MATH 314 Assignment #9

1. Let f be an increasing function on [a, b] with —oco < a < b < 0.

(a) Let P = {tg,t1,...,t,} be a partition of [a, b]. Prove
U(f,P)—L(f,P) < Z i—))(ti = tiz1)-

Proof. Let m; := inf{f(z) : t;_1 <z < t;} and M; :=sup{f(z) : t;—1 <z < t;} for
i =1,...,n. Since f is an increasing function on [a,b], we have m; = f(t,_1) and
M; = f(t;). It follows that

u(f,p ZM Z (ti— Z[f —1)](ti—ti-1)-

=1

(b) Prove that U(f, P)— L(f,P) <[f(b) — f(a)]d whenever ||P| < 4.
Proof. Suppose ||P|| < 6. Then t; —t;—1 < d for i =1,...,n. Since f(t;) > f(ti—1),
we have [f(tl) — f(ti—l)](ti - ti—l) S [f(tz) — f(tz_l)]é Consequently,

U(f,P) Z[f i—1)](ti —tio1)
< Z[f(u-) — f(tim1)]6 = [f(b) — f(a)].

(c) Prove that f is integrable on [a, b].

Proof. If f is a constant function, then f is integrable. Thus we suppose that f is a
non-constant increasing function on [a,b]. Given ¢ > 0, choose 0 := ¢/[f(b) — f(a)].
Let P = {to,t1,...,t,} be a partition of [a,b] with ||P|| < §. By part (a) we have

U(f, P) = L(f, P) < [f(b) = f(a)][|P|| < [f(b) = f(a)]0 = e.

Therefore f is integrable on [a, b].

2. Let g be the function on [0, 1] defined by ¢(0) := 0 and

glx):=2"" for 27" <2 <2 n=0,1,2,....

(a) Prove that g is integrable on [0, 1].



Proof. By what has been proved in problem 1, it suffices to show that g is an increasing
function on [0,1]. Suppose 0 < z < y < 1. If x = 0, then ¢g(0) = 0 < g(y).
So we may assume z > (. There exists a unique nonnegative integer n such that
2771 < 2 <277 It follows that 277! < 2 < y. There exists a unique nonnegative
integer m such that 27™~! < ¢ < 2™, Since y > 27"~!, we must have m < n. By

the definition of g we have
glz) =27" <27 = g(y).

This shows that g is an increasing function on [0, 1].

(b) Find fo x)dz.
Solution. We have

1 1/2" 1
/ g(x)dx = / g(x) dx + / g(x)dx =t, + sn,
0 0 1/2n

where ¢, 01/2n g(z)dzr and s, = f1/2” x)dx for n € IN. Since 0 < g(x) < 1/2"

for z € [0, 1/27], we get

Ogtn:/01/2 g(z)dx < 2%2% = 4%
It follows that lim,,_,~ t, = 0. Moreover,
1 1/2% 1/2%
Sn:/l/gn dac—Z/Qngx dm—Z/QkHQ—kdaf;

It follows that

=S N TR I N e R R et RS I8 I § WAL
=) gr\ g g ) = D gEgE = D g — g 1-1/4

k=0 k=0 k=0
Since fo x)dr =t, + s, for all n € IN, we obtain
/1 (¢)dz = lim (t, +5,) = lim t, + 1 L1 2
= lim n) = lim im s, = ———— = -.
o T ’ nooo " T 21— 1/4 3

. Let f be the function on IR defined as follows: f(x) := 0 for x < 0; f(z) := z for
0<z<1; f(x):=2for x> 1.

(a) Find an explicit expression of the function F(x fo t)dt, z € IR.
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Solution. For x < 0 we have

F(m):/Oxf(t)dt:—/:f(t)dtzo.

For 0 < x <1 we have

F(z) :/wa(t)dt:/owtdt: ‘%2

For z > 1 we have

F(x):/Oxf(t)dt:/oltdtqt/ledt:%JrQ(x—l):Qx—;

(b) Is F' continuous on IR?

Answer. By the Fundamental Theorem of Calculus, F' is continuous on IR. This also

can be seen from the explicit expression of F' given in part (a).
(c) Where is F differentiable? Calculate F’ at the points of differentiability.

Solution. For x < 0 we have F'(x) = 0. For 0 < z < 1 we have F'(z) = z. For x > 1

we have F'(z) = 2. At z = 0 we have
_ _ 2
lim F(0+h)— F(0) 0 and lim F(O—l—h})i F(0) ~ tim h?/2 _

0.
h—0— h h—0t h—0+ h

Consequently, F' is differentiable at 0 and F’(0) = 0. At z = 1 we have

po PO+ R L P4 h) — F(1)

= 2.
h—0— h h—0*t h

Consequently, F' is not differentiable at 1. We conclude that F' is differentiable on
R\ {1}.

. (a) Let G(z) := ff; V14 t2dt, z € R. Find G'(z) for 2 € IR.

Solution. We have

$2 IE2 —X
G(x):/ \/1+t2dt:/ V1+t2dt — V14 t2dt.
—x 0

0

By the Fundamental Theorem of Calculus and the chain rule, we obtain

G'(x) =221+ (222 +/1+ (—2)2 =221+ 2t + V1422, z€RR.
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(b) Let H(z) := [ ze” dt for € R. Find H”(z) for = € RR.

Solution. By the product rule and the Fundamental Theorem of Calculus, we obtain
H'(z) = / el dt + ze™ .
0
It follows that
H'(z) = e +ev 4 I(2$)6I2 = 2" +22%%, z e
5. Let
-+
F(x) :z/ |cost|dt, =z €IR.

(a) Find F'(x) for x € TR.

Solution. By the fundamental theorem of calculus we have
F'(x) = |cos(x + )| — |cosx| = | —cosz| — |cosz| =0, z€R.

(b) Find an explicit expression for F'(z), z € IR.

Solution. By part (a) we see that F' is constant. Hence, for all x € IR,

/2 w/2
F(I)ZF(—W/2):/ |Cost|dt:/ costdt = [sinﬂi/22:2.
—m/2 —7/2 ™/



