Estimation of States of Nonlinear Systems using a Particle Filter
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Abstract— Partilce Filters can estimate the states of nonlinear implementation issues and propose novel techniques for tuning
and non-Gaussian systems without any approximation when the Particle filter and dealing with multi-rate data.
the number of particles tends to infinity. However, the method

is not popular in industry because the implementation details II. PROBLEM FORMULATION AND NOTATIONS

are missing in the literature. In this paper we discuss several . . .
implementation issues and propose novel techniques for tuning 1 he following non-linear form of the state space model is
the Particle filter and dealing with multi-rate data. The perfor-  used for the present filtering problem.

mance of the proposed methodologies are demonstrated using

a simulated non-linear CSTR and an Experimental Four Tank = [ (Tr-1,uk-1) + wi
system. ye = g(@k)+ vk 1)
wherez;, is the state vectorf is the non-linear system equa-
|. INTRODUCTION tion , g is measurement equation apg is the measurement

The estimation of unmeasured states is an important prokector. System noisey, represents disturbances, all unmod-
lem in process industries, primarily because knowledge of suelied dynamics, and any mismatch between the process and
states lead to better control. Processes (e.g., power generatio®m,model. Measurement noise, captures the inaccuracy in
nuclear, chemical etc.) are generally nonlinear. However, oftereasuring system. Unlike most other state estimation methods,
within the region of operation they can be approximategiocess or measurement noise do not necessarily have to be
by linear models. Different linear state estimation methodssumed to be Gaussian; rather any standard or non-standard
such as, Data Reconciliation and Kalman Filters are useddistribution can be assumed depending on the behavior of the
estimate the states. Several methods have also been develgpedess noise or the measurement noise.
to deal with the nonlinearities of the process,e.g., Extended
Kalman Filter (EKF), Unscented Kalman Filter(UKF), Moving 1. SEQUENTIAL IMPORTANCE RE-SAMPLING
Horizon Estimation (MHE) etc. Some of these methods are The state estimation objective is to evaluate the following
not optimal for dealing with the nonlinearities, and moreovegquation:
all of these methods fail if the posterior states or the noise
characteristics are non-Gaussian. In this context Sequential Ep(@1.0lysn) [Tn] :/ TnP(T1:0|Y1:0)dTn, (2)
Importance Re-sampling (SIR) or Particle Filtering is very o
relevant, as this can deal with the nonlinearities, as well a3!R filter evaluates the posterior density functig ... [y1.,).
non-Gaussianity of the posterior density of the states amfere are two issues associated with the evaluation of the
measurements. Sequential Importance Re-sampling Filters2gpve equation: (i) it is not possible to directly sample
Particle Filters belong to the class of Bayesian Filters. THEOM p(z1:n|y1:n) (ii) it has to be evaluated in an on-line
improved performance of the filters have been demonstrat&$ursive manner. With the arrival of each new measurement
by [13]. However, the application of Particle Filter in statdhe conditional density function needs to be updated without
estimation is not yet popular as the implementation details #¢aluating the previous states. Importance Sampling (IS) is
missing in the literature. Many of the application challengessed to sample from density functions which are difficult to
arise from the fact that obtaining non-linear model is timé@mple and an importance function of the fog1.,[y1.»)
consuming and not easy as it requires fairly accurate physﬁilOWS recursive evaluation of the importance weight in time.
_ch_emical or mechanistic desc_:rip_ti_on of the process. Therefore B (T 1m|Y1m)
it is not uncommon to see significant mismatch between thep(z1.0ly1.) [Tn] = / nm‘ﬂxlﬂym)d% 3)
process and the model, and unless due attention is given to o Cone
tuning the filter, the performance of the filter may be very poowherelV,, = % is the recursive weight. The proposal
In addition, there also arises challenges on the measuremdistribution ¢(z1.,|y1.,) can be factorized into the following
side. In process industries all measurements may not be alwfrsn:
available at every sampling event. Often measurements may be
missing due to lack of sensors, multi-rate sampling strategy, 4@ 1nlyin) = @(@n 2101, 1) 0 (@01 |y10-1) - (4)
process upset etc. So there is a need to adapt the estima8igite the states are Markoviafiz,, |z1., 1) = q(zn|Tn_1)
filter for missing data. In this paper we investigate thesequation 4 can be further simplified and written as

n

! Visiting from Bhabha Atomic Research Centre, Bombay, India A1 Y1) = ¢ @n|Tn-1,Y1:0)¢(X1-1|Y1:n—1)  (5)



The target distributiomn(z1.,,|y1.,) can be factorized to the prior p(x|xr—1,y1.x.—1) In the region where the likelihood
following form: p(yr|zi) takes significant values. This will ensure that many
B 6 samples from the prior will receive large weights. If the prior
PlEtalyin) = p@nltin-1,y10)P(@1n-1lyin) - 6)  goace and the likelihood space is very different then most
= p@nlyr:n)P(T1:0-1]Y1:0) (7)  of the samples will receive very small weights and thereby
PYnl|zn)p(@n|y1:n—1) get wasted. [5] suggested use of larger process noise than the
= p(m'l:'n,fl |.I/'l:n7l(8) h ) X ” .
P(Yn|y1:n—1) actual process noise to expand the proposal distribution. This

Therefore using the factored form of Equation 5 and 8 t¥as called ‘roughening’ of the prior. Results have been shown
importance weightV,, can be updated recursively, that th_e tracking perfprmance was |mproved by roughemng
the priors. However, if the SIR filter is used for estimating

W, = P(T1n|y1in) 9) the unmeasured states this may not be adequate. Increasing
q(T1:n|Y1:0) the process noise arbitrarily is also equivalent to suggesting
P(Ynl2n)p(@n|Tn—1)p(T101]Y1:0-1) (10) that the mismatch between the process and the model is

q(zn)T1m—1, Y1:0) (1 —1 Y10 1) large. Under this scenario the model is considered less reliable
PYn|Tn)p(Tn|Tn_1) than the measurements. One consequence of this is that the
2@ T1m—1, Y1) Wi (11)  estimated states may get very oscillatory and in the extreme

cases diverge from the true states. Also there is no direct

l\ﬁ/ay of tuning the parameters if the filter is being used for
estimation of unmeasured states. In this paper we investigate

P(Yn|2n)p(Tn|Tn—1) this further from a state estimation perspective and propose
(Zn|T1m—1, Y1) the following practical ways of tuning the filter.

< p(Yn|Tn)Wh_1 (13) 1) Weights vs. a-Prioi State Plotn SIR filter the transition
density is used as the importance function and therefore the

The implementation of SIR algorithm is shown SChematICamé/tructure of the prior and the likelihood is fixed. Process and

in Figure 1. SIR filters have essentially two steps, (i)Predictiqﬂeasurement noise are the only two parameters that can be
and (i) Update. With Transition Density as the importancg‘e

) . . sed for tuning the filter. The process noise essentially governs
functpn thege two steps reduce the implementation 1o t e spread of the prior samples, and the ratio of measurement
followw!g actions: . noise to process noise controls the variance of the weights.

Predlpt|on Each sample is pas;ed thr.ough the sys_te;m mo%eﬂ increase in the ratio makes the weights more uniform. The
o obtaln *samples from the prior at time stspz ()" = relative magnitude of the process noise and the measurement
f(fjk_dl(? _)”T wk‘é \,:Vhe:ew’“_‘l Np(“;.’“ﬂl)' ol atifi0ise also indicates where we have more confidence, in the

pdate the Upda e)s ep 1S essef 'ap},{,kiﬂ),'f('}fm?ﬂ A% odel or the measurement noise. Therefore it is important to
of the Bayes rulep(ag|zr—1,yx) =

H nstead of torming. th | zli(z{_k\ym,_l) d. maintain a balance between these two quantities. However,
owever instead of performing the calculations on densifyo,q\,rements of all states are not always available to tune

functions, the operation is carried out on the discrete samplﬁ.f.e filter parameters directly. A qualitative way of finding

on rtlacelipt ;f hthe meﬁsur(_arr;:em the Iik:liho_o?} is lrj]sed iﬁe range of the tuning parameters may be by visualizing the
to caICl:jate 'tl N \?/e'g tﬁ' € generate We'k? 1S s a}pe gights vs. a-priori states’ plot. Both process noise and the
sampled particles from the priop(zx|x.—1) to the samples O[neasurement noise appear in the likelihood expression and the

from posterior.p(zy|zx—1,yx). The update step is executeq i, petyeen the process noise and measurement noise will

using a re-sampling strategy. After re-sampling the weights Qie mine the variance of the weights. A schematic diagram
the particles are reset tgg. Equation 11 is modified in the of the ‘weights vs. a-priori states’ is shown in Figure 2. The

following form: top curve with large variance in weights may lead to excessive

With transition density as the importance function weight
given by,

Wn "Vn —1 ( 1 2)

Wn o p(Yn|en) W (14) re-sampling and ultimately select very few samples from the
1 priors. On the other hand, a flat distribution of weights signify
X p(yn|$n)ﬁ (15)  that the update step is not taking a part in shaping the prior.

r Although according to the discussion of optimal prior we

Atany given time step, the weights are given by the likelihoag, g jike to have variance in the weights close to zero, but
function p(y|x1). Re-sampling transfers the weight informagom o practical point of view this is not feasible. Primarily
tion to the samples. The re-sampled samples progress 10 {ag, e the importance function is not optimal and in this case
next time step through the state transition equation. TherefQgg \vould like the re-sampling to shape the priors. Since there
the measurement information also gets transmitted from ogenismatch between the process and the model, we would
time step to the next time step through re-sampling. like the measurements to play a role in updating the states.
Therefore one is justified to use a distribution of weights which
A. Implementation Issues in SIR Filter is slightly curved. In Figure 2 the region within the dotted lines
Several implementation issues have been pointed out by [§]the desired shape for the weights. The exact shape will be
in their original paper. The problem arises from the fact thatdependent on the specific system. The strategy would be to
limited sample size is used for approximating the probabilifirst select a process noise large enough to show some jitters
density functions. Therefore a good overlap between the priarthe estimated states but not to make it too oscillatory. Then
and the likelihood is important. The prior should be proposdéde measurement noise can be increased until we converge
in a way such that, there will exist many samples from the the weights which look similar to that shown in Figure 2.
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Fig. 1. Schematic diagram explaining the implementation steps of the SIR algorithm

explained with examples in Section IV.

Measurement . . .
B. Multi-rate Data Handling in SIR

In the process industry often quality variables (e.g., concen-
J— . tration) are less frequently measured compared to the condition
g variables (e.g., Temperature) which gives rise to multi-rate
data. Since the filters are developed for regularly sampled

Weights

v\ data, they need to be adapted to multi-rate data so that all
‘]Meesurement available information is used. Let us consider the system
Apriori States | Netsetoo Smal described in Section Il. In a multi-rate sampling setting, at

any time instank, the measurements can be divided into two
distinct partsy, = [y’ *typlov]. 7t is from sensors
Fig: 2. A sqhematic d_iagram of weight vs. a priori state plot depicting thgyith faster Samp"ng rate anﬂkSlow is from sensors with a
optimum region for tuning purpose slower sampling rate and only available at some intermittent
sampling points, we denote these sampling points as ‘Major
) ) Sampling Event’ while the instants where only fast sampled
Finally more tuning can be done to match the measuremepL s rements are available are denoted as ‘Minor Sampling
with the predicted values. Event'. The prediction step remains unchanged, only the
2) Annealing of the WeightsAn increase in the processypdate step needs to be adapted for multi-rate data. The
noise may increases the variance of the weights and prodsowing two modifications of the update step are proposed
lots of jitters in the estimated states. Since optimal weightifgr dealing with multi-rate data in the SIR filteBtrategy |

suggests decreasing the variance of the weights, a heuristipgé weights at the update step of a SIR filter are given by the
way is to use an annealing term on the likelihood to redugelihood equation:

the variance of the weights, , ,
wt' = p(yk|zy")

wty! = p(yr|ze?) “where o~ [0 1] (16)
_ _ A two step update procedure can be used to calculate the
Normalized weights, weights of the SIR filterMinor Sampling EventAt the minor
o wiy! sampling eveny, = y,./%** and the weights are given by,
Zi:l wtkl wtz _ p(ykfast|xk7,,fast) (18)
where « is the annealing parameter. Decrease of variance R = [R/**] (29)

of the weights has a direct effect on the re-sampling ste'a

Since the_ variance of weights will be smaller, the re-sa_m_pl ailable at the major sampling event and the measurements
values will be a progeny of many values from the origin ecomey, — [yx!*ty,°lo]. Weights can be calculated by
samples. Therefore, the estimated state will be an average[hoe?following conditional density function

a set of diverse samples and any unusual spike will die out. 4 4 .
The implementation of these two strategies will be further wtt = p([yr’ oy 10| [xp BT 25 ay, bolow]) (20)

ajor Sampling EventThe slow sampled measurement are



R { Rfest 0 } IV. RESULTS AND DISCUSSIONS

0 Rslow
In this section we illustrate the proposed methodology to

Also R*!°v js set to a value much smaller thaR/*s* to overcome different implementation difficulties of a Particle
give more weight to slow sampled measurements at the majolter using a simulated non-linear adiabatic CSTR [7] and
sampling events. The main disadvantage of the method isaalaboratory scale Four Tank setup.

the minor sampling events it relies heavily on the prediction

equation for state estimation. This is disadvantageous becagSe\on-linear CSTR

in most of the cases there would be a mismatch betweenl_he non-linear CSTR and

the process and the model. Therefore the states estim tggn taken from [7]. This s steISl v(\jlggrzg(])gsﬁj %?gg'gns[lg?\:g
by the prediction equation should not be trusted absolute ' Y y

. . L € ¥emonstrate the different aspects of SIR Filters. The governing
Strategy Il The major sampling events contain information . )
ations of the system are as follows:

about the mismatch between the model predicted values S

the slow sampled measurements. This information can be usé€ _ g(c _C) — kCeBa/T

to correct the model predicted value. However, in order todt Vo

make the estimation robust, a Multiple Imputation [6] strategy?l’ _ Loy -1y - AH, -7 _ UA (T - 23)
can be adopted in the update stage. The main idea of Multiplét v pC pCpV

Imputation is to fill the missing measurements with all possiblghere C is the concentrationT is the temperatureg is the
estimates of the measurements. This will result in Seve‘fﬁiwrate,v is the volume of the reacto€, andT, are inflow
complete data sets. Parameters are estimated for each of thecentration and temperatute;e—F4/T is the reaction rate,
imputed data set and an average can be used as the estimj¢.is the heat of reaction is the densityC,, is the specific
The method provides a way of evaluating the sensitivity ¢foat U andA are the effective overall heat-transfer coefficient
the estimated parameters to the imputed missing values. They area of heat transféf, is the temperature of the cooling
details of the method can be found in [6]. In an MI frameworkj,ig. we consider two measurement strategies for the system.
the update step of SIR filter can be implemented as follow; 5 single rate sampling setup only the temperature sensor
Major Sampling EventAt the major sampling event both fastis ayajlable and measured at 1 sec sampling interval. The

and slow measurements are availaple= [y:/**'y;*'*"] and  easyrement equation has the following form,
the weights are calculated using Equation 20. In addition to

that, the residual between the slow sampled measurement and yr = 0.5T) + v (24)

ﬂ,:e rr(;ofd el pre(zqulct:_ted t?]tate"“ = Yk dxk IS calculatetd atnd A multi-rate sampling strategy was also considered to demon-
stored for predicting the unmeasured measurements at mighl;e e performance of the proposed multi-rate SIR filter.

;sr?mp[lng eventMinor Sampj;[}g (Ed;/entAII ‘?OSIS'EIE \éaluc(ejsé_of In a multi-rate sampling setup the temperature measurements

the m|s§(j|ng|meellsu1etr11§ng?,th M _aresca culla € E y e; N9 are available at every second, while concentration is measured

€ residuals caiculated at the Major sampling Events, at every 1 minute interval. The measurement equation at the
g;louu(d) — 7 + ,n;;“ major sampling instant can be written as,

The estimated values are imputed in the data set and the ,maior — (5 { 0.5 0 } { T } + prder (25)

complete data set is given byg(d) = [ypf*ty, sl (@) 0 05 Ck

whered = [1--- D]. Weights are calculated for each data sebne of the main objectives of this exercise is to study the

bl effect of system noise and process noise on the estimation

performance of the SIR filter. Therefore, the system was

At any time stegk there would beD N weights, wheréN is the simulated for a wide range of process noise and measurement

number of samples and is the number of imputations. Thenoise. We also considered poor guesses as initial conditions

calculated weights are used to re-sample the a priori statis. the system , common in many practical situations, to

Finally, the expected value and the variance of the statedemonstrate the convergence of the algorithm.

given by,

wtki,d — p([ykfastykslow,d] | [Jlki"faSt

1 12 B. Tuning of SIR filter
Epalyn) (T) = N D Z xi’d =Tk (21) The graphical method described in Section IlI-A.1 was used
=1 d=1 to tune the SIR filter for the CSTR system. The process noise

1 N and the measurement noise for the system on a normalized

D
var(zg) = (N-1)(D-1) D2 @ =) cale are,

i=1 i=1

—

After re-sampling there would b D sets of state vectors. For p(wr) ~ N ( 8 ; 0'0801 0 0%04 ) (26)
calculating the priors of the next time stdp,samples can be )
selected randomly and translated through the state transition p(vg) ~ N(0,0.2) (27)

equation. The method is computationally intensive however,if e filter we used a process noise one order higher than

has a similar effect to that of boosting the prior and therefofge actual process noise. Setting the process noise to a higher

minimizes sample impoverishment. value makes the prior wide and helps the prior to cover the
actual state of the system. However the variance should not
be increased more than one order of magnitude as it gives rise
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Fig. 3. Weights vs. a-priori state plot depicting the tuning methodology of the non-linear CSTR

to large oscillations in the estimated states of the unmeasured
variables. Keeping the process noise to the above value we
changed the measurement noise of the process and at the same 80
time observed the shape of the ‘weight vs. a-priori state’ plots.
The shape of the weights for four different cases are shown in -
Figures 3(a) to (d). In each of these figures we also plotted the
distribution of the states before and after re-sampling. Clearly r
if the variance of the weights is very large, the distribution of
the state changes significantly before and after the re-sampling. 20 |
The sum squared error between the estimated concentration

0.2

60

40

Sum Squared Error

and actual concentration for these four cases are plotted in 0 . l

Figure 4 in the same order. The smallest sum squared error 03 2

was obtained for Case (c). From the ‘weight vs. a-priori state Measurement Error, R

plot’ it is also evident that the variance of the weights is

moderate for Case (c), and due to re-sampling the distribution

of the states did not change significantly. Therefore under tfyig- - Effect of tuning measurement noise on the sum squared error between
- e concentration and estimated concentration

condition both the model and the measurements played equal

roles in estimating the states. The ‘Weights vs. a-priori plot’

gives an qualitative idea about the ratio of the process noise

and the measurement noise where the filter may work best.

The method works well if an order of magnitude information ,,

on the variance of the process noise is available. However, in )

addition to the ‘Weights vs. a-priori plot’ we suggest visual _,,

inspection of the trend plots of the measured states and the

estimated states. Annealing of the weights is another way | """

of tuning the particle filter. The effect of annealing of the |’

weights is demonstrated in Figures 5 and 6. In both cases we,

used the same process noise and measurement noise as tuning = mesec D

parameter. However Figure 6 shows the estimates of the states

when an annealing parameter= 0.2 was used. Clearly the

jitters have disappeared and the trend of the estimated states

L . Fig. 5. Trend plots of the actual and predicted concentration and temperature
are very similar to the expected behavior of the states. showing jitters in the estimates due to poor tuning
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Fig. 6. Trend plots of the actual and predicted concentration and temperature
showing smooth behavior of the predicted states due to annealing of weights

Fig. 8. Trend plots of the heights of the Experimental Four tank system and
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16 the predicted values by Particle Filter

14 £
s12 |
S0k this paper we reported partial results from one simulated and
5 gL one experimental case study. This is an easy to use effective
3 6 F visualization tool which can help the practicing engineers to
§ n: tune the Particle Filter. The Particle Filter is also extended to

o [ the Multiple Imputation framework for dealing with multi-rate

ok data. In the presence of large process and measurement noise,

0.2 0.1 0.02 the additional information from slow sampled measurements
improve the estimates of the states.

Concentration Measurement Error
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