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Learning Goals for FoTL Session Learning Materials Learner Actions Learning Products

Participants will learn and be able to: Through engagement 
with:

This will involve Learner will produce/dem

DEFINE & RELATE Learning Trajectory, Variation 
Theory and Productive Struggle to learning of complex 
subject matter and skilled performance (teaching 
mathematics to diverse elementary-aged learners)

Game of Squares Puzzle.
Skyscraper Puzzle.
Perimeter trains problem.
Finger counting problem.

Student reflections 
(Mathcurations)

Student comments.CONSTRUCT a learning trajectory for at least one 
mathematical game/puzzle

Play game. 
Analyse learning 
opportunities.
Sequence. 

Positive learning experience. 
A learning sequence. 

DISCERN how this framework contributes to student 
(pre-service teacher) learning;

MAKE CONNECTIONS/DRAW ANALOGIES with 
teaching and learning in other domains involving a 
combination of complex subject matter and skilled 
performance.

Questions and Discussion.



Variation Theory
→ Introduces idea of Critical Features.
→ Helps students become aware of Dimensions that 
can Vary.
→ Used to help them discern:
- Variations in task purposes/learning goals
- Variations in instructional strategies.
- Way mathematical concepts are organized/attended 
to by the Professional Discourse Community.
- Helps to identify that there can be variation in skilled 
performance.

Learning Trajectories 
→ Introduces idea that learning is developmental and 
facilitated by meaningful tasks effectively facilitated.

→ Gives a framework for mathematical concept 
development (learn complex subject matter)
→ Helps in identifying LEVELS OF SKILLED 
PERFORMANCE.

- Suggests relevant tasks to help move from one level 
to another.

Productive Struggle
→ Introduces idea that effort & persistence are 
required to learn complex subject matter.
(learn complex subject matter)

Game Mechanics 
→ Are one way to structure and sequence learning 
experiences for productive struggle. 
→ Productive struggle does not have to be 
isolated/individual struggle. 
→ Systems are structured but can be hacked/gamed - 
designed to be ‘played’.



Issue: Learning {Mathematics} is ‘hard’ (complex subject matter): 

Things we know...

○ Effort, persistence, failures >> successes are NECESSARY for learning 
■ Learners need to appreciate the value of effort, struggle and failure, persistence in learning 

mathematics.
● Growth Mindsets & Productive Struggle

○ Mathematical ideas are understood in particular ways in the Prof. Discourse Communities.
■ Learners need to discern those particular ways (discernment is not ‘discovery’).

● Variation Theory (Critical Features) 
○ Initial successes should precede situations where failure is likely but not consequential. 

‘Failures’ should present opportunities to learn and revise. 
● Game Mechanics, Constructionism. 

○ Conceptual Understanding gets more sophisticated/complex/connected over time.
■ Learners need to experience a sensible/appropriate developmental sequence with learning 

tasks and experiences and reflection/critical connection & curation of experiences.
● Learning Trajectories, Variation Theory.       



Things we know...

○ effort is necessary
● Growth Mindset

○ understanding early learning, discerning aspects of conceptual development are necessary
● Variation Theory, Learning Trajectories, 

○ sensibly selecting and sequencing of appropriate (motivating) tasks-fit-to-purpose, and 
learner(s), and context are necessary 

● Variation Theory, Learning Trajectories, Game Mechanics, 
○ demands of tasks should increase but not elicit quitting. 

● Productive Struggle
○ Learning to identifying different levels of skilled performance is necessary

● Learning Trajectories, Variation Theory
○ Knowledge of Mathematics is necessary (CK) 
○ Knowledge of effective instructional strategies fit-to-purpose is necessary 
○ Knowledge of Curriculum is required.
○ PLUS all the other stuff: designing, planning, monitoring, reporting, establishing and maintaining 

relationships, classroom management, inclusion, cultural relevancy etc.)

Issue:Learning to teach Elementary Mathematics is ‘hard’ (complex subject matter) 



EDEL 316: Learning & Teaching Context

● Only required math pedagogy (‘methods’) course for K-6 Pre-Service Teachers in  Elementary Mathematics. 

● Focus is on Learning to Teach Mathematics to Elementary aged learners NOT Math Content Knowledge. 

● Winter 2018 face-to-face sections with ~32 participants each.

● 8 weeks. 

● 2 x 110 minutes/week/section. 

● A proportion of students enter the course with anxiety about their mathematical proficiency and fears of 
teaching mathematics to young learners as well as challenges with mental arithmetic. 

● Personal observation and engagement with elementary classroom teachers and pre-service teachers across 3 
provinces in Canada suggests that EPSTs don’t discern different purposes for mathematical tasks (and 
consequently different TYPES/AFFORDANCES of mathematical tasks for learning) and don’t discern 
different levels skilled mathematical performance.



Classroom Physical Context



Play Game About Squares Here
http://gameaboutsquares.com

http://gameaboutsquares.com


Learning Trajectories (Clements & Sarama, 2010)

● Children follow developmental progressions in learning and development.

● Learning trajectories have three parts: 

a) a mathematical GOAL; 

b) a DEVELOPMENTAL PATH along which children develop to reach that goal; and 

c) a set of instructional activities, or TASKS, matched to each of the levels of thinking in that path that help children develop 
higher levels of thinking

● several learning trajectories are based on considerable research, eg. counting and 
arithmetic. 

● others, such as patterning and measurement, have a smaller research base. 
● few guidelines for more sophisticated math topics for older learners.



https://www.learningtrajectories.org/

https://www.learningtrajectories.org/








Skyscraper Puzzles





Learning to Work Backwards and Extend Beyond in order to scaffold concept / 
skill development instead of problem solving (this is hard for novices).  

- Place the tower inside a single square. Write how many towers you see from each side. 
- Put a tower of different height in single square. Write how many towers see from each side. 
- Move on to two towers. 

PSTCs need to discern what can vary and think about the task purpose (learning intention)









PERIMETER TRAINS PROBLEM - Sequencing related problems is hard.

Open Inquiry/Exploration
Problem-posing

Concept Exploration & Development
Guided/Structured Inquiry

Concept Elaboration & Practice
Problem Solving w Rich Tasks

That different 
tasks serve 
different 
purposes is 
not obvious to 
novices - 
needs to be 
discerned.



Productive Struggle (Warshauer, 2015). 

● Self-regulatory persistence and effort in making sense of a problematic learning 
situation.

● Remain intellectually challenged.
● Maintain the belief that one is capable of meeting the challenge.

Related concepts:
Resilience, Persistence, 
Productive Disposition (Kilpatrick et al.)
Growth Mindset (Dweck, Boaler)
Model refinement (Papert)
Desirable difficulties (Bjork & Bjork)
Productive Failure (Kapur)
Deep Practice (Coyle)

http://www.youtube.com/watch?v=3qTWHxm5qW0


Finger counting problem
Starting at Thumb (1) count each 
finger to Pinky (5).
Then count back to Thumb (don’t 
double count pinky or thumb when 
changing direction). 
What finger are you on when you 
say ‘1000’?

http://www.youtube.com/watch?v=Ut9MuDotzkc


Brute force 
non-patterned 

approacher

Uses a brute force 
approach but does not 
notice or use any 
patterns. 

Pattern Noticer

Groups or notices one 
or more patterns and 
uses diagrams to 
describe the pattern 
visually. 

Pattern 
Describer

Notices patterns and is 
able to describe the 
pattern in words eg. 
“Starts at 1 and 
increased by 8 each 
time. “
“The pattern of fingers 
repeats every 8 
numbers. We start over 
on the thumb after 
every 8 counts.”

Math Object 
Creator

Creates a novel / 
unexpected 
mathematical artifact 
to assist in 
representing and 
communicating a 
correct solution to the 
problem. 
May be able to use to 
solve additional 
problems. 

Pattern 
Explainer

Able to explain that 
since the pattern 
repeats every 8 counts 
and 1000 is evenly 
divisible by 8 then it is 
the finger that contains 
all the multiples of 8, 
which is the index 
finger. 
[Modulo 8 / Clock 
arithmetic argument.]

Anticipating Levels of Skilled Performance is hard

Recognizing the different levels of skilled approaches to a task/problem is hard. This must be discerned and requires 
++ xx >>>  experience & exposures.  Simultaneously discerning that these levels in this type of learning situation are 
value-laden / weighted and not necessarily ‘developmental’, i.e. more context/purpose dependent.
Levels of skilled performance are somewhat ‘analogous’ to different ways of knowing→ in some situations some ways 
of knowing are preferred/valued.   

















An example
We ask a 6-year old-child: “How many fingers do you have on your left hand?” 
She says: “Five.” Then you ask: “How many fingers do you have on your right hand?” 
And she says: “Ten.” 

Do “five” and “ten” mean the same to her as they mean to us?

What is the child attending to? What isn’t the child attending to?

Teacher Knowledge: Relevant necessary aspects of Number & Counting 
ordinal property - number names refer to a place in a stable order/sequence. 
cardinal property - each number refers to a certain “manyness” 
de/composability - numbers are wholes that can be divided into parts (part-whole 
relationship). 

Variation theory gives an insight into what has not been discerned. 
A Learning Trajectory will suggest tasks to build the cardinal property and ability to 
compose and decompose numbers.
Games will help build fluency through productive struggle.

    





Variation Theory
→ Introduces idea of Critical Features.
→ Helps students become aware of Dimensions that 
can Vary.
→ Used to help them discern:
- Variations in task purposes/learning goals
- Variations in instructional strategies.
- Way mathematical concepts are organized/attended 
to by the Professional Discourse Community.
- Helps to identify that there can be variation in skilled 
performance.

Learning Trajectories 
→ Introduces idea that learning is developmental and 
facilitated by meaningful tasks effectively facilitated.

→ Gives a framework for mathematical concept 
development (learn complex subject matter)
→ Helps in identifying LEVELS OF SKILLED 
PERFORMANCE.

- Suggests relevant tasks to help move from one level 
to another.

Productive Struggle
→ Introduces idea that effort & persistence are 
required to learn complex subject matter.
(learn complex subject matter)

Game Mechanics 
→ Are one way to structure and sequence learning 
experiences for productive struggle. 
→ Productive struggle does not have to be 
isolated/individual struggle. 
→ Systems are structured but can be hacked/gamed - 
designed to be ‘played’.



Practice
Identify some discrete area/topic/concept/skill that is difficult for learners in your 
course.
What do you believe they struggle what?
What is it they need to discern? How can they discern this (what needs to vary?)
What is the sequence of discernments or levels of skills?
What tasks are associated with which discernments/skills?
Develop a provisional learning trajectory - goals (discernments), path (sequence) and 
linked tasks. 
Which if any parts might be amenable to game-based learning?

Questions & Follow-up
Please send comments on the session and questions to skkhan@ualberta.ca

mailto:skkhan@ualberta.ca
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