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Abstract— Partilce Filters can estimate the states of nonlinear
and non-Gaussian systems without any approximation when
the number of particles tends to infinity. However, the method
is not popular in industry because the implementation details
are missing in the literature. In this paper we discuss several
implementation issues and propose novel techniques for tuning
the Particle filter and dealing with multi-rate data. The perfor-
mance of the proposed methodologies are demonstrated using
a simulated non-linear CSTR and an Experimental Four Tank
system.

I. I NTRODUCTION

The estimation of unmeasured states is an important prob-
lem in process industries, primarily because knowledge of such
states lead to better control. Processes (e.g., power generation,
nuclear, chemical etc.) are generally nonlinear. However, often
within the region of operation they can be approximated
by linear models. Different linear state estimation methods
such as, Data Reconciliation and Kalman Filters are used to
estimate the states. Several methods have also been developed
to deal with the nonlinearities of the process,e.g., Extended
Kalman Filter (EKF), Unscented Kalman Filter(UKF), Moving
Horizon Estimation (MHE) etc. Some of these methods are
not optimal for dealing with the nonlinearities, and moreover
all of these methods fail if the posterior states or the noise
characteristics are non-Gaussian. In this context Sequential
Importance Re-sampling (SIR) or Particle Filtering is very
relevant, as this can deal with the nonlinearities, as well as,
non-Gaussianity of the posterior density of the states and
measurements. Sequential Importance Re-sampling Filters or
Particle Filters belong to the class of Bayesian Filters. The
improved performance of the filters have been demonstrated
by [13]. However, the application of Particle Filter in state
estimation is not yet popular as the implementation details are
missing in the literature. Many of the application challenges
arise from the fact that obtaining non-linear model is time
consuming and not easy as it requires fairly accurate physio-
chemical or mechanistic description of the process. Therefore
it is not uncommon to see significant mismatch between the
process and the model, and unless due attention is given to
tuning the filter, the performance of the filter may be very poor.
In addition, there also arises challenges on the measurement
side. In process industries all measurements may not be always
available at every sampling event. Often measurements may be
missing due to lack of sensors, multi-rate sampling strategy,
process upset etc. So there is a need to adapt the estimation
filter for missing data. In this paper we investigate these
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implementation issues and propose novel techniques for tuning
the Particle filter and dealing with multi-rate data.

II. PROBLEM FORMULATION AND NOTATIONS

The following non-linear form of the state space model is
used for the present filtering problem.

xk = f (xk−1, uk−1) + ωk

yk = g (xk) + νk (1)

wherexk is the state vector,f is the non-linear system equa-
tion , g is measurement equation andyk is the measurement
vector. System noiseωk represents disturbances, all unmod-
elled dynamics, and any mismatch between the process and
the model. Measurement noise,νk captures the inaccuracy in
measuring system. Unlike most other state estimation methods,
process or measurement noise do not necessarily have to be
assumed to be Gaussian; rather any standard or non-standard
distribution can be assumed depending on the behavior of the
process noise or the measurement noise.

III. SEQUENTIAL IMPORTANCERE-SAMPLING

The state estimation objective is to evaluate the following
equation:

Ep(x1:n|y1:n)[xn] =
∫

xn

xnp(x1:n|y1:n)dxn (2)

SIR filter evaluates the posterior density functionp(x1:n|y1:n).
There are two issues associated with the evaluation of the
above equation: (i) it is not possible to directly sample
from p(x1:n|y1:n) (ii) it has to be evaluated in an on-line
recursive manner. With the arrival of each new measurement
the conditional density function needs to be updated without
evaluating the previous states. Importance Sampling (IS) is
used to sample from density functions which are difficult to
sample and an importance function of the formq(x1:n|y1:n)
allows recursive evaluation of the importance weight in time.

Ep(x1:n|y1:n)[xn] =
∫

xn

xn
p(x1:n|y1:n)
q(x1:n|y1:n)

q(x1:n|y1:n)dxn (3)

whereWn = p(x1:n|y1:n)
q(x1:n|y1:n) is the recursive weight. The proposal

distribution q(x1:n|y1:n) can be factorized into the following
form:

q(x1:n|y1:n) = q(xn|x1:n−1, y1:n)q(x1:n−1|y1:n−1) (4)

Since the states are Markovianq(xn|x1:n−1) = q(xn|xn−1)
Equation 4 can be further simplified and written as

q(x1:n|y1:n) = q(xn|xn−1, y1:n)q(x1:n−1|y1:n−1) (5)



The target distributionp(x1:n|y1:n) can be factorized to the
following form:

p(x1:n|y1:n) = p(xn|x1:n−1, y1:n)p(x1:n−1|y1:n) (6)

= p(xn|y1:n)p(x1:n−1|y1:n) (7)

=
p(yn|xn)p(xn|y1:n−1)

p(yn|y1:n−1)
p(x1:n−1|y1:n−1)(8)

Therefore using the factored form of Equation 5 and 8 the
importance weightWn can be updated recursively,

Wn =
p(x1:n|y1:n)
q(x1:n|y1:n)

(9)

∝ p(yn|xn)p(xn|xn−1)p(x1:n−1|y1:n−1)
q(xn|x1:n−1, y1:n)q(x1:n−1|y1:n−1)

(10)

∝ p(yn|xn)p(xn|xn−1)
q(xn|x1:n−1, y1:n)

Wn−1 (11)

With transition density as the importance function weight is
given by,

Wn ∝ p(yn|xn)p(xn|xn−1)
q(xn|x1:n−1, y1:n)

Wn−1 (12)

∝ p(yn|xn)Wn−1 (13)

The implementation of SIR algorithm is shown schematically
in Figure 1. SIR filters have essentially two steps, (i)Prediction
and (ii) Update. With Transition Density as the importance
function these two steps reduce the implementation to the
following actions:

Prediction Each sample is passed through the system model
to obtain samples from the prior at time stepk: xk(i)∗ =
f(xk−1(i)

∗) + wk−1 wherewk−1 ∼ p(wk−1).
Update The update step is essentially an implementation

of the Bayes rulep(xk|xk−1, yk) = p(yk|xk)p(xk|y1:k−1)
p(yk|y1:k−1)

.
However instead of performing the calculations on density
functions, the operation is carried out on the discrete samples.
On receipt of the measurementyk the likelihood is used
to calculated the weights. The generated weights shape the
sampled particles from the prior,p(xk|xk−1) to the samples
from posterior,p(xk|xk−1, yk). The update step is executed
using a re-sampling strategy. After re-sampling the weights of
the particles are reset to1Np

. Equation 11 is modified in the
following form:

Wn ∝ p(yn|xn)Wn−1 (14)

∝ p(yn|xn)
1

Np
(15)

At any given time step, the weights are given by the likelihood
function p(yk|xk). Re-sampling transfers the weight informa-
tion to the samples. The re-sampled samples progress to the
next time step through the state transition equation. Therefore
the measurement information also gets transmitted from one
time step to the next time step through re-sampling.

A. Implementation Issues in SIR Filter

Several implementation issues have been pointed out by [5]
in their original paper. The problem arises from the fact that a
limited sample size is used for approximating the probability
density functions. Therefore a good overlap between the prior
and the likelihood is important. The prior should be proposed
in a way such that, there will exist many samples from the

prior p(xk|xk−1, y1:k−1) in the region where the likelihood
p(yk|xk) takes significant values. This will ensure that many
samples from the prior will receive large weights. If the prior
space and the likelihood space is very different then most
of the samples will receive very small weights and thereby
get wasted. [5] suggested use of larger process noise than the
actual process noise to expand the proposal distribution. This
was called ‘roughening’ of the prior. Results have been shown
that the tracking performance was improved by roughening
the priors. However, if the SIR filter is used for estimating
the unmeasured states this may not be adequate. Increasing
the process noise arbitrarily is also equivalent to suggesting
that the mismatch between the process and the model is
large. Under this scenario the model is considered less reliable
than the measurements. One consequence of this is that the
estimated states may get very oscillatory and in the extreme
cases diverge from the true states. Also there is no direct
way of tuning the parameters if the filter is being used for
estimation of unmeasured states. In this paper we investigate
this further from a state estimation perspective and propose
the following practical ways of tuning the filter.

1) Weights vs. a-Prioi State Plot:In SIR filter the transition
density is used as the importance function and therefore the
structure of the prior and the likelihood is fixed. Process and
measurement noise are the only two parameters that can be
used for tuning the filter. The process noise essentially governs
the spread of the prior samples, and the ratio of measurement
noise to process noise controls the variance of the weights.
An increase in the ratio makes the weights more uniform. The
relative magnitude of the process noise and the measurement
noise also indicates where we have more confidence, in the
model or the measurement noise. Therefore it is important to
maintain a balance between these two quantities. However,
measurements of all states are not always available to tune
the filter parameters directly. A qualitative way of finding
the range of the tuning parameters may be by visualizing the
‘weights vs. a-priori states’ plot. Both process noise and the
measurement noise appear in the likelihood expression and the
ratio between the process noise and measurement noise will
determine the variance of the weights. A schematic diagram
of the ‘weights vs. a-priori states’ is shown in Figure 2. The
top curve with large variance in weights may lead to excessive
re-sampling and ultimately select very few samples from the
priors. On the other hand, a flat distribution of weights signify
that the update step is not taking a part in shaping the prior.
Although according to the discussion of optimal prior we
would like to have variance in the weights close to zero, but
from a practical point of view this is not feasible. Primarily
because the importance function is not optimal and in this case
we would like the re-sampling to shape the priors. Since there
is mismatch between the process and the model, we would
like the measurements to play a role in updating the states.
Therefore one is justified to use a distribution of weights which
is slightly curved. In Figure 2 the region within the dotted lines
is the desired shape for the weights. The exact shape will be
dependent on the specific system. The strategy would be to
first select a process noise large enough to show some jitters
in the estimated states but not to make it too oscillatory. Then
the measurement noise can be increased until we converge
to the weights which look similar to that shown in Figure 2.
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Fig. 1. Schematic diagram explaining the implementation steps of the SIR algorithm
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Fig. 2. A schematic diagram of weight vs. a priori state plot depicting the
optimum region for tuning purpose

Finally more tuning can be done to match the measurement
with the predicted values.

2) Annealing of the Weights:An increase in the process
noise may increases the variance of the weights and produce
lots of jitters in the estimated states. Since optimal weighting
suggests decreasing the variance of the weights, a heuristical
way is to use an annealing term on the likelihood to reduce
the variance of the weights,

wtk
i = p(yk|xk

i)
α
where α ∼ [0 1] (16)

Normalized weights,

¯wtk
i =

wtk
i

∑
i=1

N
wtk

i
(17)

where α is the annealing parameter. Decrease of variance
of the weights has a direct effect on the re-sampling step.
Since the variance of weights will be smaller, the re-sampled
values will be a progeny of many values from the original
samples. Therefore, the estimated state will be an average of
a set of diverse samples and any unusual spike will die out.
The implementation of these two strategies will be further

explained with examples in Section IV.

B. Multi-rate Data Handling in SIR

In the process industry often quality variables (e.g., concen-
tration) are less frequently measured compared to the condition
variables (e.g., Temperature) which gives rise to multi-rate
data. Since the filters are developed for regularly sampled
data, they need to be adapted to multi-rate data so that all
available information is used. Let us consider the system
described in Section II. In a multi-rate sampling setting, at
any time instantk, the measurements can be divided into two
distinct partsyk = [yk

fastyk
slow]. yk

fast is from sensors
with faster sampling rate andyk

slow is from sensors with a
slower sampling rate and only available at some intermittent
sampling points, we denote these sampling points as ‘Major
Sampling Event’ while the instants where only fast sampled
measurements are available are denoted as ‘Minor Sampling
Event’. The prediction step remains unchanged, only the
update step needs to be adapted for multi-rate data. The
following two modifications of the update step are proposed
for dealing with multi-rate data in the SIR filter.Strategy I
The weights at the update step of a SIR filter are given by the
likelihood equation:

wti = p(yk|xk
i)

A two step update procedure can be used to calculate the
weights of the SIR filter.Minor Sampling Event:At the minor
sampling eventyk = yk

fast and the weights are given by,

wti = p(yk
fast|xk

i,fast) (18)

R = [Rfast] (19)

Major Sampling Event:The slow sampled measurement are
available at the major sampling event and the measurements
becomeyk = [yk

fastyk
slow]. Weights can be calculated by

the following conditional density function,

wtik = p([yk
fastyk

slow]|[xk
i,fastxk

i,slow]) (20)



R =
[

Rfast 0
0 Rslow

]

Also Rslow is set to a value much smaller thanRfast to
give more weight to slow sampled measurements at the major
sampling events. The main disadvantage of the method is at
the minor sampling events it relies heavily on the prediction
equation for state estimation. This is disadvantageous because
in most of the cases there would be a mismatch between
the process and the model. Therefore the states estimated
by the prediction equation should not be trusted absolutely.
Strategy II The major sampling events contain information
about the mismatch between the model predicted values and
the slow sampled measurements. This information can be used
to correct the model predicted value. However, in order to
make the estimation robust, a Multiple Imputation [6] strategy
can be adopted in the update stage. The main idea of Multiple
Imputation is to fill the missing measurements with all possible
estimates of the measurements. This will result in several
complete data sets. Parameters are estimated for each of the
imputed data set and an average can be used as the estimate.
The method provides a way of evaluating the sensitivity of
the estimated parameters to the imputed missing values. The
details of the method can be found in [6]. In an MI framework
the update step of SIR filter can be implemented as follows:
Major Sampling Event:At the major sampling event both fast
and slow measurements are availableyk = [yk

fastyk
slow] and

the weights are calculated using Equation 20. In addition to
that, the residual between the slow sampled measurement and
the model predicted state,rk = yk − xk is calculated and
stored for predicting the unmeasured measurements at minor
sampling events.Minor Sampling Event:All possible values of
the missing measurements,yk

slow,(d) are calculated by adding
the residuals calculated at the Major Sampling Events,

ŷ
slow,(d)
k = x̄k + r

(d)
k

The estimated values are imputed in the data set and the
complete data set is given by,yk

(d) = [yk
fastyk

slow,(d)]
whered = [1 · · ·D]. Weights are calculated for each data set,

wtk
i,d = p([yk

fastyk
slow,d]|[xk

i,fastxk
i,slow])

At any time stepk there would beDN weights, whereN is the
number of samples andD is the number of imputations. The
calculated weights are used to re-sample the a priori states.
Finally, the expected value and the variance of the state is
given by,

Ep(xk|yk) (xk) ≈ 1
N

N∑

i=1

1
D

D∑

d=1

xi,d
k

= x̄k (21)

var(xk) =
1

(N − 1)(D − 1)

N∑

i=1

D∑

i=1

(xk
i,d − x̄k)2(22)

After re-sampling there would beND sets of state vectors. For
calculating the priors of the next time step,N samples can be
selected randomly and translated through the state transition
equation. The method is computationally intensive however, it
has a similar effect to that of boosting the prior and therefore
minimizes sample impoverishment.

IV. RESULTS AND DISCUSSIONS

In this section we illustrate the proposed methodology to
overcome different implementation difficulties of a Particle
Filter using a simulated non-linear adiabatic CSTR [7] and
a laboratory scale Four Tank setup.

A. Non-linear CSTR

The non-linear CSTR and its operating conditions have
been taken from [7]. This system was also studied by [13] to
demonstrate the different aspects of SIR Filters. The governing
equations of the system are as follows:

dC

dt
=

q

V
(C0 − C)− kCe−EA/T

dT

dt
=

q

V
(T0 − T )− ∆H

ρCp
kCe−EA/T − UA

ρCpV
(T − Tc)(23)

whereC is the concentration,T is the temperature,q is the
flowrate,V is the volume of the reactor,C0 andT0 are inflow
concentration and temperature,kCe−EA/T is the reaction rate,
∆H is the heat of reaction,ρ is the density,Cp is the specific
heat,U andA are the effective overall heat-transfer coefficient
and area of heat transfer,Tc is the temperature of the cooling
fluid. We consider two measurement strategies for the system.
In a single rate sampling setup only the temperature sensor
is available and measured at 1 sec sampling interval. The
measurement equation has the following form,

yk = 0.5Tk + νI
k (24)

A multi-rate sampling strategy was also considered to demon-
strate the performance of the proposed multi-rate SIR filter.
In a multi-rate sampling setup the temperature measurements
are available at every second, while concentration is measured
at every 1 minute interval. The measurement equation at the
major sampling instant can be written as,

ymajor
k = 0.5

[
0.5 0
0 0.5

] [
Tk

Ck

]
+ νmajor

k (25)

One of the main objectives of this exercise is to study the
effect of system noise and process noise on the estimation
performance of the SIR filter. Therefore, the system was
simulated for a wide range of process noise and measurement
noise. We also considered poor guesses as initial conditions
for the system , common in many practical situations, to
demonstrate the convergence of the algorithm.

B. Tuning of SIR filter

The graphical method described in Section III-A.1 was used
to tune the SIR filter for the CSTR system. The process noise
and the measurement noise for the system on a normalized
scale are,

p (ωk) ∼ N

(
0
0 ,

0.0001 0
0 0.0004

)
(26)

p(νk) ∼ N(0, 0.2) (27)

In the filter we used a process noise one order higher than
the actual process noise. Setting the process noise to a higher
value makes the prior wide and helps the prior to cover the
actual state of the system. However the variance should not
be increased more than one order of magnitude as it gives rise
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Fig. 3. Weights vs. a-priori state plot depicting the tuning methodology of the non-linear CSTR

to large oscillations in the estimated states of the unmeasured
variables. Keeping the process noise to the above value we
changed the measurement noise of the process and at the same
time observed the shape of the ‘weight vs. a-priori state’ plots.
The shape of the weights for four different cases are shown in
Figures 3(a) to (d). In each of these figures we also plotted the
distribution of the states before and after re-sampling. Clearly
if the variance of the weights is very large, the distribution of
the state changes significantly before and after the re-sampling.
The sum squared error between the estimated concentration
and actual concentration for these four cases are plotted in
Figure 4 in the same order. The smallest sum squared error
was obtained for Case (c). From the ‘weight vs. a-priori state
plot’ it is also evident that the variance of the weights is
moderate for Case (c), and due to re-sampling the distribution
of the states did not change significantly. Therefore under this
condition both the model and the measurements played equal
roles in estimating the states. The ‘Weights vs. a-priori plot’
gives an qualitative idea about the ratio of the process noise
and the measurement noise where the filter may work best.
The method works well if an order of magnitude information
on the variance of the process noise is available. However, in
addition to the ‘Weights vs. a-priori plot’ we suggest visual
inspection of the trend plots of the measured states and the
estimated states. Annealing of the weights is another way
of tuning the particle filter. The effect of annealing of the
weights is demonstrated in Figures 5 and 6. In both cases we
used the same process noise and measurement noise as tuning
parameter. However Figure 6 shows the estimates of the states
when an annealing parameterα = 0.2 was used. Clearly the
jitters have disappeared and the trend of the estimated states
are very similar to the expected behavior of the states.
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Fig. 4. Effect of tuning measurement noise on the sum squared error between
the concentration and estimated concentration
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Fig. 5. Trend plots of the actual and predicted concentration and temperature
showing jitters in the estimates due to poor tuning
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Fig. 6. Trend plots of the actual and predicted concentration and temperature
showing smooth behavior of the predicted states due to annealing of weights
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Fig. 7. Mean Squared Error comparing the estimation performance of the
multi-rate strategy with the single rate strategy

C. Application to Multi-rate Data

The Mean Squared Error between the actual concentrations
and the estimated concentrations are plotted in Figure 7. The
MSE were calculated from 20 Monte Carlo simulations. The
additional information made the system more observable and
improved the estimates of the states. The Multiple Imputation
Strategy gave the lowest MSE, however computationally by
far it was the most expensive method.

D. Experimental Four Tank System

Experiment on the Four Tank system was carried out at
the process control laboratory of University of Alberta. The
data and the dimensions of the system can be obtained by
contacting the corresponding author. A mechanistic model
of the system was developed using the measured dimension
of the tank. Details of the model can be found in [9]. The
heights of the tanks are the states of the system. Though the
measurements of all four heights were available, in applying
the filter we assumed that only the heights of tank 1 and tank 2
are measured and heights of tank 3 and tank 4 are unmeasured
states. The filter was tuned using the tuning rule discussed in
the previous sections. The trend plots in Figure 8 shows good
agreement between the true states and the estimated states by
the particle filter.

V. CONCLUSION

The proposed tuning of Particle Filter using ‘Weights vs.
a priori state’ plot was tested on other non-linear processes
with a wide range of process noise and measurement noise. In
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Fig. 8. Trend plots of the heights of the Experimental Four tank system and
the predicted values by Particle Filter

this paper we reported partial results from one simulated and
one experimental case study. This is an easy to use effective
visualization tool which can help the practicing engineers to
tune the Particle Filter. The Particle Filter is also extended to
the Multiple Imputation framework for dealing with multi-rate
data. In the presence of large process and measurement noise,
the additional information from slow sampled measurements
improve the estimates of the states.
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