MATH 314 Assignment #10

1. Calculate the following integrals.
1
(a) / eV dx.
0
Solution. Use change of variable: x =t for 0 <t < 1. When t = 0, z = 0, and when
t =1, x = 1. The substitution together with integration by parts gives

1 1
/ e VT dr = / e (2t)dt = —2te”"
0 0

1

1
4
+/ 2 tdt =—2 1 -2 1 +2=2- ",
o Jo e

(b) / Inz| dz.
1/e

Solution. If 1/e < x <1, then Inz <Inl =0 and hence |Inz| = —lnz. If 1 <z <e,

then Inz > In1 = 0 and hence |Inz| = Inz. Thus

e 1 e
/ ‘lnx‘d:c:/ —lnxd.r—i—/ Inzdx.
1/e 1/e 1

Integration by parts gives
1
/lnxdm:mlnx—/a}-—dac:aclnx—x+0.
x
Consequently we have

. 1 1,1 1
—lnxdmz[—xlnx—kx}l/ :1—[——1n—+—}:1__
1/e ¢ e e e e

and
/ Inzdx = [:plnx—xﬁ =lelne—e]—[1Inl—-1]=1.
1

Finally, we obtain

e 1 e
2 2
/ ‘lnx‘dx:/ —lnwdx+/ Inzde=1—-+1=2— —.
1/e 1/e 1 e e

(c) / x? cos x du.
0
Solution. Integration by parts gives

™ T
/ 2 coszdr = 2’ sinx
0

_/ (Sinx)2xdx:—/ 2xsinx dz.
0 0

0

1



Using integration by parts again, we obtain

T

T s
—2/ cosrdr = —2m — 2sinz| = —2.
0

s
— 2rsinxzdx = 2z cosx
0 0 0

Thus
s
/ x? cosxdr = —2m.
0

V3
(d) / arctan x dx.
1

Solution. Integration by parts gives

1
/arctanxda: = rarctanz — / T dy = rarctanz — - In(1+ 22) + C.
1+ 22 2

It follows that

V3 1 3
/ arctan x dr = [x arctan r — 5 In(1+ x2)] =3 "1 3 In 2.
1

. Find the following integrals.

2
(a) / 234 — 22 dx.
0
Solution. Let u = 4 —x?. Then du = —2xdz and 23dx = x%xdx = (u—4)/2du. When
r=0,u=4. When z =2, u =0. Hence

u—4

2 0 4
/ .7:3\/4—x2d:c:/ \/ﬂdu:/ (2u/? — w*/?/2) du
0 4 0

4 1 4 32 32 64
_ [_us/z _ —u5/2] _ 94 _

3 5

o 3 5 15

1
(b) / 22(1 — )0 da.
0
Solution. Let u=1—x. Then dr = —du. When z =0, u = 1. When x =1, u = 0.

Hence

u13

1 12 1
10 11 12 u 2u 1
— _9 du = [__ _] _
/0(“ Wt u)du= |95 - o | = g




o
(c) / sin® z dz.
0
Solution. We have sin® x = sin x sin? 2 = sin 2(1 — cos? 2). Hence

cos?’gc]7r 4

o 3

™ ™
/ sin® z dx = / (sinz — sinz cos® z) dr = |— cosx +
0 0

w/3
(d) / sec? z tan z d.
—7/6

Solution. Put u = tanx. Then du = sec? xrdr. When x = 7/3, u = tan(r/3) = V/3.
When z = —7/6, u = tan(—m/6) = —1/+/3. Hence
V3

/3 V3 u? 4
/ Sec2xtanxd:)3:/ uwdu = — = —.
—/6 —-1//3 -1/V3 3
3. Calculate the following integrals.
0 x
— dx.
(&) /_1x2+2:1:+4 *
Solution. We have z? + 2z + 4 = (x 4+ 1)? + 3. Hence
0 0
T r+1-—-1
/_1a:2+2x+4 o /_1(a:—|—1)2+3 o
1 1 z+11° 1 ™
= [=In(z®>+2zx+4 ——arctan—} =—-(In4-In3) — —.
[2 ( ) V3 V3 1 5! ) 6v/3

0
(b) / sin? x cos® x da.

—T

Solution. We have sin® z cos? 2 = [sin(2x)/2]? = sin®(2z)/4 = [1 — cos(4x)]/8. Hence

0 1 /[0 1 sin(4x)10 T
/ sin® x cos” z dx = 3 / [1 — cos(4z)] dx 3 [:E 1 ]_ﬂ 3"

—r -7

3
(c) / V9 — 22 dx.
-3
Solution. Let x = 3sint for —n/2 <t < 7/2. Then dz = 3costdt. When t = —7/2,

x = —3. When t = 7/2, x = 3. Moreover, since cost > 0 for —7/2 <t < 7/2, we

have V9 — 22 = v/9cos2t = 3cost. Thus

3 /2 /2
/ \/9—x2d$:/ (3cost)(3€ost)dt:9/ cos? t dt
-3 —m/2 —m/2
_ g/w/Q 1 + cos(2t) g — g[f N Sin(2t)]7r/2 _ 9
—7/2 2 2 4 —7/2 2

3



1
d —d
)/0 vVaz +1 v

Solution. We have

1 1
E———— = 2 =
/0 x2+1dx In(z + Vz +1)‘0 In(1+ v2).

4. (a) Find the length of the curve given by the equation y = e*, 0 < z < 1.

Solution. Let L denote the length of the curve. Since 3’ = ¢*, we have

1
:/ V14 e2®dx.
0

Make change of variable u = /14 2% in the above integral. For x = 0 we have
u = +/2; for z = 1 we have u = /1 + €2. Moreover, 1+ €2* = u2. Tt follows that

d d
2¢%* dx = 2udu and da::uu:ﬂ.
ez u? —1
Consequently,
1 Viter 2
:/ \/1+621dx:/ 5 du.
0 \/5 u _1
We observe that
u? uw?—1+1 1 1 1 1
- —1 —14= - .
u? -1 u? —1 T +2(u—1 u—i—l)
Therefore,
1. wu—17V1ite?
L:[u—k—ln }
2 u+1lv2
V1 21 2—1
1+e2+—1 e \/_——1 V2

Viter+1 V2+1

(b) Find the length of the curve given by the parametric equations

fL’:COS3t, yzsinst for 0 <t <m.

Solution. Let L denote the length of the curve. Since z/(t) = 3cos?t(—sint) and

y'(t) = 3sin® t cos t, we have

/\/:c’ (1)]2 dt = /\/ (3costsint)? dt—S/ | cos tsin t| dt.

4




For 0 <t < /2, costsint > 0, and so |costsint| = costsint. For n/2 < t < 7,

costsint < 0, and so |costsint| = — costsint. Therefore,

/2 ™ 3 /2 3 ™
L= 3/ costsintdt—?)/ costsintdt = [— sin2t] — [— sin? t] = 3.
0 /2 2 0

. Let f be a continuous function on [0, 1]. Prove the following identities:

n/ ™/ ™
/0 2f(cos:c)d:zcz/o 2f(sinx)d:c:%/0 f(sinx) dx.

Proof . Making change of variable x = 7/2 — u in the first integral, we obtain

/07“/2 f(cosz)dx = /7::2 f(cos(m/2 — u))(—du) = /Oﬂ/2 f(sin ) de.

Making change of variable x = m — u in the second integral, we obtain

/OW/2 f(sinz) dx = /:/2 f(sin(m — ) (—du) = /7; f(sinz) dz.

It follows that

T w/2 ™ /2
/0 f(sinzx) dx :/0 f(sinz) dm—l—/ﬂ/2 f(sinz) dxr = 2/0 f(sinz) dx.



