The Final Exam (Math 314 A1)
December 14, 2015
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1. (10 points) (a) Prove that a + by/2 is an irrational number for all rational numbers a

and b with b # 0. (It is known that v/2 is an irrational number.)
/‘770?/, Let Ci= @tp/z . Since b F#0, it Folouts Hhat
L&
ji = R

]f C1r 4 m/z’wm/ zwm/e)j Hhen CZZ o m/fmm/

mm/m/, because 4 ancl 4 are Mézm 4/ fza/ﬂ/é/f, Buf /2
15 an "’mf“’z’”"'/”“’“ém/- Thus ¢ maust be ar /‘/’/W’f@f/d/}ﬂ/w,/g/;

(b) Find three irrational numbers in the interval [1,1.1]. Justify your answer.

Jfor /éM VY G i= fof _-’ii @/ar/(z}} cach ¢

15 axn z‘r/’zz/z},mz/ fmmAfM{ Toncg D )i < 2 W Aave

e 4’% & 2’% for A2 20,

This  Caa, Gy Gy 0E syrafiona) nambers w1, 117,




2. (15 points) Let f(x) := 22 ~ 2In(1 + 22), 00 < z < oo.

(a) Determine the intervals where the function [ is increasing or decreasing.

Solufion, We have flgd=ax~d- -5 ;?Z/ = 'Zﬂzz)é{d)
Conseguently, 1)< 0 for € -esd), f12)70 for 2€¢-1,0)
S1R<0 for X€(0,1), and f D50 Loy x ey o)
by Hhe mean value Heorem,
/ s ff/z‘c‘/ decreas z‘;{/ on (-eo, -/ ]}
£ 23 stricly mcreaseny on [-7, of

S 73 shiclly decreassng on so, g7

78 shrickly incledsing ox sy o9
(b) Prove that there are/two real numbe ay and ay such that a; < ay and that
f(z) = fa1) = f(az) for all z € (—o0,00).

by part @), fr-1) < fx) for alf X€ (-00,0]
| and  F11) € fa) for ) x¢ [0, ),
but £(-1) = £11), Fherepre,
R 12.2]
FO-2)= fl1) For alf & € (-e0, e0),

(c) Prove that there exist three real numbers b1, b2, b3 such that b; < by < b3 and

that f(b1) = f(b2) = f(bs) = 0.

We have f(-f)=fit)= j-240< 0, since 2ha=44>7
Morealy, f(3)= f(3) = J=24a)o =9~ 100 >0 sowte
e il bo? v
by the infermediate vafue Hoorem, Here exrs/
ﬁ/é, gt} omd é €(7,3) such Fhat
fth) =0 wmd feb)=o,
Chossing by =0 we fave f(4)=o0.
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3. (10 points) Let f be defined by

f() { -z for x < 0,

) e ¢

£aeE forx > 0.

(a) Prove that f is strictly increasing on (—o0o,0). Moreover, find the range of f.
Justify your answer. / PR3 C'Wffz‘?zddx,f on (~69, &)

foy XL O we Save F i) = -2a >@, i’/ Fhe meant
value Heorom, £ i3 f//zt/é ncreds;ng on (-0, 9J,

S X >0 W pave
) = /Mf/“”xf%'-;;ér)//u)~,zmcfmx

(1+2)*

(11 X)
'{WZ/MI’Z?L x/;‘z‘ 7 Q.

(1720
// Lhe mean m%ae Fheorom, £ 13 f/fiz‘c/// /)M/Zd///// o7 [2, d”/
Lo ft?‘“”/é’) £ 13 shictly irereasing on' (-20, e0). Iince ~
3 . 7 3
Lo ) =0 ood L2 Sr)= F thrage of / 5 (o0, )
(b) By part (a), f is a one-to-one function from (—o0, c0) onto its range J. Let g be
its inverse function. Find the value b := f(1) explicitly. Moreover, find g’(b).

Wehave 4=f11)= etent _ 7 fypny,
Y0y — arcton f + 1 Z 47
£ : - £4 <0,

S Jfm) = X for x¢(po0n) we heve
Jifa)l fia)= £
g /bM/;[E/M’, for X =1 wet &//&77

70 DL N, ; _ 76
7 £71) 777 7L .




4. (15 points) Let f be the function on IR defined by

o Jetsin(l/z?) ife W {0},
g {0 ity =0

(a) Find f'(z) for z € R\ {0}.
For 2 € R\Fo} we fave
Fet = It o F Pl )

= 3yt fz}sz,é— e c@;}—z’

(b) Prove that f is differentiable at 0 and find f’(0).
for h#£0 we have  £(4)- fro) = JE e
é -0 /{ e
Since [sm —/—/< /, we have //Zf Jz—/—/<é -
by the Sputige Iheorem for Lomefs, /M M =0,
ﬂem/}re f o Ao //Mz%fm//e at o M/ / 70) =0,

(c) Show that f’ is not continuous at 0.

et Gui= o for =14 . Thon

f//z’,, = ;?i?f Sin (2n) = 259)’/2727)

£

Wehane Yo 2y =0, but flog) =2 170) o
4 7€ /{/ 7/%4/% Y47 wt contindous al o.




5. (10 points) Let g(t) := et, —00 < ¢ < oo.

(a) Find the third Taylor polynomial of
of the remainder.

g at 0 and the corresponding Lagrange form

We have 3908 =¢% for 4 =012 1 Lt follous
Lhat jw/a) = I /v M ACHy Thais He Hhovd
Taylor //ﬂézzﬁm‘d/ o7 af o i

Flgol) =14+ 8 14

THe cmw%aw/z}y yemainder 2 :
Ki(9,0) (#) = L;’fifﬂ - f;,- /#
whery 75 Jefweer o wnd /.

(b} Let Fli) =) —é? o ecpon Find a polynomial g of degree six such
that ¢*)(0) = f®(0) for k =0,1,2,3,4,5 6.

The 7. 57/07’ St o ¢ adboul 0 45
gct) = ;o

L i ~wl 4 <L oo
=0 2" ;

¢ 'o%f{/m/://’, .

g0 Z
et g L e

n=0 ”»

£ e
Let gin) o= 5 Lgor — 11205+ L L T

Z=0

o & ]o
gy = Bl aa s S
i g’/”/ e v

fz‘ /d//mx Hat (/-;/ﬁ/c;): 0 /W £=0 123446
Therere JH00) =F*0) for f=0,125 4 4 6.



6. (10 points) The Fundamental Theorem of Calculus will be used in this problem.

(a) Let F(x) := fll'm\/ie‘t dt, z € (1,00). Find F'(z) for z > 1. Simplify your
solution.

for 2> 1 we have
Fa)=/Ziz e 4 pa)
~ /47 4 (2)
77
xZ

i

(b) Let G(z) := ffa:sin(tz) dt, z € R. Find G"(z) for z € R.
, 4
We have G(x) =~ " sin (1) d1,

Hence  G10) = — [Zein (4)df ~ 2 si0 (27,
Farther,
GV (1) == sin (47) ~ 50 (X% — 7 o8 (2% (22)

= 2 5in (1) —227 eo3(2°),




7. (15 points) Calculate the following integrals.
1
e
(a) /0 (I—2*)"a de
Lok w=7-2% Then du=-22d%. When x=0, u=17.

When x= 1, #=0, Henee
/; L0129 20y = //"’//,- ,,}/_L)/z/
= WYy = g7l 277
- ‘:ZL/% ) - /io .
o) [ oy
/;/ﬁfmffm 4y perts goves
[e r)dy = « éﬂ,;c)z/é—-[éz.z,/ﬁﬁ-z/-p/l
= ¢ ‘-—,,z[ez,wx “ g—m:/;x/,em/eﬁ/z
= -1t talé-l) =27

(c) / sin? z cos® z dx.
/2

HWe /(ZI/Z Sin’L css Zx (fi)ZZ CoSZ) _[fz”/iﬂ)

= athi [ I s
4 T 7 2 - i
5 ‘ ,
Heney /17 gin'tca’t d ://7 %d&/

-—[1 i ;mm) .
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8. (15 points) Consider the power series

n—1

iZR (x—=1)"

n=1

(a) Let I be the 1nterval of convergence of this power series. Find 1.

= '7 1) fr ;z*!Z . For AF [ we fare
o it 2% [a-1] b i
)

5/ Hy ratio pest %@ m/ﬁw mzmyza 7 2l 1 ad doyerye 2>

When 2= —L ﬂff 5 z (ZI) Com/ LY. éy P adbernaty 1
sers f///f’ W/e’w £ ——g—) i i————[ 2-)" = z»(z ;/2‘;/&{744 becanse

Hhe harmoni series 5, 4 divere Zw Thus I = [
(b) We use I° to defiote the interibr of I. For z € I°, let f(a:) be the sum of the
above power series. Let ¢ = f’. Find the power series expansion of g about 1.

For 2€1° =%, 3) we have

M Z ~f ﬂ[% 1) o9 wel 1”'1 7(’[
Jat) = flz) = ~ Zan )

(c) For z € I°, find g(z) explicitly. Moreover, find an explicit expression of f on I°.

e f
We obeeyve Hhar 1{”:// 2t . j'wmef/zz seridd,

Jts imitcdd ferm i 3! u-g)! o 1 wd s vatie 5
1-1). Henc

4 - n-1 o
[x) = J 2 f (1'/ = — J i 3
e e e

it fi2) =qum). Kmﬂ@ij fi2)= /;zz /1:_1,&/3-276)%6
We fave £(1)=0. So ZZ, 390 =0 17 fd//ﬁ%/ Hal C=0.
Thortfore

il "":zl‘//ﬂ (3-22), S %



