1.

MATH 314 Assignment #4
(a) Let a, := 2(—=1)"** + (=1)»»+1D/2 for n € IN. Find four subsequences of
(@n)n=1,2,.. such that they converge to different limits.

Solution. We have
ask1 =1, aapr2 = -3, aap13 =3, agra=-1, kel

Thus (aar+1)k=12,..., (@ak+2)k=1,2,...; (@4k+3)k=1,2,..., and (@ag+4)k=12,.. are four sub-

sequences that converge to different limits.

(b) Let b, := [1+ (—=1)"]n + 100/n for n € IN. Find an increasing subsequence of
(bn)n=1,2,.... Also, find a convergent subsequence of (b,,),=12,.. ..

Solution. We have bop, = 4k +50/k, and b1 = 100/(2k+1), k € IN. It is easily seen

that (bog+1)k=1.2,.. is a convergent subsequence of (b,,)p=12,.. and limy_, o bog+1 = 0.

Moreover, (bag+6)k=1,2,... is an increasing subsequence of (b,,)n=1,2,.... Indeed, we have

50 50
_ — a2 | — |4 0
ba(k+1)+6 — b2ikt6 (k+4)+ I<:+4] [ (k+3)+ F 13
50 50
=4 — >4 — > 0.
(k+3)(kE+4) — (I+3)(1+4)

Let (x,)n=1,2,.. be the sequence recursively defined by z; := 1 and

1
Tp+t1 = Z(mi + 2), n &€ ]N

(a) Show that 0 < z,, <1 for all n € IN.

Proof. We have z; = 1. Suppose 0 < z,, < 1. Then z,,; > 0 and

(1*+2) < 1.

B~

1
Tpy1 = 1@% +2) <
By the principle of mathematical induction we conclude that 0 < z,, <1 for all n € IN.

(b) Prove that the sequence (z,)n=1,2,... is contractive.

Proof. For n > 2 we have z,,11 = (22 +2)/4 and z,, = (z2_,; + 2)/4. Tt follows that

1
Tntl — Tp = —($i + 2) - Z(xiq + 2) = Z(CUEL - l‘i—ﬂ =

(mn + xnfl)(xn - xnfl)'

=
o |



Since 0 < z,, < 1 for all n € IN, we have |z, + x,_1| < 2. Consequently,
1 1
‘xn—i—l - xn’ = Z’xn + xn—lHl'n - zn—l‘ < §|l'n - zn—l‘-

This shows that the sequence (x,,)n=1,2,.. is contractive.

(c¢) Show that the sequence (z,,)n=1,2,.. converges and find its limit.

geoe

Proof. Since the sequence (x,)n=12,.. is contractive, it is convergent. Suppose that

lim,, yoo x, = ¢. Since z, < 1 for all n € IN, we have ¢ < 1. Taking limits of both
sides of the equation x,,11 = (22 +2)/4 as n — oo, we obtain ¢ = (c*>+2)/4. It follows

that ¢ — 4c + 2 = 0. This together with ¢ < 1 gives the only solution ¢ = 2 — /2.

. Find the sum of the following series.

oo
10 + (—3)"
() D~
n=2
Solution. The series can be expressed as the sum of two geometric series:

10 + (— = —3)"
Z Fn— T ep—1 Z (5n )1 :

n=2 =

For the first geometric series, the initial term is 10/52~! = 2 and the ratio is 1/5.

Hence
o

3 0 2 2 5
n—1 1 _ - 9
5 1—1/5 4/5 2

For the second geometric series, the initial term is (—3)?/5%2~! = 9/5 and the ratio is

—3/5. Hence

=, (=3)" 9/5 9/5 9
Z()_ / 95

— 5n=l - 1-(=3/5) 8/5 8§

Therefore



Solution. We have

23" _3.2" 2.3 =2 =, 3
e = 227—237
n=1 n=1 n=1 n=1 n=1
1 1 .y 3.1
T 1-1/2 1-1/3 7 2 2

S 1
()
7;2 (2n—1)(2n+1)
Solution. Let a, :=1/((2n —1)(2n+ 1)) for n = 1,2,.... We have

1 1 1
2n—1)2n+1) 22n—1) 2(2n+1)

—
It follows that

n n (1 1>+<1 1>+ +( 1 1 ) 1 1
Sn:a/ “ .. an: _— _—— “ .. — e A
2 6 10 10 14 An—2 4n+2) 6 4n+2

Hence lim, o S, = 1/6. Thus, the series converges and its sum is 1/6.
— (="
d E _.
(d) “— n(n+2)

Solution. We have

1 1 1 1

n;n(nJrQ 13724735 16
= 1
;; 2k — 1) 2k+1)+22k(2k+2)

By using the same method as in (c) we get

S
£ 2k —1)(2k+1) 2

In order to find the sum >, | 1/(2k(2k + 2)), let by := 1/(2k(2k+2)) for k =1,2,---
and t, :=by +bys+---+0b, forn=1,2,---. Then

1 1 1

= R T 202k 202k +2)

and

+(1 1 >_1 1
dn  4n+4/) 4 4dn+4°



It follows that lim,_, t, = 1/4. Finally, we obtain

oo

1

i Z 1 + ;__1+1___
—~ n+2 — (2k—1)(2k +1) £ 2k(2k+2) 2 4 4

. Test each of the following series for convergence or divergence. If the series converges,
determine whether it converges absolutely or conditionally. Justify your conclusions.

1
(a) Zm

n=1

Solution. We have lim,,,, 1/2'/™ = 1. By the divergence test, the series "> | 1/21/"

diverges.
0 3 (5%

Solution. We assert that

1 10 1
— — — > —— for n > 400.

vnooon T 2yn
Since the series Y -, 1/(2y/n) diverges, the series in question also diverges, by the

comparison test. To verify our assertion we observe that

1 10 1 1 10
—_—— = —=>— & > 20.
N AV 2yn " n Vi

CHIE

Solution. Let u,, :=2"/n! forn =1,2,.... We have

lim =L = Jim ( Cii "') Y )
n—oo U, n—oo\ (n+ 1)! 27 n—oon + 1
By the ratio test, the series Y -, 2"/n! converges. But 2"/n! > 0. So the series
> oo 1 2™ /nl converges absolutely.
= (=1)"/n
Solution. Let by, := (—=1)"v/n/(n + 1) for n = 1,2,.... We use the alternating series
test to show that the series Y - (—1)"b, converges. Clearly, lim,_ o, b, = 0. To

prove b, > b,11 for all n € IN we observe that

vn \/n—f— o n n+1

n—i—l n-+2 (n+1)2>(n+2)2 <:>n(71+2)2>(n+1)2(n—|—1).

4



The last inequality is true because
nn+2)2—m+1)>2%n+1)=0n>+4n> +4n) — (0> +3n* +3n+1) =n*4+n—-1>0

for all n € IN. Thus the series Y - (—1)"v/n/(n + 1) converges. But the series

Z’I’L—f—l

diverges. Therefore, the series Y - (—1)"v/n/(n + 1) converges conditionally.

oo

>

n=1

n+1

. Suppose that fo:l an and EZOZI b, are two convergent series.
(a) Show that the sequence (by,)n=1,2,... is bounded.

Proof. Since the series 2;’;1 b,, converges, we have lim,,_,~, b, = 0. Consequently,

the sequence (by,)p=1,2.... is bounded, by Theorem 1.2.

(b) If, in addition, Y 7, a, converges absolutely, prove that the series Y >  a,b,

also converges absolutely.

Proof. Since the sequence (by,)n=1,2, .. is bounded, there exists a positive number M
such that |b,| < M for all n € IN. It follows that |a,b,| < M|a,| for all n € IN.
But the series Y| a,, converges absolutely; hence the series Y | M|a,,| converges.
By the comparison test (Theorem 5.3), the series Y  |a,by,| converges. This shows

that the series > 7 | a,b, converges absolutely.
(c) Give an example of two conditionally convergent series Y -, a, and Y - b,
such that the series > 7 | a,b, diverges.

Solution. Choose a,, := (—=1)"/y/n and b, := (—1)"/y/nforalln € IN. Then )  a
and > >° | b, converge. But the series > anb, =Y -, 1/n diverges.



