t, and A with the following properties: for
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any element w € W9 as in (2.58) and u,, € U, a, the vectors Hy, Ha, and Hj 66
defined by

2;15:): ln(Iw%(wuw)), Hy = In(n(s)") —rD, and Hs := In(Iwz(9)")
satisfy the inequalities
(3.16) (wj, H1) > 0 and (w;,Hs) > 0 for j=1,...,¢,
(3.17) {wj, Hs)] < FE for 5 =1,...,¢,
and
(Aeyr, Hy) = = C1 (Uw) +1) (p, Hy),

(3.18) (Apy1,Ha) > —Co ({(w) +1) (p, Ha),

and (Agy1, Hs) > —C5 (L(w)+1).

Remark: In fact, one can choose C7; = 1 in the simply-laced case (as the proof
below will show). The dependence of C5 on g is relatively mild, and only enters
through (Agy1,In(Iw z(g))) in (3.49). In particular it is locally uniform in the central
component of g.

3.4. The proof of the above inequalities will occupy the rest of this section. We
shall first draw a corollary which will useful in the sequel. Recall from (2.74) that
the group A has a direct product decomposition

(3.19) A = Apn x Ay,

where /Tcen is the connected component of the one-dimensional central torus of G
and A\Cl is the connected component of the split torus from the finite dimensional
group G underlying G. As before we identify R with Xcen via the map s — h,(s).
There is a natural pI‘OJeCthl’l from n(s )A onto g, and subsequently onto each of
the factors Acen and Acl in the decomposition (3.19).

Corollary. There exist constants C, D > 0, depending only on s, t, the underlying
classical root system A, and locally umformly m the central component of g, with
the following property: for any w € W9, v € T'NnBwB and n(s)g € 6,5 we have the
estimate

(3.20) r > Dy (Cl+))

where a € A\cl and y € Ecen & R.q are the projections of
(3~21) IWU(S)Z<'777(S)9) € 77(5)‘4
onto gcl and Ecen, respectively, and xr = a” € Ryg.

Proof. We start by using part ii) of Lemma 3.2 (in particular, its consequence (3.9))
to write the logarithm of (3.21) as rD + Hy + Hy + Hs, where Hy, Ho, and Hj are
defined in (3.15). This allows us to factor

(322) T = T122723 and Yy = Y1%293,

where z; = e!»Hi) and Y = e(Merr i) for § = 1,2, 3.
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From the inequalities (3.18), there exists a constant C' > 0 depending only on
s,t,A; and g (in whose central component it is locally uniform) such that

v > m;C(Z(w)Jrl)’

(3.23) yp > m;C(f(le)’
and ys > e CUwFD
Thus
(3.24)  y (O = () gy )~ (U@ < gy gne = 22

3
e

Because of (2.4) and (3.17), the ratio ;= is bounded above and below by positive

constants depending only on s, t, and A, establishing (3.20).
O

3.5. In this subsection we prove the first inequalities of (3.16) and (3.18). We begin
by recalling from [14, Lemma 6.1]* that for any w € W% and u,, € U, 4,

(3.25) H = In(Iwh(wu,)) = > ¢y hy  with ¢, >0,
YEA_

w1

where A_ -1 = {7y € A_|lw='y > 0} was introduced in (2.56). Recall from the
definition (2.58) of W that ~ cannot be the negative of a simple classical root
Qai, ..., nor in their span. Since W acts trivially ﬁl, A_ -1 is a subset of AW
and its elements have the form (2.28).

Lemma. Assume that w € W and v € A_ ,-1. Then v has the form v = 8+ n.
with B € Ay and n < 0.

Proof. Since v < 0 we must have that n < 0, and in fact n < 0 since it is not in the
span of aq,...,ay. Let us write 8 as an integral linear combination 5 = Zle d;oy
of the positive simple roots. If dy,...,dy < 0 then

¢
(3.26) wly = Z di w ey + m
i=1

exhibits the positive root w~ 'y as a nonpositive integral combination of positive
roots, a contradiction. Thus at least one (and hence all) d; > 0 and S is a positive
root. (I

If we write vy = 84+ nt € A_ ,-1 with 3 € A} and n <0 as in the lemma, then
(2.40) asserts the existence of a positive constant m such that h, = hg + mnh,.
It follows from (3.25), (2.1), (2.26), (2.36-2.37), and the lemma that (w;, H1) >
0 for j = 1,...,¢, which proves the first inequality of (3.16). Expand H; =

Sy (wj, Hi)hy + (Aggr, Hy)h, as in (3.12-3.13), so that

£
(327) w_lHl = Z(wj,H1> hurlaj + <A(+1,H1> hL

j=1

4The equivalent result stated there uses the G = KAN Iwasawa decomposition as opposed to
the G = NAK Iwasawa decomposition used here.
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by (2.22). For each j = 1,..., ¢ we write the positive root w™'a; as B(j)+r;(w™ 1),
with 3(j) € A and rj(w™") > 0. Hence, again from (2.40) there exists a positive
constant m.,—14, (which equals 1 in the simply-laced case, and which can only take
on a finite number of values in general), such that

(3.28) P10, = hgi)y + My-1q; Kj(w ") .
The coefficient of h, in (3.27) is then given by the sum

L

(329) <A€+1aH1> + me—laj <Wj7H1>/€j(w_1)'
j=1

On the other hand, from (2.46), (3.25), and the definition of v € A_ -1 it follows
that w—!H; is a nonnegative integral combination of positive coroots and so (3.29)
is nonnegative, in particular

‘
(330) = > my-rg, (Wi, Hi)ri(w™") < (Agpy, Hy) < 0.
j=1
The second inequality here comes from (3.25), the lemma, and (2.40). Lemma 2.9
asserts that r;(w™!) < ¢(w)+1. Since the values m,,—1 a; are bounded by an absolute

constant (and again all equal to 1 in the simply-laced case), the first inequality of
(3.18) now follows from (3.14) and the first inequality of (3.16).

3.6. Next, let us turn to the second of the inequalities listed in (3.16) and (3.18).
Recall that we have defined Hs in (3.15) through the formula

(3.31) w(rD) = rD + H,.

Now, let us write w = w7}, with w € W and b € Q. Decomposing Hy = Hy o +
(Aeg1, Ha)h, as in (3.12), formula (2.45) implies

(3.32) (Apyi, Hy) = —r®2 and  Hyy = —r @b.
We claim that
(3.33) dj = {a;,wdb) < 0 for j=1,...,¢.

Indeed, from (2.44) we have that

(3.34) wla;, = Tpyw ta; = @ ta; — (W ta,b)e.
By definition (2.58), w™'a; >0 for w € W% and j = 1,...,n, hence
(3.35) —(wtaj, by > 0,

ie., d; = (aj,wb) = (W 'a;j,b) <0 because of (2.20).
By Lemma 2.1 the inequality (3.33) implies that

(3.36) g = (wj,wb) < 0 for j=1,...,¢.
Hence,
(3.37) (wj,Hs) = (wj,;Hoa) = —-r{(wj,wb) > 0 for j=1,...,¢.

This proves the second inequality in (3.16).
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Let us now turn to the second inequality of (3.18). From (3.33) and (3.36) we
have the simultaneous expressions

14
wb = qu‘hj Witth < 0

(3.38) !
and wb = Y djw/ withd; < 0,

j=1

where w; and w)’ are defined in (2.1)-(2.2). Using (2.3) we find that

¢
(3.39) (@b, @b) = > i didie
i=1
Since the denominators take on only a finite number of positive values, there exists
a constant B > 0 such that
¢ ¢
(3.40) (@b, @b) < By digi <-B-max|d|- ) q.
i=1 j=1
Applying Lemma 2.7 results in the estimate max;|d;| < C'(¢(w) 4+ 1) for some
constant C’ > 0 independent of w. Thus there exists some constant C” > 0, again

independent of w, such that
(3.41)
(b,b) (wb, wb)

L
_<A€+1,H2> = r 5 = r 5 < —C” (E(’U))—Fl) Z’I"q_j.

j=1
On the other hand, we have from (2.5), (3.32), and (3.38) that

£ 4
(342)  (p,Haa) = —(pr@b) = —r(p, > aqjh;) = —> rg;.

j=1 j=1

The second inequality of (3.18) follows from (3.41) and (3.42).

3.7. Finally, we turn to (3.17) and the last inequality (3.18) in Theorem 3.3. Let
Hy :=In(Iw 3(g)), and write

(3.43) Hy, = Hgaq + (M1, Hg) by,

where Hy o € h as in (3.12). If we write w = wT}, with w € W and b € QV, we
have

Hs; = wHy = wTyHyq + (Mg, Hy) by

= wHga + ((Aeyr, Hg) + (Hg e, b)) o,
where we have used (2.45) and the fact that w fixes h,. This implies
(3.45) (H3)q = wHga,

(3.44)

in particular. R
Recall that we have assumed that 7(s)g € &; with ¢ > 0. Because of (3.10) we
must have that

(3.46) Iwz(n(s)g)™ = elarDHHa 5y for i =1,2...,04+1,
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ie., (a;,rD + Hy) > In(t) for ¢ = 1,...,0 + 1. Since (2.24)-(2.25) imply that
(a;,h) =0 for h € Rh, ®RD and i = 1,...,¢, we furthermore have that

(3.47) (a;,rD+Hyz) = (a;,Hgq) > In(t) fori=1,...,¢.
On the other hand, from (2.27) and (2.30) we also have that
(3.48)

(ag41,7 D+ Hy) = (—ao+,rD+Hy) = —(ao,Hga) +r > In(t),
where we recall that «q is the highest root for the finite-dimensional Lie algebra
g, and as such is a positive linear combination of the roots a;, i = 1,...,£. Thus,

from (3.47) and (3.48) we conclude that as n(s)g varies over the Siegel set &, the
quantity [(a;, Hg )| is bounded for i = 1,...,¢ by a constant which depends only
on t,r, and the root system A. Since w varies over a finite set, inequality (3.17)
now follows from (3.45) and Lemma 2.1.

Formula (3.44) also implies that

(3.49) (Aev1,Hz) = (Aer, Hyg) + (Hga,d).
Using (3.17), Lemma 2.7, and the Cauchy-Schwartz inequality, we see that there
exists a constant C' = C(s,t,A) depending on such that |(Hs ., b)| < C(¢(w) + 1).

Since (Agy1,Hy) depends locally uniformly on Hy, the last inequality of (3.18)
follows.

4. ENTIRE ABSOLUTE CONVERGENCE ON LOOP GROUPS

In this section, we combine our analysis from section 3 with a decay estimate on
cusp forms to conclude that cuspidal loop Eisenstein series are entire. We begin
with some discussion of the structure of parabolic subgroups of loop groups.

4.1. Let k be any field and consider the group ék constructed in section 2.10. For
any subset 6 C {1,...,£+4 1} let Wy denote the subgroup of W generated by the
reflections {w;|i € 0}, and define the parabolic subgroup Py, C Gy as

(4.1) Py = Bi Wy By,

where each w € Wy is identified with a representative in N (ﬁk) as in section 2.11.
Thus Py = G when 0 = {1,...,£+ 1} (cf. (2.77)). Denote by Ugy the pro-
unipotent radical of Pyr. If 6 C {1,...,£+ 1} the group Wy is finite, and the
group Uy j, can be written as the intersection of U}, with a conjugate by the longest

element in /W\a. Recall the subgroup H r C @k defined at the beginning of section
2.11 as the diagonal operators with respect to the coherent basis B. We now set

42) Hop = (heHy|h% =1 forali € 6)
. and H@), = (hi(s)] foriedandsek”).

Analogously to (2.74), there is an almost direct product decomposition i k= ﬁg’k X
H(Q)k Let

(4.3) Lo = (xp(s)|Belb], sek),

where [0] denotes the set of all roots in A which can be expressed as linear combi-
nations of elements of . We now define

(4.4) My = Loy Hpy,
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its semi-simple quotient

(4.5) ok = Mor/Z(Mgy) = Lox/(Z(Mey)N Ley),
and the natural projection
(4.6) 7TL/9,k : Mg,k — L/G,k .

With the notation above, ]397k decomposes into the semidirect product
(4.7) Py = Upr x Mgy
(see [10, Theorem 6.1]).

4.2. We now suppose that & = R and continue our convention of dropping the
subscript k£ when referring to real groups. Recall the subgroup A of H defined in
section 2.10. Setting Ag = Hy N A and A(0) = H(0) N A, it has the direct product
decomposition

(4.8) A = Ay x A®b)

as a consequence of the fact the Cartan submatrix corresponding to 6 is positive
definite [26, Lemma 4.4].

The decomposition (4.4) is not a direct product, but can be refined to one as
follows. Define

(4.9) My = () ker(x?),
X € X(Mpg)

where X (Mjy) denotes the set of real algebraic characters of My.> Then the direct
product decomposition

(4.10) My = M} x Ag.

holds. N ~
The group G has an Iwasawa decomposition with respect to the parabolic Py,

(4.11) G = PBK = UMK.

In contrast to (2.79), this Iwasawa decomposition is typically not unique since
Ky := K N My may be nontrivial; in general only the map

(412) IWIWQ :@ — Mg/K@

is well-defined. Noting that Kj is a compact subgroup of the finite-dimensional

group My, one in fact has that Ky C M,. This and the direct product (4.10) allow
us to define the map

(4.13) Iwg G — My/My = Ay,

which factors through Iwy,.

4.3. The finite-dimensional, real semi-simple Lie group Lj admits an Iwasawa
decomposition

(4.14) L, = U,A(0)K)
of its own, where Uy C Ly is a unipotent subgroup, A'(¢) = mz, (A(0)), and
(4.15) Ké = ﬂLg(Kg) = WL/S(I?HMQ).

5The group MG1 was denoted E@ in [17]
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The projection from Lj onto A’(6) will be denoted by
(416) IWA/(g) : Lle — A/(H)

The factors A9 and A(6) have trivial intersection in (4.8) and the factors in (4.10)

commute. Therefore the intersection Z(My) N A(0) = Z (M) N Ay N A(9) is also
trivial, and hence the map L, induces an isomorphism

(4.17) Ty s AB) = A0).

Define the map Iw 4(gy as the composition of the Iwasawa g—projection of G defined
after (2.79) together with the projection onto the second factor in (4.8),

(4.18) Ivae : G A = A@D).
Then the composition

~ Iw Iw 4/
(4.19) a "oy Kk, HoLyK, N A)

coincides with Ly © Iw A(0)-

4.4. We shall fix the choice § = {1, ..., ¢} for the remainder of this section, so that
Wy = W. The groups Ay and A(6) are then respectively isomorphic to the groups
Acen, and Ag defined just after (2.73). We will thus denote the maps Iw i, and

Iw 4(g) simply by Iw 3 and Iw; , respectively. Since 7(s) normalizes U we may
extend Iw 3 and Iwz to maps on the slice 77(8)@ which we continue to denote
by the same names,

(4.20) Iwz :n(s)G — Agn and Iwz ()G — Ay,
similarly to (2.83). Likewise we may furthermore define the map
(4.21) Iwy, :n(s)G — Mg/Kg = My/(K N My),

noting from (2.81) that 7(s) acts trivially on Mg = Myq . 4.

Recall that the group ;1\58” consists of the elements h,(s) for s > 0. For a complex

number v € C define h,(s)” = s”, and consider the function
G - C
(4.22) () )
ns)g = Iwz (n(s)g)”.

Let P be the parabolic ﬁg = f){l’m’g}. The following convergence theorem for
Eisenstein series® has been proven by the first named author.

Theorem (Theorem 3.2 in [17]). The Eisenstein series
(4.23) > Iwz (ys)g)”
v e (TnP\T

converges absolutely for Re v > 2hY, where hY = (p, ha,) + 1 is the dual Cozeter
number of G. Moreover, the convergence is umform when g is constrained to a
subset of the form UD Acpt K where Acpt c Ais compact and UD is as in (3.11).

6The result in [17] states absolute convergence for the left half plane Re (v) < —2h", since the
order of the Iwasawa decomposition there is reversed.
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4.5. Our aim is to prove the convergence of the cuspidal analogs of Theorem 4.4
for all v € C. These were defined in [17], where they were shown to converge in a
right half plane. For any right Ky-invariant function f : My — C the assignment

(4.24) n(s)g = f(Iwa,(n(s)g)) (cf. (4.21))

is a well-defined function from n(s)@ to C. Recall that the finite-dimensional semisim-
ple group Ly was defined in (4.5) together with the projection map wry Mo — Lj.
Set

(4.25) Ty == I'n M,

and I'y = 7/ (I'g). Recall that Kj = mp, (Kp) from (4.15) and let ¢ be a K-
invariant cusp form on I'j \ Lj. Set

(4.26) <I>=¢O7TL/9:F9\M9 — (C,

which is right Kp-invariant. The cuspidal loop Eisenstein series from [17] is defined
as the sum

(4.27) Eg ,(n(s)g) = > Twa (vn(s)9)” @(Iwar, (yn(s) ) -
v e (TnP)\T

We can now state the main result of this paper

Theorem. The cuspidal loop Fisenstein series, Eg4 ,(n(s)g) converges absolutely
for any v € C. Moreover the convergence 1is umform when g s constrained to a
subset of the form UD Acpt K where Acpt c Ais compact and UD is as in (8.11).

4.6. The proof of Theorem 4.5 is based on two main ingredients, namely the
inequalities proved in Theorem 3.3 and also the following decay estimate. To state
it, we keep the notation as in §2.1 —2.3. Let ¢ : I'\ G — C be a K-finite cusp form.
The following result can be deduced from Theorem A.3.1 in the appendix. Stronger
results are known for K-fixed cusp forms due to Bernstein and Krotz-Opdam [27],
and those are in fact sufficient for the applications here since we only consider
Eisenstein series induced from K-fixed cusp forms. Their techniques extend to the
K-finite setting, but have not been published. As mentioned in the introduction,
we anticipate the K-finite statement will be useful for proving the convergence of
K-finite loop Eisenstein series once a definition has been given, and so we give a
complete proof of the following result in the appendix (using a different argument).

Theorem. Let ¢ € T'\ G be a K-finite cusp form. Then there exists a constant
C > 0 which depends only on G and ¢ such that for every natural number N > 1,
we have

(4.28) #lg) < (CN)TN Twa(g)~"".

This is exactly the statement of (A.26) if g is in some Siegel set &;. In general, if
g € G we can find v € I such that vg € G;. By Remark 2.3.1 we have that

(4.29) Iwa(yvg)” > Iwa(9)”,
and so the asserted estimate for ¢(g) = ¢(yg) reduces to the estimate on &;.

4.6.1. Remark The explicit N-dependence in the estimate (4.28) is needed in
showing the boundedness of (4.40) below. Indeed, since N there depends on the
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Bruhat cell, the classical rapid decay statements (in which (CN)®¥ is replaced by
some constant depending on N) are insufficient.

4.7. This subsection contains the proof of Theorem 4.5. Since cusp forms are
bounded, the convergence for Re v > 2h" follows from that of (4.23) (as observed
by Garland in [17]). We shall prove the theorem for Re v < 2hY by leveraging the
decay of the cusp form to dominate the series (4.27) by a convergent series of the
form (4.23), but with v replaced by some vy > Re v.

4.7.1. Step 1: Main Analytic Estimate. For w € W? let f(w) =I'n ﬁw]g,
which is independent of the representative in N taken for w. Each set I'(w) is

invariant under ' N P. Using the Bruhat decomposition, the Eisenstein series can
then be written as

(4.30)
Esu(n(s)g) = > > Iwa (vn(s)g)” ®(Iwar, (v1(s)g)) .

wEW? 5 e (FnP)\D(w)

Recall that we have assumed Re v < 2hY. Choose vy € R with vg > 2hY > Re v,
so that the series (4.23) converges when v is replaced by 1. Consider the inner sum
on the right hand side of (4.30) for a fixed element w € W9,

(4.31) > Iwz. (vn(s)g)” @(war,(vn(s)g)).
v € (TNP)\T(w)

In the notation of Corollary 3.4, let

(4.32)

y = Iwgz (yn(s)g) € Ryo and z = Iwy (yn(s)g9)” € Rso.
By the definition of ® given in (4.26), ®(Iwa, (v1(s)g)) = ¢(mr;, (Iwar, (v1(5)g)))-
Since A, = A(6), we may conclude from what we have noted after (4.18) that
(433)  Twao (moy(Twar, ((s)9)) = 7o, (wg, (v1(s) 9))

Applying Theorem 4.6 we conclude that there exists a constant C; > 0 such that

(4.34) ®(Iwary (Yn(s)g)) = ¢ (7TL;, (Iwaz, (y0(s) g))) < (OIN)IN =N
for any N € Z~g.

4.7.2. Step 2: Comparing the central contribution. From Corollary 3.4
there exist constants Co, D > 0 independent of v € I' N BwB, but depending
locally uniformly on g, such that

(4.35) z > Dy (Calew)+1)™"
Choose a positive real d such that dCs € Z~( and
(4.36) d > vy — Rev > 0,

and let N = dCy(¢(w) + 1). From (4.35) we obtain

(437) fo yRe v—rg < DfN ymyp‘e v—rg — DfN yd yRe v—vo
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Thus
Iwy  (yn(s) )" ®(Iwar, (yn(s)g) = y"" ®Iwar, (Y1(s)g))
(438) é (ClN)ClN yReu x*N
< (CLN)OIN oo (=N yRev—ro)
S (ClN)ClNyVO D*N ya’

where a = d + Re v — 1y is positive by (4.36).
On the other hand,

(4.39)
ny = (Appr,In(Iw, 5(yn(s)9)) = (Aepr, Hi) + (Aggr, Ho) + (Agg, Ha)

in the notation of Theorem 3.3. The second inequality in (3.30) states that (Ayq1, H1) <
0. From (3.32) and Lemma 2.7, the term (A,11, Hs) is bounded above by a qua-
dratic polynomial in ¢(w) with strictly negative quadratic term. Furthermore, for
fixed n(s)g € &, it follows from (3.49) that |(A,i1, H3)| is bounded above by a lin-
ear polynomial in ¢(w) with coefficients that depend locally uniformly in g. Hence,

in total y is bounded above by an expression of the form e?(“(®)) where p(.) is a
quadratic polynomial with strictly negative quadratic term. By our choice of N the
term D~V (C1N)C'N is bounded above by a constant times e¢“(®)nw) for some
positive constant ¢’. Hence, the expression

(4.40) (CLN)ON =N ye

is bounded as ¢(w) — oo, and so we can (4.27) by a sum of the form

(441) > Yoo Iwg () = D TIwz (y(s)g)”.

wEW? ye ([TnP)\(w) ye@nPNT
The convergence of (4.27) then follows from the fact that vy > 2h"Y is in the range
of convergence of (4.23).

4.8. Instead of working over QQ, we can also study cuspidal loop Eisenstein series
over a function field F' of a smooth projective curve X over a finite field. It was in
this setting that Braverman and Kazhdan originally noticed the entirety of cuspidal
Eisenstein series [4]. In fact, they observed something stronger which is peculiar
to the function field setting. Namely, for every fixed element in the appropriate
symmetric space, the Eisenstein series is a finite sum. Their argument is geometric
in nature and relies on estimating the number of points in certain moduli spaces
which arise in a geometric construction of Eisenstein series.

Alternatively, one can also easily adapt the arguments in this paper to the func-
tion field setting to reprove the result of Braverman and Kazhdan. We briefly
indicate the argument here. As in the proof of Theorem 4.5, we first break up the
Eisenstein series into a sum over Bruhat cells indexed by w € W?. On each such
cell, it is easy to see using the arguments in [14, Lemma 2.5] that there can be at
most finitely many elements whose classical Iwasawa component lies in the support
of any compactly supported function on (Z(Mp a, ) Mg r)\Moap/(Kap N Mya,).
It is a result of Harder (see [31, Lemma 1.2.7]) that cusp forms do indeed have
compact support on their fundamental domain. Hence, only finitely many terms
contribute to the cuspidal loop Eisenstein series on each cell. Moreover, one can use
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an analogue of our main Iwasawa inequalities Theorem 3.3 to show that cells corre-
sponding to w with ¢(w) sufficiently large cannot contribute any non-zero elements
to the Eisenstein series. Indeed, as in the proof of Theorem 4.5, one may again show
that as £(w) — oo the central term of the Iwasawa component is bounded above by
ePw)) where p(+) is a quadratic polynomial with strictly negative quadratic term.
On the other hand, the analogue of (4.35) dictates that as {(w) — oo the central
piece grows smaller and the classical piece must grow large and therefore eventually
lie outside the support of the cusp form.

APPENDIX A. K-FINITE CUSP FORMS DECAY EXPONENTIALLY

A.1l. Introduction and statement of main result. In this appendix we give a
proof of Theorem 4.6. This rapid decay estimate with uniform constants will be
deduced from an exponential-type decay statement. Historically rapid decay esti-
mates (without uniformity) were established in order to circumvent the apparent
difficulty of proving the exponential decay estimates familiar in the classical theory
of automorphic forms for SL(2,R). As our argument here indicates, one gets qual-
itatively similar estimates for K-finite cusp forms on general groups by injecting
a small amount of one-variable hard analysis. Stronger exponential decay results
were proven by Bernstein using the more sophisticated technique of holomorphic
continuation of representations (for which we refer to Krotz-Opdam [27] for K-fixed
cusp forms, and unpublished notes of theirs for K-finite forms). Although we state
and prove the results here in the setting of Chevalley groups used in the body of
the paper, the results and the methods are applicable to general groups.

The application to Eisenstein series in the body of this paper uses only K-fixed
forms, since (as noted in the introduction) at present it is difficult to formulate a
definition of Eisenstein series induced from general K-finite forms without further
developments in the representation theory of affine loop groups. However, this
issue seems independent of the analysis we used to demonstrate convergence, and
so the bounds we prove here should ultimately play the same role in showing the
everywhere absolute convergence (and hence entirety) of those series as well. Since
this estimate does not appear in the literature we have chosen to include this
appendix.

Let G be a Chevalley group over R and I' an arithmetic subgroup with respect
to the Chevalley structure. Other notations used here will have the same meaning
as in the main body of this paper (see §2A, in particular (2.8)).

Theorem. Let ¢ be a K-finite cusp form on T\G. For any fized t > 0 there exist
constants c¢,d > 0 such that ¢ satisfies the estimate

(A1) d(ak) < exp (—c| max aa|d> forall a € A;.
a€ Ay

The constant ¢ > 0 is certainly necessary, as can already been seen in the context
of classical modular forms on the complex upper half plane. Indeed, a cusp form
invariant under parabolic transformations z +— 2z + w is bounded by a multiple
of e~2mw 'Im(2)  Bernstein’s holomorphic continuation method mentioned above
shows that d > 1, in consonance with classical modular forms. Up to logarithmic
factors, we are not aware of any examples where d is not 1, though we make some
comments in §A.6 about where they might occur. Even with d # 1 the estimate
(A.1) could be regarded as exponential decay from the vantage point of the Lie
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algebra h of A, where dilation by a constant multiple has the effect of scaling d
(hence the title of this appendix).

The rest of the appendix is arranged as follows: in §A.2 we first study the decay
of a certain function on G whose properties will be crucial later in the argument.
Combining this estimate with a slight enhancement of a result of Harish-Chandra
(proposition A.2.4), we then retrace our way in §A.3 through the usual proof of
rapid decay to obtain the asserted rapid decay with uniform constants. We then
deduce exponential decay from this estimate in §A4.4. Finally, in §A.5-A.6 we aim
to place this result in a broader context, by giving an example which demonstrates
the necessity of the K-finite condition and explaining the importance of estimates
of the form (A.1) in string theory.

A.2. Derivative estimates on a particular function. A.2.1. We begin by
estimating the norm of a certain function on the real line. Let o € C2°(R) be the
“bump” function

(A2) (@) { e V0= | < 1,

0, otherwise,
which is supported in the interval [—1,1].
Lemma. The function o satisfies the L'-norm estimate

(A.3) ’

dVo
dxN

< (2NN

for positive integers N.

Proof. A standard application of the saddle point method” shows that its Fourier
transform satisfies the bound & (r) < r=3/%¢~V2"_ In particular

(A.4)
||8(r)rN||z = / o(r)?*r*Ndr < / e VBTN =3/2 gy,
R 0

< @2m)*TUN-1) < 2n) Y (4N)! < (@2rn)~ 2N @eNn)W
and so by Cauchy-Schwartz, the compact support of o, and Parseval’s Theorem we
have

(A.5) ‘ dg

dxN

dVo
dxN

= o)V |Er)rN). <« (2N)*V.

<<‘

For further reference we note that

(A.6) ‘;jjfv a(cflx)H < (2N 1yRNeT!
1

for ¢ < 1. Incidentally, one might wonder whether replacing o in (A.2) with a
different choice of function might lead to significantly better estimates later on.
Other than improving the constant “2” in (A.3) this is impossible [38], consistent
with the fact one cannot improve upon the known exponential decay of classical
holomorphic cusp forms.

7See7 for example, the note http://math.mit.edu/~stevenj/bump-saddle.pdf (which uses a
different normalization of Fourier transform).
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A.2.2. We next use o construct a family of bump functions on our group G with Lie
algebrag=n_®h@dny. Let {\1,Ys,..., Y}, {H1,...,H}, and {X1, Xs,..., X}
denote bases of these three summands, respectively. Combined they give a basis

(A7) B = {W,... Yo,H,...,H., X1,..., X}
of the d = 2k + r dimensional Lie algebra g. Let
n_(tr,...,tg) = eltVighe¥e . otk Ye
(A.8) a(thity s tpgr) = eterrHi el ang
Ny (Ckgrits -y td) = ethtriiXe L gtaXe

Then for ¢ > 0 sufficiently small the image of the set {|t;| < ¢|1 <4 < d} under the
map

(A9)  (tite,.sta) = no(ty, ..o tk) altisss - o tigr) N (Bgrts - - - E)

diffeomorphically sweeps out a compact neighborhood of the identity in G. Define
a smooth function ¥ = 1. supported in this neighborhood by the formula

d

(A.10) de(n_any) = [[olc't),

i=1

where n_any represents the righthand side of (A.9).
Let § denote the right translation operator on functions on G. This action
extends to g as the left-invariant differential operators

(A.11) BN = Floflee™). X €y,

and then to the universal enveloping algebra i of g by composition.
Proposition. For any degree N element X € 31

(A12) I8l < (M),

where ¢ > 0 is a constant that depends on ¢ and G.

Proof. Let us first consider the case where X € g and the righthand side of (A.10)

has the more general form [[,., oi(c™'t;), where 01,...,04 € C(R). Commuting
the derivative in X across the n factor

M X)e(n_an = 4| Wp(n_ange™
(A13) (X)9e( +) L +e)

= % ’t:O Ye(n_aet Ad(n4)X ny).

Since .(g) is supported on elements g which factorize as ¢ = n_an., in which the
support of each of the three factors n_, a, and n, is constrained to a fixed compact
set, we observe that Ad(n,)X can be written as a linear combination of elements
of B with bounded coefficients. Furthermore, since a € A normalizes n_ the same
compactness argument allows us to write

(A.14) 0(X)e(n_any) = %|t=0wc(n,etylaetH/etX/nQ,

where Y e n_, H' € a, and X’ € ny depend on X, and range over bounded subsets
as X varies over the basis B. In particular, the coefficients of Y’, H', or X’ when
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expanded in the basis B are bounded by a constant M (depending only on ¢ and
G) as X ranges among the vectors B. Thus for X € B

(A.15) \5(X)¢c(n—6m+)| =<

-1 Z ’0'1 1t1 O'i_l(Cilti_l)dg(cilti)ai_;,_l(Cilti_H)"'O’d(Ciltd)| .
i=1

Similarly, when X is the tensor product of N basis vectors we have the estimate
(A.16)

6(X)e(n_any)| < MNN Z )O_gjl)(c—ltl) UéjZ)(C_ltz) . O-C(ljd,)(c—ltd>‘ :
(J1,--->ja) € Zéo
Jitetja =N
as can be seen by iteration.
In the (compact) range of support of ¥, the Haar measure dg in the coordinates
(A.9) is bounded by a multiple of dit; - - - dty and so by the lemma

10(X)elh < MNN+d Z ||O—§j1)||1.”HO—C(le)H1
(41,--da) €2,
Jitetia=N

< MNeNEE N (250)P - (2)a) 7

(J1s-nda) €7,
hittja=N

< MNe N+ > @N)Yr(2N)Ve

(d1s-2da) €2,
Jit-tja=N

(A.17)

N times

—_—
The sum above is equal to the multinomial expansion of (4N? + --- 4+ 4N?)N

(4N3)N and hence the lemma follows.

ol

A.2.3. Next, we generalize the above estimate to the K-twists of the function
defined by

(A18) folg) = /ir¢k<k-1gk>dk

For any fixed X € g the elements Ad(k~!)X are bounded as k ranges over the
maximal compact subgroup K. In particular if X € B then
(A.19)

GO = Ay [ g e < [ 6006 gk dk,
X'eB
with an implied constant that depends only on K C G.

Proposition. There exists a constant ¢’ > 0 which depends only on ¢ and G such
that

(A.20) 16X fell < D0 16X el < (N)N
X'eB
for all X € B.
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Proof. The first inequality follows from (A.20) using the bi-invariance of the Haar
measure, and the second from proposition A.2.2. ([

A.2.4. A result of Harish-Chandra [22] (see also [3, p. 22]) asserts that for any
K-finite automorphic form ¢, there exists a function f € C2°(G) such that ¢ is in
fact equal to the convolution

(A21) (6 f)lg) = /G o(gh™) F(h) dh.

The proof furthermore shows that f satisfies the condition f(k~1gk) = f(g) for all
k € K, and can be taken to be a linear combination of functions in an approximate
identity sequence. For 1. of the form (A.10), the K-twists defined in (A.18) are
approximate identity sequences. This allows us to conclude the following

Proposition. For any K-finite automorphic form ¢ there exists a finite number
of positive real numbers c¢; > 0 and complex numbers a; such that

(A.22) ¢ = Zai (@x fe,) -

For completeness we give the proof, which is completely based on ideas of Borel
and Harish-Chandra as in op. cit.

Proof. As ¢ — 0 the functions f. in (A.18) are smooth, nonnegative, and have
support shrinking to zero. Thus for any ¢; € C°(G) the convolutions m_ (1 % f.)
converge to ¢; uniformly on compacta, where m,. = ||f.|[1. At the same time,
changing variables in (A.18) demonstrates that f.(k~'gk) = f.(g), and so ¢ * f-.
lies in V := the span of all K-translates of ¢, a finite dimensional space.® The
linear span W of the convolution operators {xf.|c > 0} is a subspace of Aut(V)
that is closed under any of its equivalent topologies, being that both are finite
dimensional. The particular sequence of operators {x(m_!f.)} converges to the
identity operator on V under the topology of uniform convergence on compacta,
and hence the identity operator is in W; that is, the identity operator on W has
the form x ). a; f.,, which implies (A.22). O

A.2.5. We shall now combine the results of the previous paragraphs. According
to (A.21),

(A.23) 0(X)(pxf) = oxd(X)f

for any X € i, as can be seen by changing variables. Thus the boundedness of
cusp forms combined with estimate (A.20) shows that

(A.24) 16X (G * oo < N1@lloo 16(X) felli < (¢N)N,

where N is the degree of X and ¢/ > 0 is a constant depending on ¢ and G.
Proposition A.2.4 shows that ¢ is a finite linear combination of convolutions ¢* fe,,
and so we conclude

Proposition. Let ¢ be a K-finite cusp form on G. There exists a positive constant
C > 0 depending only on ¢ such that for every X € i of degree N

(A.25) 16(X)llee < (CN)CN.

8This is the only point in this appendix where the K-finiteness property is used.
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A.3. Rapid decay with uniform constants. In this section we use proposi-
tion A.2.5 to give a rapid decay estimate with uniform constants. The methods
here are fairly standard (see [31, §2.10], for example), though it is unfortunately
necessary to reproduce them in order to demonstrate how the constant factors in
(A.25) propagate.

A.3.1. Recall the conventions of §2.2 and §2.3, where we fixed an Iwasawa de-
composition G = UAK and a projection Iws : G — A. Furthermore, in (2.7)
we defined a character A — C* which sends a — a* for each linear functional
w:h=Lie(A) — C.

Theorem. Let ¢ be a K -finite cusp form on T\G. Fiz a Siegel set &, for G. Then
there exists a constant C' > 0 which depends only on ¢ and the parameter t of the
Siegel set &y such that

(A26) ¢(g) < (CN)N Twa(g)™  forallge &, and N >1.
The remainder of this section will be devoted to the proof of this theorem.

A.3.2. Let a € II be a simple root and P the corresponding standard maximal
parabolic subgroup, with unipotent radical Up and corresponding Lie algebra np.
Let A , denote the set of positive roots

(A.27) {v € Ay [v=)_ m(B)B with m(a) # 0},

Bell

which are precisely the roots v whose Chevalley basis root vector X, lies in np :=
Lie(Up). Order the roots of A, , according to their heights®:

P> P2 > > By

Fori=1,...,plet X; = Xp, be the Chevalley basis root vector corresponding to
the root f3;. Corresponding to the set {f1,...,5;} for 0 < i < p, we let n; C np
and U; C Up denote the corresponding nilpotent subalgebra and normal unipotent
subgroups of np and Up, respectively; that is, n; is the real span of {Xy,..., X;}
and U; is its exponential. We then have the following ascending chains of Lie
algebras and unipotent groups:

(A.28) {0} =ncCcmcC -+ Cny=np
(A.29) {0} = UyclUyCc --- CU,=Up.
For 1 < i < p the one parameter subgroups g, (s) = e*Xi induce isomorphisms

Ui—1\U; 2 R; letting '« =T NU, I'; = T NU;, and rescaling the X; if necessary,
they furthermore induce isomorphisms

that will be used to parametrize Fourier series below. Since replacing X; by a
positive multiple will make no difference in the rest of this appendix, we shall
assume this rescaling has been performed.

90ne can choose any ordering > on A with the property that 8,7,84+vy €A = B8+~ > 8
and B8+ > 7.
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A.3.3. For any function ¥ € L'(I'\G) we can define projections
(A.31) i(g) = / V(uig)du; , 0<1i<p,
i\U;
where du; is the Haar measure on U; normalized to give the quotient I';\U; measure
one. These Haar measures can be written as products of Haar measures along the

one-parameter subgroups given by the characters x, for j < i. Using (A.30) we
can write

Vi(g) = / U,y (ug)du = / Wi 1 (xp, (5)g) ds
(U; 1 T)\U. Z\R

and hence

Ti(g) — Vii(g) / (0ot (s (5)9) — Wit (x5, (0)g)] ds

(A.32)

= / / Ti1(xg(r)g)) drds.
Thus
(A.33) Wi(g) — Wisa(g)] < max |4, 4 (xs(r)g)|

0<r<1

is bounded in terms of derivatives of W, _; under left translation by the one-
parameter subgroup generated by X;.
We next describe these left derivatives in terms of the right action (A.11):

(A.34) LW, _1(xp,(r)g) = (B((Adg™HXi)Wi1) (xs(r)9)

which can be seen by passing the Lie algebra derivative across the argument xg, (r)g
of ¥;_1. Suppose now that g has a factorization g = wak, in which v and k range
over fixed compact sets; this description in particular applies to elements of Siegel
sets. Because of our assumption on the ordering >, Ad(u~1)Xpg, can be written as a
linear combination of the root vectors {Xpg,, ..., X, } with bounded coefficients; the
precise bound depends on the size of the compact set u ranges over, and in particular
depends only on T" in the circumstance that g € &;. For each a € A, Ad(a™1)Xp, =
a=%1 X5 because of (A.27) and the definition of &, the factor a=% < a=* with
an implied constant depending only on t and G. Finally, Ad(k~!) maps any fixed
element of g to a bounded set. Putting together these statements about Ad(u~1!),
Ad(a™!), and Ad(k~1), we see that Ad(¢g~1)X; = Ad(k~!) Ad(a™!) Ad(u™1)X; is
a linear combination of elements of (A.7) with coefficients bounded by ¢~ times
a constant that depends only on the Siegel set &;. Combining (A.33), (A.34), the
sup-norm inequality [|§(X)¥;||oc < [|6(X)¥]|o0, and this expansion of Ad(g~1)X;,
we see that

. i - - il < a™® o s
(A35) Wi 1(g) — Wilg)] < @™ max FOWlle < 0™ max |50V
with an implied constant that depends only on &;.

Specialize ¥ to be the cusp form ¢, so that ¥, = ¢, = 0. By applying the
estimate (A.35) to the telescoping sum

(A.36) = > (¢i-1(g) — ¢il9))

i=1
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we conclude that ¢(g) is bounded by the product of a~%, the sup norms ||§(X)d|c
for any X in (A.7), and a constant that depends only on &;. Theorem A.3.1 then
follows from iterating this procedure for various simple roots « and applying the
estimate in proposition A.2.5.

Recall that Theorem 4.6 is deduced from Theorem A.3.1 immediately after its
statement on page 28.

A.4. Exponential decay.

Lemma. Let F : Ry — C be a bounded function for which there exists constants
¢ >0 and C > 0 such that

(A.37) Fy) < cy ™ M(CN)N forall N > 1.
Then there exists constants d > 0 and D > 0 such that
(A.38) F(y) < Dexp(—y?).

The converse is of course elementary. Theorem A.3.1 implies Theorem A.1 as a
consequence of this lemma, and also vice-versa (though with different constants).

Proof. By adjusting the constants d and D it suffices to shower the weaker bound
F(y) < Dye‘yd for y > 1. If y > 1 the assumption (A.37) implies

(A39) Yy F@y) < Yl Fy) < oCldn))ClM < o(Cdn)©h

for any d > 0 and n € Z~¢. For d sufficiently small the righthand side is less than
a constant times (n!)/n?, so summing over n gives the boundedness of

(A.40) ylexp(y) Fly) = Y Ly" T F(y)
n=20

in the range y > 1, as was to be shown. [

A.5. Some rapidly, but not exponentially, decaying smooth cusp forms.
In this section we give an example of a non-K-finite yet smooth cusp form which
does not satisfy the exponential-type decay statement present in Theorem A.1. It
is a theorem of [30] that all smooth cusp forms have rapid decay, but the proof does
not give the uniformity of constants present in the stronger statement (A.26) from
Theorem A.3.1. The example here shows that not only is this uniformity impossible,
but furthermore that its failure is very common: this is because we show that the
decay is governed by an arbitrarily chosen Schwartz function (relatively few of which
decay faster than an exponential).

We give an example for the group SL(2,R), though the phenomenon is cer-
tainly much more general. Let m be any cuspidal automorphic representation for
SL(2,Z)\SL(2,R). We will demonstrate it has non- K-finite smooth vectors which
violate (A.1). To do this it is convenient to use the notion of automorphic distri-
bution as in [29]. The representation 7 has an automorphic distribution 7 which
embeds smooth vectors v for some principal series representation'® to automorphic
forms ¢:

(A4l) ¢(ngay) = (1,7(ngay)v), wheren, = ({%) and a, = (ylo/2 y701/2> .

10T his is the case even if the representation is not itself principal series, e.g., discrete series.
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In the line model, the Schwartz space is an embedded subspace of smooth vectors.
If v corresponds to a Schwartz function f(u), then m(n,)v corresponds to f(u —x)
and 7(ay)v corresponds f(3)[y[" sgn(a)’, where u € C and § € Z/27Z depend on
the archimedean type of the representation w. The distribution 7 is periodic, hence
tempered (meaning that it can be integrated against arbitrary Schwartz functions).

Its restriction to the real line has a Fourier series,

(A.42) T(u) = Z cp €2y
n#0
with coefficients that grow at most polynomially in n (see [29]). Thus

¢(nxay) = |y‘“ Sgn(y)5 / Z en eQﬂ'inu f(%)du
R 20

(A.43) = [yl sen(y)’ Y et / e f (u) du
n#0 R

= [yl sen(y)’ Y en € f—ny).

n#0
The estimate (A.1) implies exponential decay (of the same caliber) for each Fourier
coefficient of ¢, in particular the first coefficient. In particular, it implies j?(fy)
decays faster than the exponential of some fractional power of y. However, it is
an arbitrary Schwartz function, and not all Schwartz functions have that decay
property, e.g. y e~ (n@*+1)*  We conclude that the exponential decay estimate
(A.1) does not hold for all smooth cusp forms.

A.6. Exponential decay estimates in string theory. A number of interesting
quantities in string theory are, by their very definition, automorphic functions. This
is because split exceptional real groups in the F,, series arise as duality groups in
toroidal compactifications in Cremmer-Julia supergravity, and as a consequence the
coupling constants of the theory lie in a symmetric space G/K. In type IIB string
theory, S-, T-, and U-dualities force invariance under a large discrete subgroup
I' C G [24]. The purpose of this section is to discuss the exact exponent d in the
estimate (A.1), and its string theory interpretation in various situations. Much of
the discussion here is an outgrowth of the second-named author’s joint work with
Michael Green and Pierre Vanhove [20], who we thank for their insightful comments
on the questions posed here. More information about these questions can be found
in [1,20,21,32,33] and in related references therein.

A.6.1. Decay estimates for Fourier coefficients

In various particular problems supersymmetry provides extra information such
as differential equations (e.g., for the Laplace-Beltrami operator), suggesting that
the automorphic functions are automorphic forms in these situations. In addition,
at times supersymmetry predicts the asymptotic behaviour of various Fourier coef-
ficients of these automorphic forms.

Although the exponential decay estimate (A.1) is stated for cuspidal automorphic
forms ¢, it of course applies to any Fourier coefficient defined by integration of a
character over a unipotent subgroup U’ C U:

(A.44) onlo) = [ o) x)
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where du is the Haar measure normalized to give the quotient (I'NU’)\U’ volume 1
and x is a character of U which is trivial on T'NU’. Indeed, since the integration is
over a compact quotient ¢, also obeys the estimate (A.1). Thus Theorem A.1 gives
the exponential decay of these Fourier coefficients. When ¢ is not cuspidal similar
decay is expected for nontrivial characters y, since an automorphic form minus its
constant terms has rapid decay (this was essentially rederived in the analysis of
(A.36) above).

A.6.2. Some precise questions on the exponential decay for maximal
parabolics

Let o denote a positive simple root and P = P, D B denote its associated stan-
dard maximal parabolic subgroup of G, which has the factorization P, = A,M,U,
in terms of its unipotent radical U, and the center A, of its reductive part A, M,,.
For a € A, recall that a® € R is defined by the formula Ad(a)X, = a*X,, where
X, is a root vector for the simple root c. We shall use this coordinate to describe
limits along the group A,, which often has an interpretation in string theory, e.g.,
of a compactifying radius or string coupling constant. We do not assume that ¢
is a cusp form but we do assume that y is nontrivial in order to exclude constant
terms.

Question A: Is it always that case that there exists constants ¢; = ¢1(g, ¢, x),
co = ca(g, ¢, x), and d = d(¢, x) such that

(A45) ¢X (a’g) = a (gv ®, X) exp <_02 (g, 0, X) (aa)d(¢,x))

for g fixed, as a® — co0? Here the symbol ~ is used to indicate asymptotic equality
up to polynomials in the a®. (Such factors do arise, e.g., in [20, (H.31)]).

Question B: Assuming an affirmative answer to Question A, does d(¢, x) de-
pend nontrivially on y, or is instead always 1 (as it is in all currently known cases)?

Let us now consider the lower central series
(A.46) U, = UY 5 U® 5 u® 5 ... 5 @ = e},

where U*+D = [U®) U,].

Question C: Fix 1 < k </ and a nontrivial character x of Uy which is trivial
on I'NU® . Assuming an affirmative answer to Question A, is d(¢, x) = k?

For example, when U, is a Heisenberg group Question C asks whether or not
nontrivial Fourier coefficients along the one-dimensional center of U, decay sig-
nificantly faster than nontrivial Fourier coefficients on the full group U, do. We
present some motivation for this question below.

A.6.3. Examples from string theory

We shall now describe the origin of question C in string theory. Let G denote the
split real form of the simply connected Chevalley group of type E,, where n = 6,
7, or 8. Let a denote the last positive simple root of GG in the usual Bourbaki
numbering. Thus M, is a simply connected Chevalley group of type Spin(5,5),
FEg, or E7 in these three cases.
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For particular Eisenstein series (which are not cuspidal, but for which our argu-
ments nevertheless give the same bounds on Fourier coeflicients) the nonvanishing
Fourier coefficients are expected to obey precise asymptotics as a® goes to infin-
ity. This is because a® corresponds to the decompactifying radius in the toroidal
compactifaction. When such a radius tends to infinity, the compactified theory
resembles that of a higher dimensional theory compactified on a lower-dimensional
torus, and has duality group M,. Precise statements often give exponential de-
cay in terms of an effective action, which in our context implies that d(¢,x) = 1
when U, is abelian and « comes from one the three terminal nodes of G’s Dynkin
diagram. This motivates Question B and the k = 1 case of Question C.

The string theory interpretation is apparently different if U, is nonabelian, for
example a Heisenberg group. In this case there is an additional charge to consider,
which is instead consistent with d(¢, x) = 2 for the k = 2 case of Question C.
Evidence for this is presented in [1, 32, 33].

It should be stressed that string theory does not provide any additional insight
into the decay rate of general automorphic forms, other than pointing to subtleties
previously unrecognized in particular examples.
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