
The Midterm Exam (Math 314 Al")

October 27, 2016

Name: I.D.ff:

1. (12 points) (a) Use the interval notation to express the set {r e IR : l2 - 3rl > 8}.

ilolc llot |z-ttl zI {an/*// t/ t-ja<-g orz4r?,.
[/1or!, z-ia, <-g a -Jz<-s-z q -J,2,4 -/oe x?#.
y'/oreorc4 2-.1x,>t € --/.t,>g-za -.rz>6; e z<-Z
rlus 

lteR, l2-i/.1 vg j - (-*,-aJ u t+. *).

(b) Let a, b, c, and d be real numbers such that bd > 0. Prove

a c a a*2c
-/-_/-b-d - b-b+2d,'

Proo/. //a//y/Vny tohl "ru-/tr f lk;zefua/;ly *, *
ly ld > o we ol/arn

ld (*)< td(*), t-€., al</c.
Sinte I ( I / ail : l',tt l/ z o, r,//e /d,/c

f < ffi e? aorzlJ< lkrzc) e a/*za/<sJ+,/c.
tsa/ 

a/ < lc ) z a/ 1 zlc + al tru/< a/*z/c.
Tler{ore' 

*<* + f, ffi.



(18 points) (a) Find two irrational numbers in the interval [1, 1.1]. Justify your answer.

so/afirry. // g lnwn /lo/ tr * dr ilrah.illd/ //tt/,rrh/r.

/areorrrr, / a a"o/ / *rz re/roru/ zuru/avL ili/'/ "l * o,

/lcn d*lD *t da irra/;urn/ flr,ttu/rr. /a/e//a/ /<6<2.
So, /ar l*to,e/,..-, ,n* aJ nz/rFa/;oro/ro*/-,ift,/"/-/.

(b) Let (an)n:t,2,... be a strictly increasing sequence of real numbers. Prove that the
set -4 ,: {on: n e IN} has a minimum but does not have a maximum. Justify
your answer.

L/e /aya e 4e, fq a// ze /t/, let,rc fr, il 4, rr;r,r*or 0/A,

17 A /u a 7ild,trmunr7/, /,/ert il:Lr, /ortdme vo€il,

ta/ ilc .ref:ue//t€ ruo)r, =ta,-.. hr shrc/h t//cr€c/.riz{. f0
Laonr , oo! ://, rrh4J tvl woa// ,o/ le /*orrro*! r/;t
,orho/,2/tm slws /la/ A /ou zo/ /ave d lrtdiinusf,

(c) Let bn:: [l- (-1)"]r, -3|n, n:1,2,..., and let B be the set {b, ; n:1,2,...}.
Find sup B and inf B. Justify vour answer.

fu 4:or/,4"' wg/are
ltttl : {/-t4ztrt klrt)-

= @. illnc€ ttl/ fr = / @.

t-J-oz --7,
Irdzz/, t/ z - zl (/:/.e,...) * €//€)./, //cn

irt : /r-ril'*J kil- + = - * > - *,
sr/|t{ ,tl?.2. // o:t/.*/ (A:o,/,-..) ,t o//, /lc,
*t l1tr, : z (zlt)- * > 4-J :-/ 7.1r.
Uil iUtrVu5 lilr c/dt-t71,2

z l+/ - t 0/+t)*Zful .

/* /o//wr /lol /,g* l,i+r

tle /arru /lot ,r/ B



3. (18 points) Let a1 ::1and s€t o,11 :: t/6lan for n:I,2,....
(a) Use mathematical induction to prove that 1 I an ( 4 for all n e IN.

fq fl = / we /a,yc d/: /, to /-1 ilt, {/ ts ,/ru* /r a-7.
J"uVTwc /ta/ /-1 da < 4 al lrrU, 7/cz dzr:lry?a;
;a b/,vt / 6r/ € onl < @ . 6ut,Ei > / a*/ S7Va4.
//cnce / 1 etr , / r.sy //,2 lr,zvh o/ fl"frcral;ra/ rr&c/ta,
/4dn<//*o/r/ed

(b) Use mathematical induction to show that a,11 ) an for all n e IN.

fu,u-/ we /attc 4r:/74-tW>/:e/.
Jnpuz hful lttt 7 du ,r bac. ilel

ilit c"rwqrt/u ilz ,>/aclw Vraahre. r/,/.t/ft(. dr*, 7d,
/,/ d/( le il,

(c) As a bounded increasing sequence, (an)n:1,2,... converges. Find limr-oo arr.

;:': r: ;:, l:' :-*; i;ff _:::: {,Tff
/rm tz+/ -md,t fial /* ou*/ - /y*,m, Tlus

J :lW. ?uN+, s,-s - 6 * o. [;%pr s =J dr s: -2.
, Bo/ ;r .= fu* 4c V / . 1,tle cmc/uu/z //a/ tg* drt = j.



4. (18 points) (a) Find the following limit. Justify your answer.

ni,. (z-.- (-1)',\
,'5L\" - -6 )

We la,re {,:*J-?/ : /,g* (I)o: o.

ilmeortuq -#* #" # */ /*#-e.
lV hte tf,Ge/e //earurr, /rr reVuen&J,. l.* % _ e.
tde c*c/u/e /tat 4g* (ot, - Hl :;* 

lv
(b) Find the following limit. Justify your answer.

,!gros,##)
tle laru

/r^ ./2+tt-4 /,o t, ( r+ I - *) :*+e472+7 :;:ir@:-

"fiace fllr Tunc/r'* J/ H lA / ,; tm/u.vasu *
tl 7a//nu fital- 

/*/'/, W''-,+) - /%*:r-
(c) Find the sum of the following series:

i
n:1

/
T.
(o, *),,

I
T
_t
7.

tl/e. ,laye f kittt-'-l = f. H)il't _ f zil=! 44 3=r-7- #,?"
F=, # d a y**l'o rerr$it, Ifu /,rsl lorn aV=t +

a,/ rlr ru/ro n+. S, fr. + :

:J--Z -*ll

,rr;,-d)

74 3 2t,



(18 points) (a) Let / be the function defined on IR bV f @)::3* - e3 - 10, r € IR.
Prove that there exists some c € lR-such that /(c) : g.

Wz law /ro) -lo-ot - lo { o ao/

!G)=14-41 *to -ll -64-lozo,
try lk tnh,rrut/r"/e ra/u /lturw, /toru tilaTls twe c 0[0,41

nlol tlat /rc)=a,

(b) Let g be the function defined on IR bV g@) :: tr4 - 12, r € R* Show that
g(") > 0 whenever lrl > 1. Moreover, prove that g attains its minimum on
(-*, oo). In other words, there exists a real number t such that g(r) > g(t) for
allz€(--,-).

l,t/e luu f ,r) * t4 -r,' : il'(t'- t) . Fu, tzl v / ,

ilL- / : lzi'- l V0, tlaw /d:,;'(to-t) V0 f0/ UlVl,

fu a tm/truoonu f*cloz*, 7 ullarol ,ts ruirtivturu &r t/rL
,louol ,vt,r,rdi [4, 11 .'In ,tt"r,t)crfu, tluz4n,3h tfttt+

t ekr, ti t*01 ilrt {rt) 'i,ri f*g,il,,r1Lt:tl. -I't y*k"fon
'Xtit 

s gto) : 0, hat 04 !H).f, d( Flv 1.. flbra/"re,

(c) Let h be the ,,fl(Ilf,t{(1,^,*,:(":,t"':?,;11;e that h is unirorm,y
continuous on [t/2, oo).

We. laatc ltrrt-lrrl-ll?-{,tl - ffil ,,r'Yl, r;,rz
{n+{t z,l%tlQ z / f,r r, / e s*," u). 

,

ftr {Au { 7o, olw, [= t " Tt7r, l ha1- tWlZ / ,.)*r**
t,! *ft, w) */ t,t-,111 f , {).*/frz, lt d ail?ft,',,/{ *rtnnw
n [*, oo),



6. (16 points) (a) Let

rt*:,:IY forr€R'\{0},
ItlZ forz:0.

Let g(r) :: rf (r) for r € IR. Is / continuous? Is g continuous? Justify your answers.

blzld,rc /u7-1ftr>o owt lr*)--l f*t<0.
fu 70,1/w' ttrf l::r- fril: | * /ro1. tlau { I ,',rt

(*/rnuw,
Tlo lunrtrn | fi ,*lroond'l at (-&, ,) od t0, e) .

At tl* yoaht 0" at( la*e /b):0, /r' - {u)=0, */ l,-rlrt)=0,

Tl*,,,r,[rrr, ! a oonlt n,uul * 1fr, 
/-ao

(b) Let

u(r) :: r e [0,1).L-r'
Prove that u is strictly increasing on [0,1). Find the range of the function z.
Further, find an explicit expression for the inverse function u-1 including its
domain.

We ootl, /o sl,.ow tlru)<lt(U ilorur"rrr 0<d< b< /,
N, L, *t.t

ara) <dil € k, h a a ( rb) < b(t-a)

tinrc pa 7 o ara( rb 7o , fiot 0t< b € a'ab< b'ha q d?U<l{ra).

Tlt,t ilNs uta) < uft) ,rrl*r* o<d{ l< I,
finct lt i t/r;rtly ozcrer*",y */ lu- L-N, ,l&

r*rf o{ ,r a fu o) , u) : f r,1). 
- 

. 
fi+ t" t-t'

S;ntt tt fl mr-tr-aztn-/,zlo [o,u), 4't z'lith "-/ r'ls /annu"

ir 1o,u), S^ryyu o"ry) =/, fl,* !:{/U): # , fu fr//***h"t
! ( rl):1, t',€? 1( : ft W cazolrrl" tlrf

u ilu): #, (eLo,*).


