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S U M M A R Y
In blind signal separation one seeks to retrieve the original source signals that are observed as
a linear mixture on an array of sensors. No a priori information is available about waveforms
or polarizations of the desired source signals—hence the term blind. Blind signal separation
can be achieved using independent component analysis (ICA), which is a rapidly emerging
technology in the field of advanced signal processing. It separates a set of observed signals
into the statistically most independent components by appealing to higher-order statistics. ICA
retrieves the original source signals blindly if they are statistically independent without the
need of further a priori information.

There are many promising applications of ICA in geophysical signal analysis. ICA can be
used to separate P and S waves in three-component seismic reflection data without knowl-
edge of P- and S-wave near-surface velocities or density. Wavefield separation is achieved by
exploiting statistical differences between P- and S waves only. The usual problems of ampli-
tude indeterminacy and signal identification that occur in ICA are overcome by examining
the inner products of the independent components with the original observations to ensure
that the retrieved P and S waves have the appropriate signs and energies. Mode identification
is realized by comparing current polarizations with forward predicted ones for each mode
while maximizing the coherence with previously determined modes. The ICA wavefield sep-
aration technique is exact in a laterally inhomogeneous anisotropic earth with a homogeneous
anisotropic near-surface layer if only upgoing waves are present.

Key words: higher-order statistics, P waves, S waves, seismic-phase identification, statistical
methods, wavefield separation.

1 I N T RO D U C T I O N

The objective of wavefield separation is to extract the original source

signals that comprise the recorded superposed wavefield. This is

generally done to study a specific wave type more accurately or to

increase the signal-to-noise ratio of the recorded data. One example

application is the separation of P and S waves in three-component

seismic recordings.

Nowadays the oil and gas industry increasingly uses three-

component receivers since the complete elastic wavefield can be

recorded while using explosive-type P-wave sources only. Pure-

mode PP waves and converted PS waves arrive, however, simulta-

neously and must, therefore, be separated for further processing and

interpretation. A natural separation occurs at short offsets on three-

component sensors since the waves impinge more or less vertically

on the surface. The vertical components thus principally contain the

pure-mode PP reflections and the horizontal components the con-

verted PS waves. Both wave types are recorded on both components

at larger offsets and wavefield separation is no longer a naturally oc-

curring phenomenon. Successful PP/PS wavefield separation may

considerably boost the signal-to-noise ratio of both pre-stack and

post-stack data (Schalkwijk et al. 2003).

Broadly speaking, techniques for wavefield separation fall

into two categories: wave-theoretical methods (Dankbaar 1985;

Greenhalgh et al. 1990; Wapenaar et al. 1990; Schalkwijk et al.
1999; Robertsson & Curtis 2002; Wang et al. 2002) and paramet-

ric methods (Esmeroy 1990; Cho & Spencer 1992). Exact wave-

theoretical methods are based on the physical principles underlying

wave propagation. They require the specification of the near-surface

P- and S-wave velocities and additionally density if the receivers

are placed on the ocean bottom, although it is possible to devise

approximate separation methods that depend on a single velocity

only (Al-anboori et al. 2005). Parametric methods do not require a
priori information about the near-surface layer but they assume that

impinging waves are locally planar (that is, characterized by a con-

stant slowness) and that receiver spacing is sufficiently dense such

that robust estimates of local slownesses and polarization angles

can be made. They require specification of the width and length of

a local data analysis window and sometimes even an estimate of the

number of waves present (Richwalski et al. 2000). They cannot deal

with more complex wave-propagation phenomena, for example, the

free-surface effect.

Here I introduce a novel approach, based on independent compo-

nent analysis (ICA), that does not require specification of a single
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velocity or density. It has the advantage over other parametric ap-

proaches that incident waves need not be planar and that it does

not use a local analysis window. It can handle an arbitrary num-

ber of incident waves. It involves only a single parameter, required

for mode identification that is easily set visually. The technique is

exact in a laterally inhomogeneous anisotropic earth with a homo-

geneous anisotropic near-surface layer if only upgoing waves are

present. For receivers at the surface this indicates for instance that

the free-surface effect should be small.

ICA is a rapidly emerging new technology in the field of ad-

vanced signal processing (Hyvärinen et al. 2001). It separates sta-

tionary mixtures of signals into the statistically most independent

components thereby retrieving the original source signals if they

are statistically independent. It is sometimes seen as an extension of

principal component analysis (PCA). The latter involves an eigen-

value decomposition of the data covariance matrix, and seeks to

determine the dominant features in the data. PCA employs second-

order statistics only whilst ICA appeals to higher-order statistics (i.e.

higher than second order). The use of higher-order statistics allows

one to infer more about the nature of the original source signals,

thereby enabling their reconstruction.

I first describe the employed ICA scheme, and I then show how

ICA can be used for PP/PS wavefield separation using a synthetic

example.

2 I N D E P E N D E N T C O M P O N E N T

A N A L Y S I S

2.1 ICA principle

ICA is based on the principle that stationary mixtures of signals are

more Gaussian than the individual source signals—unless the input

signals are Gaussian to start with (Donoho 1981; Comon 1994;

Cardoso 1998). It is, therefore, possible to retrieve the original

source signals by searching for linear combinations of the obser-

vations that are as far from a Gaussian distribution as possible. The

source signals are thus reconstructed by decomposing the observa-

tions into signals that are statistically as independent as possible. If

the reconstructed signals are not statistically independent then they

are still a mixture of signals, and a further deviation of Gaussianity

can be achieved. This naturally assumes that the source signals are

statistically independent and that at most one Gaussian source signal

exists (Comon 1994).

Fig. 1 shows a synthetic example. Three input signals are recorded

simultaneously on a three-component receiver. Each signal has a

different time-invariant polarization. The input signals are, respec-

tively, a binary, an undulating and a Gaussian white-noise signal

(Fig. 1a). The associated histograms are shown on the right. The

observations are recorded on a three-component sensor (Fig. 1c).

They are a linear combination of the input signals. Clearly, the his-

tograms of the observations (Fig. 1d) are more Gaussian than those

of the individual input signals (Fig. 1b).

2.2 ICA problem

In ICA the following problem is considered. A number of source

signals s(t) are mixed via a mixing matrix A. The latter is constant

(i.e. time invariant). Only the observations x(t) are known. That is,

x(t) = As(t), (1)

with t time. Each time-dependent row element in the vectors x (t) and

s (t) refers to, respectively, a different observation and input signal. I

assume for simplicity that there are an equal number of observations

nx and signals ns. The case when there are less source signals than

observations (ns < nx) is not a problem. The opposite situation

(ns > nx) leads to an underdetermined problem, which requires

entirely different approaches outside of the scope of this paper.

I seek to retrieve the original signals s (t) blindly, that is, in the

absence of any a priori information about signal polarizations or

waveforms. It is for this reason that ICA is also known as blind

signal separation (Jutten & Hérault 1991). The input signals can be

for instance three independent waves with different polarizations

recorded by a three-component receiver as in Fig. 1. The columns

of mixing matrix A then contain the polarizations of the individ-

ual signals, and each element in a column represents the relative

contribution of an input signal to a specific sensor component.

2.3 Whitening and PCA

One popular approach to retrieve the original input signals s(t) ap-

proximately is by means of a PCA. In a PCA, we are looking for a few

linear combinations of the observations that describe the dominant

features in a data set. This is done by first computing the covariance

matrix Cx from the observations x(t), and then decomposing this

matrix in terms of its eigenvalues λi and eigenvectors ui. That is,

Cx = E{xxT } =
∑

i

λi ui u
T
i , (2)

with E the expectation (i.e. averaging) operator over time t, and T
vector transpose. The summation is over all non-zero eigenvalues λi.

Next, it is assumed that the estimates ŝi (t) of the individual source

signals si(t) are solely related to a specific eigenvector ui. Signal

extraction can then be done by retaining only the eigenvectors ui

with the largest eigenvalues λi. That is, the estimated signals ŝi (t)
are obtained from (Freire & Ulrych 1988)

ŝi (t) = uT
i x(t). (3)

The estimated signals ŝi (t) are known as the principal components

since they describe the dominant features in the observations.

There is unfortunately no physical reason why an input signal si(t)
should be related solely to a specific eigenvector ui(t). In addition,

a PCA using eq. (3) does not necessarily force the estimated signals

ŝi (t) to be as non-Gaussian as possible since it is based on second-

order statistics (i.e. variance and covariance), while non-Gaussianity

can only be measured using higher-order statistics (Mendel 1991).

The principal components ŝi (t) are, therefore, only rarely statisti-

cally independent and at best only resemble some of the original

source signals si(t).
Fig. 2 displays the principal components ŝi (t) associated with the

three-component recording shown in Fig. 1(b). In this case the binary

signal dominates the observations and the first principal component

ŝ1(t) has a close resemblance to the desired output. However, the

other two principal components are clearly mixtures of the Gaussian

and undulating signals. PCA can retrieve a dominant signal quite

accurately but not the other coherent signals present. It fails entirely

if no dominant signal is present but all source signals have similar

intensities.

PCA is nonetheless very often used as a pre-processing step in

ICA since it leads to whitened signals. Whitening is the first step in

most ICA schemes. It consists of applying a whitening matrix W on

the observations x (t) to produce a new set of signals z(t) such that

the covariance matrix of the transformed signals z(t) is equal to the

identity matrix I. That is,

z(t) = Wx(t), (4)
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Figure 1. Synthetic three-component example: original input signals and observations. Three input signals with different polarizations are simultaneously

recorded by a three-component receiver. The histograms of the observations are more Gaussian than those of the input signals. (a) Input signals. (b) Histograms

of the input signals. (c) Observations. (d) Histograms of the observations.

with

E{zzT } = I. (5)

An infinite number of applicable whitening matrices W exists.

One of the most common choices is to take the inverse square root

C−1/2
x of the covariance matrix Cx of the observations. That is,

W = C−1/2
x =

∑
i

λ
−1/2
i ui u

T
i , (6)

such that E{zzT } = WCxWT = I.

Alternatively, it can be shown that the set of principal compo-

nents ŝ(t) after normalization of their variances is also white. Vari-

ance normalization can be done by pre-multiplying each principal

component ŝi (t) with the factor λ
−1/2
i .

2.4 ICA scheme

After whitening ICA simply consists of finding a rotation matrix

R such that the statistically most independent components y (t) are

obtained. That is,

y(t) = Rz(t). (7)

The rotation is, however, over ng = nx(nx − 1)/2 rotation angles

with nx the number of input signals x(t) (Delfosse & Loubaton

1995). The rotation matrix R can be decomposed into a series

of ng multiplications involving Givens’ rotation matrices G(i j).

Thus,

R =
nx −1∏
i=1

(
nx∏

j=i+1

G(i j)

)
, (8)

where the Givens’ rotation matrix G(i j) is given by

G(i j) =

⎛⎜⎜⎜⎜⎜⎜⎜⎝

Ii−1

cos φi j sin φi j

I j−i−1

−sin φi j cos φi j

Inx − j

⎞⎟⎟⎟⎟⎟⎟⎟⎠
, (9)
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with In the n × n identity matrix and 1 ≤ i < j ≤ n. All empty spots

are filled with zeros. Each individual rotation matrix G(i j) induces a

rotation over an angle φ ij in the hyperplane spanned by the x̂i and

x̂ j axes. The angles φ ij can thus be seen as generalized Euler angles.

They vary between −90◦ < φ i j ≤ 90◦ since a rotation over 180◦ only

changes the signs of some independent components. The rotation

matrix R becomes the identity matrix if φ i j = 0◦ for all angles, and

eq. (7) reproduces the result obtained after whitening, eq. (4).

For notational simplicity I rewrite eqs (7) and (8) as

y(t) = G1 . . . Gng z(t), (10)

where each Givens’ matrix G(i j), respectively, angle φ ij, has been

denoted by a matrix Gk , respectively, angle φ k , with a unique number

k = 1, ng. The actual numbering can be chosen arbitrarily but should

be strictly adhered to once fixed. The numbering k = 1, ng can for

instance be the sequence in which eq. (8) is written.

Expression (10) is evaluated from the right to the left such that

only matrix-vector products occur and only two individual rows of

the vector involved are changed at each product yielding a very

efficient rotation scheme.

When there are only two input signals, such as for two-component

PP and PS wavefield separation, then eq. (10) reduces to(
y1(t)

y2(t)

)
=

(
cos φ sin φ

− sin φ cos φ

)(
z1(t)

z2(t)

)
, (11)

where only a single rotation angle φ remains.

How then is non-Gaussianity measured in order to retrieve the

independent components and thereby the actual source signals? The

simplest way is by evaluating the normalized kurtosis κ̂4 which is

related to the variance of the variance (Mendel 1991). It is given by

κ̂4(yi ) = E
{

y4
i

}[
E

{
y2

i

}]2
− 3. (12)

The normalized kurtosis is a fourth-order statistic and varies be-

tween −2 for sub-Gaussian and infinity for super-Gaussian sig-

nals. Sub-Gaussian signals are shorter tailed and flatter than the

Gaussian distribution with equal variance while super-Gaussian sig-

nals are longer tailed and sharper peaked. The kurtosis is zero for

Gaussian signals and maximization of its absolute value thus allows

for the retrieval of the independent components.

The kurtosis suffers, however, from the fact that it involves fourth-

order powers of signal amplitudes. It is, therefore, very sensitive

to the presence of outliers in the observations. Hyvärinen (1999)

proposed several other evaluation criteria based on non-polynomial

approximations of negentropy. One that works particularly well for

seismic data is the non-negative function J given by

J (yi ) = E{log(cosh(yi ))}. (13)

This function is significantly more robust in the presence of out-

liers. Its extremes are related to the most and least Gaussian signals

present. The absolute value of the kurtosis (eq. 12) will determine

whether the independent components correspond to the minimum

or maximum of eq. (13).

A simple summation over all values of the function J for all

independent components yields the objective function J tot used to

determine the desired individual components. It is given by

Jtot =
∑

i

J (yi ). (14)

Expression (10) in combination with the objective function J tot leads

to a non-linear optimization problem whose minima or maxima de-

termine the optimal angles φ k and thereby the desired independent

components. Strictly speaking, the objective function J tot is not op-

timal since the individual independent components may correspond

to either minima or maxima. In practice, however, I have not yet

encountered a situation where this is a problem. Some preliminary

tests will generally already indicate whether to search for a minimum

or maximum.

The desired optimal angles φ k in eqs (9) and (10) can be deter-

mined using for instance a quasi-Newton approach for the multi-

dimensional problem (ng ≥ 3) or with Brent’s method for 2-D prob-

lems (Press et al. 1992, Ch. 10). Brent’s technique requires that the

optimum is bracketed between two values of the angle φ. Because

of the periodicity of the objective function J tot for mixtures of two

input signals, the desired optimum is found in one of the three in-

tervals: −90◦ ≤ φ ≤ 0◦, −45◦ ≤ φ ≤ 45◦, or 0◦ ≤ φ ≤ 90◦.

Most optimization techniques employ the derivatives of the objec-

tive function J tot with respect to the angles φ k . They are computed

from

∂ Jtot

∂φk
=

∑
i

E

{
tanh(yi )

∂yi

∂φk

}
, (15)

with

∂y

∂φk
= G1 . . . Gk−1HkGk+1 . . . Gng z, (16)

and

H(i j) =

⎛⎜⎜⎜⎜⎜⎜⎜⎝

0i−1

−sin φi j cos φi j

0 j−i−1

−cos φi j −sin φi j

0nx − j

⎞⎟⎟⎟⎟⎟⎟⎟⎠
, (17)

with 0n the n × n matrix filled with zeros. All empty spots in matrix

H(i j) are also filled with zeros. Matrix H(i j) only affects rows i and j
of the vector involved in the matrix-vector product, and zeros out all

other rows. Note that there is significant redundancy in the compu-

tation of the independent components (eq. 10) and their derivatives

(eq. 16). If properly exploited this can reduce computation times by

approximately half for large numbers of observed signals.

For mixtures of two input signals, eqs (16) and (17) reduce to

∂

∂φ

(
y1(t)

y2(t)

)
=

(−sin φ cos φ

− cos φ −sin φ

)(
z1(t)

z2(t)

)
, (18)

with the independent components y again given by eq. (11).

In summary, ICA is a two-step procedure. First, the observations

x(t) are whitened using eq. (4). Whitening can be done using matrix

W given in eq. (6) or by using the principal components (eq. 3)

after normalization. Next, the whitened data z(t) are rotated to the

independent components y(t) using eq. (7) or eq. (10). The opti-

mum rotation angles φ k are determined using a non-linear inversion

technique with a cost function given by eqs (13) and (14).

Fig. 1(a) shows the original source signals s(t) and Fig. 1(c) the

observations x(t). Fig. 2 displays the whitened signals after PCA.

Finally, Fig. 3 contains the retrieved signals by means of ICA. The in-

dependent components are in a different order and sometimes have a

reversed sign but are otherwise near-identical to the original source

signals (Fig. 1a). ICA recovers the waveforms of the source signals

up to a permutation and an amplitude indeterminacy (Tong et al.
1991; Comon 1994). In this case, the optimization criterion (eq. 14)

was maximized. ICA clearly outperforms the more conventional

PCA technique in this case.
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Figure 2. Synthetic three-component example: estimated signals using PCA. The first principal component associated with the largest eigenvector u1 is often

quite similar to the dominant signal in the observations (in this case the binary signal in Fig. 1c) but this is rarely true for the other principal components. First,

second and third principal component are shown from top to bottom. Compare with the original source signals (Fig. 1a).

Figure 3. Synthetic three-component example: recovered independent components. The signals reconstructed from the observations using ICA are nearly

identical to the original input signals (Fig. 1a) but are in a different order and have sometimes reversed polarities. ICA retrieves the original signals by rendering

the signal components as non-Gaussian as possible and thereby statistically as independent as possible.

The described ICA scheme is a generalization of the one de-

vised by Delfosse & Loubaton (1995) who extract the independent

components yi(t) one by one. They are here all estimated simulta-

neously. Their technique, therefore, involves less Givens’ rotation

matrices Gk . They also use the kurtosis (eq. 12) as an objective

function while I use one proposed by Hyvärinen (1999). Other pop-

ular approaches to find the independent components are described

in Cardoso & Souloumiac (1993), Comon (1994), Pham & Garat

(1997) and Hyvärinen (1999). Hyvärinen et al. (2001) provides more

background on the concepts on which ICA is based.

3 P P A N D P S W A V E fi E L D S E P A R A T I O N

3.1 Implementation

How can ICA be applied to separate upgoing PP and PS waves

recorded by three-component receivers on the surface or the ocean

bottom? The incidence angles and thus polarizations of the PP and

PS waves recorded by a single three-component receiver change

with time. The ICA model (1) is, therefore, not applicable in this

situation since the mixing matrix A is time dependent.
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If the wavefield is, however, recorded by a dense array of receivers

then the recorded wavefield can be transformed to the τ -p domain.

This transform maps time-offset data into the domain of intercept

time τ and horizontal slowness p (Diebold & Stoffa 1981). It thus

sorts the PP and PS waves in terms of their horizontal slowness.

For a constant slowness p, all waves arriving as a P wave have

the same incidence angle θ p if the receivers are located in a thin

laterally homogeneous layer. This happens since p = sin θ p/vp with

vp the P-wave velocity in the near-surface layer. The latter is constant

since the receivers are in a laterally homogeneous layer, and the

incidence angles of all PP waves are, therefore, identical too for

constant horizontal slowness p. Likewise, the incidence angles of

all waves arriving as an S wave are also identical for a constant

slowness. The ICA model (1) is, therefore, applicable in the τ -p
domain for PP and PS wavefield separation. Separation is done

based on the final recorded mode (i.e. P or S). This means that

multiple interconversions cannot be detected.

The wavefield is entirely recorded by the vertical z-component and

the horizontal in-line x component if the receivers form a horizontal

line array and all energy is contained within the sagital plane, that is,

the vertical plane containing the source and receivers. First, both the

x- and z-component shot gathers are transformed to the τ -p domain.

For a given horizontal slowness p, I then have two observations and

two source signals, namely the PP and PS waves, with a constant

mixing matrix A. Each wave mode can thus be associated with an

independent component. Only a single rotation angle φ is involved

thereby greatly facilitating the required ICA scheme.

First, the two traces are whitened using eqs (4) and (6). Next,

the independent components are retrieved using eqs (11) and (18)

for the 2-D ICA problem. The objective function J tot (eq. 14) is

minimized using Brent’s technique (Press et al. 1992, Ch. 10). This

technique requires that the desired optimum is bracketed by two

bounds for the angle φ. If no noise is present then the objective

function varies smoothly with the rotation angle φ. A rotation over

90◦ only swaps the two independent components and changes the

sign of one of them. The desired minimum thus occurs between

the intervals −90◦ and 0◦ or −45◦ and 45◦. The correct interval

is identified by the value of the objective function at, respectively,

−45◦ and 0◦. The interval where the smallest or largest value occurs

is chosen depending on whether the objective function J tot (eq. 14)

is minimized or maximized, respectively.

ICA only recovers the shape of the PP and PS arrivals. It does

not retrieve the correct sign and amplitude of the individual modes

or identify which independent component contains the PP arrivals

and which one the PS waves. The absolute amplitude and sign of

the independent components are retrieved by examining the inner

products of the independent components with the observations. For

mode identification I use a combination of comparing current polar-

izations with forward predicted ones for each mode while maximiz-

ing the coherence with the previous trace of a specific mode. The

actual procedure used for amplitude and sign recovery plus mode

identification is detailed in the appendix. A memory parameter is

introduced here to keep track of changes in P- and S-wave polariza-

tions at previously examined slownesses. This is the only parameter

involved in the ICA wavefield separation method. An appropriate

value is easily determined.

In summary, the x- and z-component shot gathers are first trans-

formed to the τ -p domain. The two-component traces are then sep-

arated into PP and PS waves by means of ICA for each horizontal

slowness separately. An inverse τ -p transform finally yields the de-

sired PP and PS shot gathers in the time-offset domain.

Table 1. Medium parameters for the synthetic model with z depth, vp and

v s, respectively, the P- and S-wave velocity and ρ density. The last layer is

the half-space.

z [km] vp [km s−1] v s [km s−1] ρ [g cm−3]

0.5 2.0 1.2 2.0

1.5 2.5 1.6 2.1

— 3.5 2.3 2.6

3.2 Numerical example

A synthetic example is used to illustrate the capacity of ICA

to separate PP and PS wavefields exactly without knowledge of

P- and S-wave velocities or density. The synthetic model is a sim-

ple three-layer model. The P- and S-wave velocities and density are

shown in Table 1. A simple model is used for illustration purposes

but the technique can handle more complicated models with dips

and lateral velocity variations underneath a homogeneous top layer.

The synthetic x- and z-component data are computed using a

reflectivity method (Dietrich 1988) using an explosive source at

the surface. The receivers are also positioned on the surface with a

spacing of 25 m and a total spread length of 5 km. No free surface

was included.

Figs 4(a) and (b) display the wavefield recorded on the x- and

z-components in the time-offset domain. The first four arrivals are,

respectively, the PP and PS reflection from the bottom of the first

layer followed by the PP and PS reflection from the second interface.

The deeper events are various internal multiples. Identification of

the individual events is somewhat cumbersome since they partly

overlap.

The original time-offset sections are first transformed to the τ −
p domain (Figs 4c and d). For each horizontal slowness p, the new

x- and z-component traces are separated into two independent com-

ponents. The PP and PS arrivals are identified from these and scaled

using the procedure outlined in the appendix. Figs 4(e) and (f) con-

tain the determined PS and PP sections after ICA wavefield sepa-

ration in the τ − p domain, and Figs 4(g) and (h) the PS and PP
sections after an inverse τ − p transform.

A comparison of Figs 4(a) and (b) with Figs 4(g) and (h) shows

that PP and PS wavefield separation has significantly improved the

visibility of the individual primary events rendering their identifi-

cation easier. The wavefield separation is nearly perfect although

some remnant energy of the first PP wave arrival can still be seen

for large slownesses in Fig. 4(e) (τ = 0.25 s and p = 0.48 s km−1).

This is likely to be caused by artefacts introduced by the τ − p
transform. The various internal multiples have also been separated

successfully based on their final mode.

4 D I S C U S S I O N

ICA is a very powerful statistical tool for separation of superposed

wavefields and numerous geophysical applications are envisionable.

For instance, Vrabie et al. (2004) improved the technique of Freire

& Ulrych (1988). The latter showed that up and downgoing waves in

VSP data can be separated after alignment of the first breaks using

a PCA by including specific eigenvectors only. Vrabie et al. (2004)

demonstrated that a combined PCA–ICA approach leads to better

results since it removes the constraints that the downgoing waves

must be related solely to individual eigenvectors.

The ICA model (1) assumes, however, that there are an equal

number of observations nx and source signals ns. If there are less
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Figure 4. PP and PS wavefield separation by ICA. The time-offset shot gathers are first transformed to the τ − p domain where the PP and PS wavefields

are identified from the independent components. The new sections are then transformed back to the time-offset domain. (a) and (b) The recorded wavefield on,

respectively, the x- and z-component. (c) and (d) Transformed τ − p gathers. (e) and (f) τ − p gathers after ICA wavefield separation. (g) and (h) Time-offset

PP and PS gathers after an inverse τ − p transformation.
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source signals than observations (ns < nx) then the redundant inde-

pendent components simply absorb some of the noise that may be

present. They will only weakly contribute to the observations and

are easily identified.

The situation is not so simple if there are more source signals than

observations (ns > nx). This is clearly an underdetermined problem

that is not easily solved. Initial numerical simulations have shown

that it is generally possible to recover the dominant source signals.

The presence of some noise on the recorded x- and z-component

data is thus not necessarily a problem as long as the noise levels

are largely inferior to the energy of the PP and PS arrivals. A good

signal-to-noise ratio is a prerequisite for both parametric and wave-

theoretical wavefield separation techniques.

ICA does not recover the sign and energy of the source signals,

or their order (Tong et al. 1991; Comon 1994). In most applications

this is not a significant inconvenience. Likewise, the amplitude of

an eigenvector is also a free parameter. The simple remedy is to

ensure that eigenvectors have either unit variance or unit energy. In

ICA wavefield separation the energy and sign of the independent

components are recovered by examining the inner products of the

independent components with the original observations. This as-

sumes that the ratio between the x- and z-component gathers has

not been changed and that the receivers have not amplified the sig-

nals. The inner products are then related directly to the energy of

the PP and PS arrivals. Automatic gain control, therefore, cannot

be applied prior to PP and PS wavefield separation since it induces

time-dependent changes in the amplitude ratios between both com-

ponents. Al-anboori et al. (2005) discusses other relevant practical

processing issues for successful PP and PS wavefield separation.

Mode identification of the two determined independent compo-

nents is more troublesome and becomes even more difficult with

increasing noise levels. Values between 0.1 and 0.3 for the memory

parameter μ introduced in the appendix work fine in most situations

although some experimenting may be required if noise is present

on the observations. An incorrect value for the memory parame-

ter leads to block misidentification where P waves are classed as

S waves and vice versa for a whole range of slownesses. This is eas-

ily recognized during a visual inspection of the separation results.

The objective function J tot (eq. 14) used to determine the inde-

pendent components yi is not optimal in the sense that the individual

functions J (yi), eq. (13), can be related to either minima or max-

ima. On the other hand, I have not yet encountered a situation where

this leads to significant problems. Tests indicate that signals with a

negative kurtosis correspond to maxima in the individual functions

J while they are related to minima for positive kurtoses. The objec-

tive function J tot (eq. 14) is, therefore, applicable in those situations

where the majority of signals are characterized by the same sign

of kurtosis. The recovered independent components are not exactly

equal to the source signals in Fig. 3 since the latter contain signals

with both positive and negative kurtoses. Perfect separation results

are obtained with the described ICA procedure if all source signals

have the same kurtosis sign. At most one signal can have a Gaussian

distribution (Comon 1994).

Most signals have a negative kurtosis in the first synthetic exam-

ple (Figs 1–3). The desired independent components are, therefore,

retrieved by maximizing the objective function J tot. The PP and

PS arrivals have positive kurtoses and a minimization of the objec-

tive function J tot is, therefore, required. Inspection of the kurtoses

of the observations will in most cases already indicate whether the

objective function should be minimized or maximized. Analysis of

well logs has shown that reflection coefficients have predominantly

super-Gaussian distributions in the Earth (Walden & Hosken 1986).

PP and PS signals are, therefore, characterized by positive kurtoses

and the objective function is to be minimized for PP/PS wavefield

separation.

The most important difference between the ICA wavefield separa-

tion technique and previously developed parametric ones (Esmeroy

1990; Cho & Spencer 1992) is that the latter assume the presence of

a limited number of incident waves that are locally planar within a

predefined analysis window. The ICA technique analyses the data in

their entirety while computing the incidence slownesses using a τ −
p transform. It can handle an arbitrary number of incident waves.

It differs from wave-theoretical approaches (Dankbaar 1985;

Greenhalgh et al. 1990; Wapenaar et al. 1990; Schalkwijk et al.
1999; Robertsson & Curtis 2002; Wang et al. 2002) in that the latter

are based on a mathematical description of the physics underlying

wave propagation in the Earth, whereas the ICA approach is en-

tirely based on statistical differences between PP and PS waves.

The conventional separation techniques require, therefore, knowl-

edge of the near-surface P- and S-wave velocities and additionally

density if the receivers are placed on the ocean bottom, whereas the

statistical technique does not require a priori information.

Wavefield separation techniques based on physical characteristics

of wave propagation also require dense arrays of receivers situated

inside a thin homogeneous layer (Dankbaar 1985; Greenhalgh et al.
1990; Wapenaar et al. 1990; Schalkwijk et al. 1999; Robertsson &

Curtis 2002; Wang et al. 2002). ICA is, therefore, an interesting

statistical alternative to these techniques. The τ − p transform will

introduce many artefacts if the trace spacing is too large or the total

aperture too small. Such artefacts will hamper successful wavefield

separation.

All wave-theoretical approaches assume the existence of a lat-

erally homogeneous near-surface layer. The Earth can be laterally

inhomogeneous and anisotropic underneath this layer. The wave-

theoretical techniques assume, however, that the near-surface layer

is isotropic, whereas it may be anisotropic for the statistical ICA

approach.

On the other hand, if the receivers are buried close to a major

interface, such as the free surface or the ocean bottom, then both

the upgoing incident and downgoing reflected/converted waves are

recorded. True wavefield separation becomes then not only the prob-

lem of separating the P and S waves but to recover solely the inci-

dent ones since this may significantly boost the signal-to-noise ratio

of seismic data (Schalkwijk et al. 2003). This requires knowledge

of the reflection coefficients at the interface and, therefore, of the

P- and S-wave velocities and densities of the two layers bordering

the interface. The statistical ICA approach assumes, however, that

only upgoing waves are recorded and that all downgoing waves have

been removed prior to wavefield separation or that their amplitudes

are negligible. The ICA wavefield separation technique is, therefore,

exact in a laterally inhomogeneous anisotropic earth with a homo-

geneous anisotropic near-surface layer if only upgoing waves are

present.

If downgoing waves generated at a nearby major interface are

present then the ICA technique is still likely to perform a reason-

able job of separating the two upgoing wave modes while including

their corresponding downgoing converted/reflected signals. A com-

bination with a wave-theoretical approach is, therefore, easily envi-

sionable. ICA performs the initial separation into the two upgoing

wave modes with their associated downgoing signals. Examination

of the polarizations obtained after ICA wavefield separation will

reveal the local P- and S-wave velocities. A wave-theoretical ap-

proach needs then only invert for density in order to separate the

two wavefields into up- and downgoing P and S waves.
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The superposition of the up- and downgoing waves generates,

however, a semi-elliptical particle motion at the receivers—even if

the incoming waves are all linearly polarized. The ICA technique

is applied to real signals and can, therefore, only separate linearly

polarized waves. Elliptical source signals can only be retrieved if

the ICA technique is extended to handle complex signals. This will

render all covariance matrices, eigenvalue decompositions and ICA

operations complex. For instance all ICA rotations [eqs (7) and (9)]

become unitary operations instead of orthogonal ones. The obser-

vations can be rendered complex by computing the analytic signals

after τ − p transform. Vidale (1986) provides more background on

the use of analytic signals for polarization analyses.

Finally, if the objective is to create stacked traces after common

midpoint or common conversion point sorting then the inverse τ −
p transforms are not required. Stacked traces can also be created

by stacking over slowness after applying τ − p domain moveout

corrections. This reduces total computation times considerably. It

has the additional advantage that a proper τ − p transform removes

automatically the geometric spreading of all recorded wave types

and modes in laterally homogeneous media. Van der Baan (2004)

provides more background on geometric spreading and moveout

corrections of seismic data in the τ − p domain.

5 C O N C L U S I O N S

ICA is a powerful statistical tool to retrieve the original source sig-

nals in stationary mixtures of seismic signals. It assumes that the

original source signals are statistically independent and that all but

one are non-Gaussian. The optimization scheme used identifies all

independent components simultaneously using a series of Givens’

rotations. The objective function employed is optimal if all source

signals have identical kurtosis signs.

Superposed P and S waves in three-component seismic recordings

can be separated by means of ICA. The developed novel separation

scheme differs from wave-theoretical ones in that no knowledge of

P- and S-wave velocities or densities is required. Wavefield separa-

tion is achieved by exploiting statistical differences between P and

S waves only. The ICA wavefield separation technique is exact in

a laterally inhomogeneous anisotropic earth with a homogeneous

anisotropic near-surface layer if only upgoing waves are present.
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A P P E N D I X A : A M P L I T U D E A N D S I G N

R E C O V E R Y P L U S M O D E

I D E N T I F I C A T I O N

Once the x- and z-component τ − p trace have been separated

into two independent components for a specific slowness, the task

remains to identify the wave mode, and the correct sign and am-

plitude of each recovered signal. Sign and amplitude determination

is the easiest part. The energy of both independent components is

normalized first, and the inner products of independent component

yi (i = 1 or 2) with both the original x- and z-component trace are

computed. These are denoted by r i,x and r i,z for, respectively, the

x- and z-component. Next, each independent component yi is mul-

tiplied with (r 2
i,x + r 2

i,z)
1/2 to recover the original amplitude of the

independent component. Its sign is made equal to the actual sign of

the largest absolute inner product in order to determine the correct

polarity. This approach retrieves the total energy of each wave mode

prior to their identification but assumes that the amplitude ratio of

the x- and z-component data has not been altered by the receivers or

the processing.

Mode identification is less straightforward. I use a combination of

(1) comparing current polarizations with forward predicted ones for

each mode while (2) maximizing the coherence with the previous

trace of a specific mode. Mode identification starts at zero slowness

since it is known here that the P waves are entirely captured by the

vertical component and the S waves by the horizontal component.

Mode identification then continues progressively with increasing

slowness dealing with the positive slownesses first and then the

negative ones.

First, at each new slowness, the correlation coefficient r̂i,z of inde-

pendent component yi with the z-component trace is computed. The

correlation coefficient is defined as the inner product of two vectors

after the energy of each vector is normalized. The correlation co-

efficients r̂i,z are strongly related to the polarization of a mode. For

instance, independent component yi is perfectly polarized along the

z-component for |r̂i,z | = 1.

Next, the expected correlation coefficient r̂ ( j)
p,exp for the P-wave ar-

rivals at the currently considered slowness index j is computed from

the previous P-wave correlation coefficient r̂ ( j−1)
p and an expected

shift 	p. That is, r̂ ( j)
p,exp = r̂ ( j−1)

p + 	p . The same is done for the

expected S-wave correlation coefficient r̂ ( j)
s,exp = r̂ ( j−1)

s +	s . At zero

slowness, r̂ (0)
p,exp = 1, r̂ (0)

s,exp = 0, 	p = 	s = 0. A simple memory

function is used to predict the expected shifts from previous ones.

The new shift 	(new)
p is computed using

	(new)
p = μ(r̂ ( j−1)

p − r̂ ( j−2)
p ) + (1 − μ)	(old)

p , (A1)

with 	(old)
p the previous shift. The S-wave shift 	(new)

s is determined

using a similar equation. The memory parameter μ varies between 0

(never change the initial shift) and 1 (no memory of previous shifts).

Values in the range of 0.1 to 0.3 are recommended.

The correlation coefficients of independent component yi with

the P- and S-wave trace of the previous slowness are also computed.

They are denoted by, respectively, r̂ (prev)
i,p and r̂ (prev)

i,s . The independent

component yi with correlation coefficient r̂i,z closest to the expected

P-wave polarization r̂ ( j)
p,exp, furthest from the expected S-wave po-

larization r̂ ( j)
s,exp, with the largest similarity r̂ (prev)

i,p with the previous

P-wave trace, and the least similarity r̂ (prev)
i,s with the previous S-wave

trace is most likely the P-wave arrival. The other independent com-

ponent is most likely the S-wave arrival. Only using the expected

polarizations r̂ ( j)
p,exp and r̂ ( j)

s,exp, or the coherence with previously deter-

mined modes r̂ (prev)
i,p and r̂ (prev)

i,s was found to be unreliable—especially

if some noise is present in the gathers.

The x- and z-component traces of the next horizontal slowness

are then considered, and the whole procedure is repeated until the

entire x- and z-component τ − p sections are separated into PP and

PS sections. An inverse τ − p transform then yields the desired

separated gathers in the time-offset domain.
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