MATH 314 Assignment #3

1. (a) Prove that lim, . /n = 0o and lim,, \/Lﬁ =0.
Proof. For M > 0, let N = [M?] +1. Then n > N implies \/n > v/ M2 = M. Hence,
lim,, yo0 v/n = 00. By Theorem 1.3, it follows that lim,, . \/Lﬁ = 0.
(b) Prove that if lim,, , a, = a, then lim, _, |a,| = |a|. Is the converse true?
Justify your answer.
Proof. If lim, .- a, = a, then for given € > 0, there exists a positive integer N
such that |a, — a| < & whenever n > N. Since ||a,| — |a|| < |a, — al, it follows that
|lan| — |a|| < € whenever n > N. This shows that lim,_,o |as| = |a|. The converse is

not true. For example, lim,, . |(—1)"| = 1, but lim,,_,,(—1)" does not exist.

2. For each sequence below find its limit and determine whether it converges.

3n2 — 2n3 1—n?
. b) by = ——
(@) an = = 5 o0 (b) 10072® + 9n2
371_"_271
(c) cn = () d, =vVn+2—-+/n

3n — 4n
Solution. (a) We have

3n? —2n% 213 4 3n? n?(—2+ 2) -2+ 3
an = = = = .
54+n+2n nd4+2n+5 P31+ +%) 1+ +5
It follows that lim,, . a, = —2. The sequence converges.
(b) We have
. 1—n? —nd +1 nd(—1+ =) -1+ %
n — = = =n .
100n® +9n2  100n8 +9n2  n8(100 + %) 100 + 25
Consequently, lim,,_,~, b, = —oco. The sequence diverges.
(c) We have

L+ G
1= (3)"

Since limn_ﬂxj(%)” = 0, we obtain lim,, ,~ ¢, = 0. The sequence converges.

(d) We have (v/n 4+ 2—/n)(vVn+2+y/n) = vVn+ 2—\/52 = (n+2)—n = 2. It follows
that d,, = 2/(v/n+ 2+ /n). Since vVn+ 2 + \/n > 2/n, we obtain 0 < d,, < 1//n.

Since lim,,_, o \/LE = 0, by the squeeze theorem we conclude that lim,, ,,, d,, = 0.
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. Let z,, :==vn?2 +n—n forn € IN.
(a) Prove that

Ln

n
V2 +n4n
Proof. We have (vVn2 +n —n)(v/n2 +n+n) = (n? +n) —n? = n. It follows that

R o e raraes

(b) Show that 2n < +vn?+n+n <2n+ 1.
Proof. We have n? < n?+n < (n+1)2. It follows that n < v/n2 + n < n+ 1. Hence,
n<vVnZ4+n+n<2n+1.

(c) Deduce from (a) and (b) that

n__ < 1
Tp < =
2n+1 — 2
Proof. 1t follows from (a) and (b) that
n n 1
<z, < —=-.
2n+1 — 2n 2

(d) Find lim,, o @.
Solution. Since lim,,_, T’ll = % By the squeeze theorem for limits we obtain

lim z, = =
n—oo

. Let a; := 1 and set a,11 := (2a,, +5)/6 forn =1,2,....

(a) Find the first five terms of the sequence (ay)n=12,....

Solution. a1 =1, a3 =7/6, a3 = 11/9, ag = 67/54, a5 = 101/81.

(b) Use mathematical induction to prove that a, < 2 for all n € IN.

Proof. We have a; =1 < 2. Suppose a, < 2. Then

2an +5 _ 2245

< 2.
6 - 6

An4+1 =

By the principle of mathematical induction we conclude that a,, < 2 for all n € IN.

(c¢) Use mathematical induction to show that the sequence (ay)n=1,2,... is increasing.
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Proof. We have ay > a;. Suppose a, 41 > a,. Then

2ay, 5 2an+5
Qn+1 + S an +

6 6 It

Ap+42 =

By the principle of mathematical induction we conclude that the sequence (ay,)n=12,...
is increasing.

(d) Prove that the sequence (ap)n=12,.. is convergent and find lim,,_, o Gy,

geoe

Proof. Since the sequence (ay)n=1,2,... is increasing and bounded above, it converges
by Theorem 3.1. Suppose lim,, ,~ a,, = a. Taking limits of both sides of the equation

an+1 = (2a, + 5)/6, we obtain

. . 2a,+95 2a+45
a= lim ap4+; = lim = .

n— 00 n— 00 6 6

It follows that 6a = 2a + 5. Consequently, lim, o a, = a = 5/4.

. Let by := 1 and set b,41 := V2b, forn=1,2,....
(a) Prove that the sequence (by,)n=1,2,... is increasing and bounded above by 2.

Proof. We have by < 2. Suppose b, < 2. Then
bn+1 = V2b, < V2.2 <2

By the principle of mathematical induction we conclude that b,, < 2 for all n € IN.
We have by = /2 > 1 = by. Suppose bp,1 > by,. Then

bn_|_2 = \/ 2bn+1 > vV 2bn - bn—l—l-

By the principle of mathematical induction we conclude that the sequence (by,)n=12,...
is increasing.

(b) Show that the sequence (b,,)n=1,2,... is convergent and find lim,,_, o by,.

Proof. Since the sequence (by,),=1 2, .. is increasing and bounded above, it converges,
by Theorem 3.1. Suppose lim,, ,, b, = b. Taking limits of both sides of the equation
bpi1 = v/2b,, we obtain b = v/2b. It follows that b = 2b. But b > 0. Hence, we

conclude that lim,,_yoo b, = b = 2.



