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The Final Exam (Math 314 A"1)

December 14, 2015

Name: I.D.ff:

1. (10 points) (a) Prove that a +brt is an irrational number for all rational numbers a
and b with b * O. (lt is known that t/2 is an irrational number.)

Prry. /e/ c;: a*/,8 J":'rttr / / o, ,/ 4r//ana //rf
(5 : #,
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(b) Find three irrational numbers in the interval [1,1.1]. Justify your answer.

F* fn{. /e/ tl::,{t+. /,/y'*r/ro),err,/ r,6

lJ du irfa/zraa/ ?lu/nfu4 !ilc? 0 < .fi < d, ue ,/att€

ilu (to, (r/., Caa e)/c *ra/aoua/ zu*/grt zi f/, /'/-/.



2. (15 points) Let /(r) :: tr2 - 2ln(1 + ,r), _* < r < oo.

(a) Determine the intervals where the function / is increasing or decreasing.
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(c) Prove that there exist three real numbers b1,b2,b3 such that b1 < bz < b3 andthat /(fu) : f (br): /(b3) :0.
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3. (10 points) Let f be defined by

f (t):: {-* 
for r < o'l\*/' t.t+= forz)0.

(a) Prove that / is strictly increasing on (-oo, m). Moreover, find the range of /.
Justify your answer. y' ,s cra/;gaata6 azz S_u, w).

foz t < o ,r/e /or,re /?z) - -J,t zo. /y //e ntucr4
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its inverse function. Find the value b :: /(1) explicitly. Moreover, find g'(b).
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4. (15 points) Let f be the function on IR defined by

f (r\ :: [ # sin(7112) if r €n, \ {o},r\ t Lo if z:0.
(a) Find f '(r) for r € IR \ {0}

fry t e A\{a} wa /a,re

/'d = J,t'!i'n * y' tj cos( *) (-;r)

- .l.ilr t,h# -Z cr,t*,

(b) Prove that / is differentiable at 0 and find /'(0).

fu I *o we ltua /ft)-/ro)
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(c) Show that f is not continuous at 0.

I
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5. (10 points) Let g(t) :: et, -oo < I < oo.
(a) Find the third raylor polynomial of g at 0 and the corresponding Lagrange formof the remainder.
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(b) Let f(r):: s@',)- sr2, -N < r < oo. Find a porynomial q of degree six suchthat q(r)(0) : /(,+)(0) for k:0,1,2,2,4,5,6.
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6. (10 points) The F\rndamental Theorem of Calculus will be used in this problem.

(a) Let F(r) :: []"' ,fi"-' dt, r e (1, oo). Find F/(c) for r ) 1. simprify your
solution.
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(b) Let G(r) :: f rsin(r2) dt, r € IR. Find G,,(*) for r € IR.
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7. (15 points) Calculate the following integrals.

77

@) J, 
(t - r2)8r3 d,r

/et // :- /-t'. fle* Cil - -lt/"t . Wlsrt x : 0, r/: /.
Wfuz ,fr: /, ,t:0, Hrrtre

I ' rr-z')rti lt - I o 
ul (r- u) t/) fu

/ //TJo (//r-'t? /u / r 'tr il/o t /
: L/L-J) 

:ri/-r-7vl'
etf to/ -7V".

1u; /'g, r)2 d,r.

/afurn/,-* lY f*/s /ilel

I' V,t)'lt : r 6/,il" l,n - I 
et ,At' j lt

: (-2t+e(e-/) = 4*2.
k) 

/^",,

l't/e

sin2ecos2rd,r.

/are .f;n'-{ coled - (;n,/ cos,r)'

: t;n"ftt) : J_ t-fgUil4*T_---a-
- f f,-n l2il l'- l---z-l

_ I - kl(42)

//*,tcs {; roit,/, c6zr /, : l;
_ f "t, S;n bt) 7 

tr-Lv -:-tr[ y-
t- 

7 
r+4 ;r

t6 ,



8. (15 points) Consider the power series

2+@-t)'
(a) Let 1 be the interval of convergence of this power series. Find /.
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(b) We use 1o to denbte the interi6r of 1. For r € 1", let f (r) be the sum of the

Jt.,rroty

above power series. Let g : /'. Find the power series expansion of g about 1.
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(c) For r e 1", find 9(e) explicitly. Moreover, find an explicit expression of / on 1'.
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