The Midterm Exam (Math 314 A1)
October 27, 2016

Name: L.D.#:

1. (12 points) (a) Use the interval notation to express the set {z € IR : |2 — 3z| > 8}.

Nofe that 12-32] 2§ of am’méu if 1-32<-§ or 2-322 8.
L/m/‘//v 23X < -8 & IL<9-2 S o> X L2
Horeover, 252 28 & ~Jx>8-2 € 3L > (< r<-5

Au fa€R; 1232l 285 = (~e0,-2] |J [AL e0),

(b) Let a, b, ¢, and d be real numbers such that bd > 0. Prove

E< a+ 2c
b b+2d

Froof . Mulliplying both sides of He ineguality %< =
by bd >0 we obfain

gﬂ/(f—)< jd'(j—) e, ad<idc,
Since A(sz) $°+24d >0, we have

é < j;jl S alprid/< blatz) & dé;‘ld/(q,hz;(:

-

o Q
Ll o

But
A4d<bc = 20d <24y = gbrzad<afr24c,
7%4/{/%,

4 , < a atzc
& KA
4 4 7 < 4724 .




2. (18 points) (a) Find two irrational numbers in the interval [1,1.1]. Justify your answer.

J’a/zz/z‘m, 14 5 Anown hat 12 55 ar z‘/m/z‘om/ W”ZZW»
Moreover, if a wd b are rationel nunbers with 4 #0,

Hen atf/7 15 ay z‘//ﬂ/;'a/m/ namber. Moke af 1< J2<2.
So, for h=10,21, -, /‘f{%— s an /f/’ﬂ/zvm/ilz&wé&/ e [LL1]

(b) Let (@n)n=1,2,.. be a strictly increasing sequence of real numbers. Prove that the

set A := {a, : n € IN} has a minimum but does not have a maximum. Justify
your answer.

We #ave a4, <a, for d// 43 /‘/, Hence a, &3 the minimum ﬂ/A'
If A but & mazimanpl, then M =4y, S0 Some mep,

uf the seguente ). W 57%;2% i }’{[{j;",y, B7
Aysy > Ay =M. This M would not be a maximum, This

confradiclion shavs Hut A dots mof have a mazimym.

(c) Letd, :=[1-—(-1)"n—3/n,n=1,2,.. ,and let B betheset {b,:n=1,2,...}.
Find sup B and inf B. Justify your answer.

For A=0,1,2 - we have .
bogts = [ 1~COM Ohrt)= iy = 2000) s

1t folfons Hat }{Q_f;tw bpry = . Mence suwp B =+teo,
We tlasn that ing § =4 =3

=
[/w/ee’[/, zf/z:: 2% [;{:/,2,-"} 5 ey, f/tﬂ

by=L1-) ) - = > -2,

SINCE 2f22. [f n=2441 (A=0,1---) 15 odd, #hes
o e T
This Justefees onr claim,
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3. (18 points) Let a1 =1 and set @i =0 +a, for n=1,2,....

(a) Use mathematical induction to prove that 1 < a,, < 4 for all n € IN.
for =1 We fave 4 =1, 50 1<a, ¢4 5 frue far n=71,
Suppose that /< a, < 4 3 Lue, Then Bysr =i 672,

mzé"f/m Jert < Ut < Gy, But JE77 5 1 ad JT57 <4

HenCe 1< Ay < 4. By He Prinegple of Muflomaticel Induching
1< <4 for aill ve

(b) Use mathematical induction to show that a1 > ay, for all n € IN.
For A=1 we have 4; =/6+4, =/6+1 > 1 #d[,
Juppese fhat Gury >a, 5 Lue. Tfen
Bjps =J 48y > bty = dyy,
This cm?éf/e/e s Lhe indloictsomn /bmc’fé/zzfe, Thertfere, Ayt Dy
tor 2l we 4/

(c) As a bounded increasing sequence, (a,)n=1,2, . converges. Find lim,_, ap.

By (@) aud (4), Oy, ... % a boandled rrcredsing sefuence,
//5)1[5 ('d/t);yzjf Jn CMVW/Z!/ f)d/ ’/}/” a4 =J /f /ﬂ/ﬁdf

H—>&0

S gy =JEtay fhat ;é;’”w yry = ’%:fM#éfﬂﬂ, Thus

S =JEtc &zrsz/m/{% S*-S~6 =0, Ltfor s=3 or §=-2.
it s = ’,él”w a4 > 1. We comlide Huf Ly =3,
n-



4. (18 points) (a) Find the following limit. Justify your answer.

: or =
e )
Wf /We Zﬂ{ ]—” = /?*m (:;L) ”= 0

H—>go
= (—1) 2 Ll
Horeaver, — =< L /_ /,{;'2/77
by the sguecie Heorem for sguences,  fom L7 _

=7 po

: S -
We conclude that Aim (i )’ =) =0
2760
(b) Find the following limit. Justify your answer.

:v2+3m—4)

e )

T—r00

Ve
We 4 Y ZB2A g (1 ] ¢«
S T e

4

Since the ﬂmcﬁm ¥io v/ vg 4 5 lontsnusns on (e, “’/
it follows Hat

ﬁz-ﬂ
2/-;10 o 2P ) —<Z.
(c) Find the sum of the following series:
N
Wedpie ¢ -2 @ o5t e
e 4 ?éz e 47
P _q )1
[ &2 (,3))1’/ J_
M/z‘i;mmw’—— Sa L) = 4 _71__



5. (18 points) (a) Let f be the function defined on IR by f(z) := 3% — 2® — 10, z € R.
Prove that there exists some ¢ € IR such that f(c) = 0.

We havt frg) =3°-0-10< 0 and
f4)=3%1-47-10 =51 -64-)0 >0,
By the z‘nfwmué%/é value fheorem, Fhore exixts some CElo4]

cuch that f(c) = fl,

(b) Let g be the function defined on IR by g(x) := z* — 22, z € IR. Show that

g(x) > 0 whenever |z| > 1. Moreover, prove that g attains its minimum on
(—00,00). In other words, there exists a real number ¢ such that g(z) > g(t) for

all z € (—00, 00).
We hawe ;/(‘z):x4—zz=12/'zl_¢), Forv 12l 21

A =11 po. Heme qi)=z1"(2=) 20 for Iyt
As a [ﬁﬂ/}'ﬂdw ﬁm&ffm 7 pthu‘w J S g mum o '%M,
5/054&/ ;}zﬁrm/ LI I othey W&Méf, theve fm:(f! S ome

§eps, 1] sud ot §0)<G2) ool 2e9,1]. Lo parbzedar
qib) < gio)=0, But o< qtz) a/»zﬂptl;j, Therefore,

(4) < G(A) for 2l 2€(-00.2)
(c) Let h be the function given by h(z) := y/z for z > 1/2. Prove that h is uniformly
continuous on [1/2, c0).

We have /ﬁ/z)/@)/ =lE-y = /TZ% / < 17y, smee
] 2 [T t{77 > 1 for 2,4 €[+ o)

for Jiver § 5o choose §=¢, Then |hew)-h(g)|< ¢ Mner
noert o) md [141< 5, Thorefore, f i wisfornly contomont
m [§,e9),



6. (16 points) (a) Let

e % for z € R\ {0},
f@) ._{1/2 far 7 =10

Let g(x) := zf(z) for x € R. Is f continuous? Is g continuous? Justify your answers.

We pave fig) =1 for x>0 wd f)=-1 fr2<0,
¢ fa/l/m Had {{;’to* fix) =1 # f(o), Hence /% not
£ﬁ7rfmuW,
The ;zmgﬁ“m i i continuond on (-¢9,0) ad (¢,09).
At b posut 0 we ha# fi)=o, f_‘g; - fe2)=0, wd b, §i)=0,
Therefore, 92 continuond on R

(b) Let
iz = l_f:;’ 2 € [0;1).

Prove that w is strictly increasing on [0,1). Find the range of the function wu.
Further, find an explicit expression for the inverse function u~! including its
domain.

We Wﬁé bﬁ/w/ uia)< ulh) dhenever o<a<b< 1,

Nobe that
wa)<ell) & A < 7!?:; & alih)< bli-a)
Sinee j-a 70 md 1-h 70, Gut a< b= a-4b< bba = aliH<Hi4),
This rhewls Ule) < ulh) W?HWM’ oLac Ll 1.
Sindl oy w ffn‘cfxé sz}’Zfd/f wedd //;m x o0 P

Pl
roqe of 4 4 [y, 62) =[o,). ;
{;}74{ Uy WK'ZJ’W)M mfg [ﬂ,w)/ MI/ZJL(«‘?{:( Ww/?{f 5/077&)(
& [o,00), Suppost W) =2, Thon Y=t} = 7%7:{ It fa/wk/mf
40 #)=1, ie, X :'ﬁ%’, We conelucle thad

L )



