Solution for MATH 201 Problem Set 10 (CH. 10.2-10.5)

1.Find the values of A for which the given problem has a nontrivial solution. Also determine
the corresponding nontrivial solution.

y"' + 4y =0, 0<x<%

/ _ 17y —
y' (0)=0, y(2) 0

Solution: A, =4n*, y =c con(2nx), n=0,12,.

y'+Ay=0, O<x<x
y(0)—-y'(0)=0, y(7)=0

Solution:

The char. equation: m* + 1 =0,
A<0, = m=zxJ-41

7

4 cze’“l’_“,

y(x) =Ce
y'(X) = c/—Ae¥H —c [~ 2

y(0)—y'(0)=c, +¢, —c,N-A +c,-4 =0
= (1-V-A)e +@+V-2)c, =0

7

Ar + Cze— Hﬂ

y(r)=ce Fir_g o c,=—Ce’

From the two equations, we found that ¢, =C, =0.



For A =0,
y(X) = ¢, +C,X, y'(x):cz
y(0)-y'(0)=¢,—¢c, =0

y(z)=c + czﬂe”/’_“ =0

Hence, ¢, =C, =0. Consider

A>0,
= y(X) = ¢, c0s(x/AX) + ¢, sin(\/AX),

y'(x) = = VAc;sin(v/2x) + c,\4 cos(vAx)
yO) -y'0)=c,~c,N2=0, = ¢ =c2
y(7) = ¢, cos(\Ax) + ¢, sin(\/iz) =0
Hence,  ¢,[/4 cos(v/Az)+sin(v/iz)] =0

If c,#0, = \/ICOS(\/IH)-i-Sin(\/Zﬂ'):O

Hence, A,  satisfy tan(\/z 7r)+\/Z =0.

3.Solve the heat flow problem

2
a—u:3a—lzj, O<x<um t>0
ot OX
u(0,t) =u(rz,t)=0, t>0,

u(x,0) =sin4x+3sin6x—sinl0x, O<x<rx

—48t -108t -300t

Solution: u(Xx,t) =e" sin4x+3e " sin6x—e " sin10x



4.Solve the wave equation

Fu_gdu
a2 ox?
u(0,t) =u(x,t)=0, t>0,

u(x,0) =6sin2x+2sin6x, O0<x<rx

O<x<m, t>0

aa—l:(x,O) =11sin9x —-14sin15x, O<x<x

Solution:

The solution is

u(x,t) = i[an cos(3nt) +b, sin(3nt)]sin(nx)

n=1

Zt—u = Z[—Bnan sin(3nt) + 3nb, cos(3nt)]sin(nx)
n=1
From ICs,
u(x,0) =Y a, sin(nx) = 6sin(2x) + 2sin(6x)
n=1
ou & . . .
Y = anbn sin(nx) =11sin(9x) —14sin(15x)
n=1
Hence,

a,=6, a =2, other a =0

n=9, 3*9*h =11, n=15  3*15*b_=-14, other b =0

u(x,t) =6cos6tsin2x+2cos18tsin 6x+%sin 27tsin 9x—%sin 45tsin15x

5.Compute the Fourier series for the given function f on the specific interval.



(@) f(X)=X,—7mT<X<7xm

X+mw, —m<Xx<0
(b) f(x)= {
X, O<x<rx
(c) f(X)=€e",—mT<x<nrm
Solutions:

(@) f(x)=xis odd, for any n, cos(nx) is even, but xcos(nx) is odd, and xsin(nx) is even.

a, :1 I xcos(nx)dx =0, b, =l I xsin(nx)dx:EJ'xsin(nx)dx
T T 5%

0 n

bn = —(—£j|:XCOS(nX)|g _TCOS(nX)dX:| = _£|:7TCOS(H7[) _lsin(nx) ”:l 3 2(_1)n+l
" i 0 nz n

ence, 109~ > 2 singn)

0

(b) f(x)-fz-:z:Sin(an)

2 = n

(c) f(x)-§HEEZ{14-ZEE(EZEX;COSnx-+£:12t;lsh1nxj}
T

T\ 1+n 1+n

6.Compute the Fourier sine series for the given function.




(a) f(x)=x* O0<x<rx
(b) f(X)=r—X%x, O<x<nx

(c) f(x)=e", 0<x<1

Solutions:

)™ al (1" -1]

3 sin nx
n zn

@ -3

DRI ~i%sin nx

@103, 2Ty ]

s———=sinnzX
1 1+7z°n

7.Compute the Fourier cosine series for the given function.



(a) f(x)=1+x, O<x<nx
(b) f(x)=e", 0<x<1

(c) f(x)=sinx, O<x<x

Solutions:

T 4 1
a f(x)~1+=——
(@) () 2 7145(2n+1)?

cos(2n+1)x

= (-D"e-1
b f(x)~e-1+2)» >~~~ __"cosnxzX
(b) (X) Z‘ Y r

(c) f(x)~§—ii ! COS 2nX

745 4n% -1

8. Find a formal solution to the given initial-boundary value problem.

(a)



a_ou
ot ox?’
u(0,t) =u(x,t)=0, t>0,

u(x,0)=x% 0<x<rz

O<x<m t>0

Solution:
27 (-1 ALED"-1])
u(x,t sin nx
(xH= Z{ mn’
(b)
2
N _79U g<x<n, t>0
ot OX

ou ou
—(0,t) =—(x,t)=0, t>0,
ax( ) aX(fr)

u(x,0)=1-sinx, O<x<r

Solution:
u(x,t) = 1—2+%”%%x+z:——:L—%4W‘
~ 7(4n*-1)
(c)
2
QE:Q%,O<X<ﬁ,t>O
ot ox

u(0,t)=0, u(z,t)=37, t>0,
u(x,0)=0, O<x<rx



Solution:

(_

u(x,t)=3x+6y_
=1

n" o .
)e”tsmnx
n

(d)
2
a—u:38—l3+x, O<x<m t>0
ot OX
u(0,t) =u(x,t)=0, t>0,
u(x,0)=sinx, O0<x<r
Solution:
2 0 _ n )
u(x,t) =| = x—(ijx%{lje‘“sinwrz 2 ? e "' sin nx
18 18 3 = 3n



(e)

2
u_,ou
ot OX

‘Z—‘:(o,t) ~0,  u(zt)=0, t>0,

O<x<m t>0

u(x,0)=f(x), O<x<x
Solution:

/ /i
Let u(t)=X()T(t), = T'X=4X"T = I_T=X7=K

Now, solve the eigenvalue problem:

X"(x)=KX(x), O<x<ur,
BCs: X'(0)=0, X(7)=0

The Char. Eq.is m*> —K =0.

For K=0, = X"=0, = X(X)=c +c,x
For K>0 = m-K=0, = m=+/K

= X(x) :cleJEX + cze"’EX
Using the procedure as in Question #2, you could verify that ¢, =¢, =0.

Now, consider

K<0, -K>0, = m=4#iv-K
= X (x) = ¢, sin(~=K x) + ¢, cos(v—K x)

= X' (x) = ¢,N—K cos(v=K x) - ¢,/—K sin(~~K x)



BC: X/'(0)=0 = ¢, =0

BC: X(7)=0 = c,cos(v-Kz)=0 = —K:(2n+1)%
2n +1)°
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4

Hence, X, (x)=c, cos(zn;l x)

Then, solve the Eq. T'(t) —4KT(1)=0, = T/'()+(2n+1)*T(t)=0
This is a linear first order DE, and the solution is
T (t)=be @Vt n=012,..

Since, u(x,t) = X(x)T(t), we have

u(x,t)=>"be ¢, cos( 2n2+ L xj =S a e cos((n + %)xj

n=0 n=0

The coefficients a, are determined from the IC:

u(x,0) = f(x) = iam cos((n +%)x)



