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ABSTRACT. Population migration and immigration have greatly increased the
spread and transmission of many infectious diseases at a regional, national
and global scale. To investigate quantitatively and qualitatively the impact
of migration and immigration on the transmission dynamics of infectious dis-
eases, especially in heterogeneous host populations, we incorporate immigra-
tion/migration terms into all sub-population compartments, susceptible and
infected, of two types of well-known heterogeneous epidemic models: multi-
stage models and multi-group models for HIV/AIDS and other STDs. We show
that, when migration or immigration into infected sub-population is present,
the disease always becomes endemic in the population and tends to a unique
asymptotically stable endemic equilibrium P*. The global stability of P* is
established under general and biological meaningful conditions, and the proof
utilizes a global Lyapunov function and the graph-theoretic techniques devel-
oped in Guo et al. (2008).

1. Introduction. Population migrations are occurring at a global scale: mass of
migrant workers are moving from rural regions into large cities in developing coun-
tries, and immigrants and refugees are moving from developing countries to in-
dustrialized countries. Migration and immigration greatly increase the spread of
many infectious diseases at a regional, national and global scale. The impact of
migration and immigration on the transmission dynamics of infectious diseases,
especially within a heterogeneous population, needs to be investigated using math-
ematical models. Standard compartment models customarily incorporate an immi-
gration/migration term into the susceptible sub-population or compartment. When
natural birth is not considered, such an immigration term provides influx of suscep-
tibles into the population that makes it possible for the disease to remain endemic
in the population. Fewer models, however, considered a more realistic situation
where immigrants or migrants move into infected sub-populations. There is usually
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no public health screening of migrants among different regions of the same country,
and hence infected people are free to migrate. Industrialized countries has stan-
dardized health screening procedures for new immigrants, while such a screening
standard is generally lacking for refugees. Furthermore, for certain diseases such as
tuberculosis (TB), current screening procedures can not detect infected individuals
who are in early latent stage, and as a result, many latently infected immigrants
would develop active TB within 2-5 years of their landing. An earlier work of
Brauer and van den Driessche [3] has incorporated immigration into the infectious
compartment in a simple HIV model for a prison population. McCluskey and van
den Driessche [20] considered a TB model with immigration into a latent compart-
ment. It is shown in these simple models that, if infected immigrants or migrants
are allowed into the host population, the disease will always become and remain
endemic: a unique endemic equilibrium always exists and is globally asymptoti-
cally stable. Whether these results continue to hold in more complex models for
heterogeneous disease transmissions has remained open.

Two classes of heterogeneous epidemic models have been well studied in the
literature. For infectious diseases with a long infectious or latent period such as
HIV/AIDS, staged progression models have been constructed to describe disease
progression through a discrete set of stages, and with varying degrees of transmis-
sibility at different stages [11, 23]. Global dynamics of staged progression models
and various modifications have been well studied [2, 5, 8, 11, 19, 23]. Another class
of heterogeneous transmission models consists of multi-group models that were de-
veloped to describe the heterogeneous mixing and transmission of HIV/AIDs and
other STDs [1, 9, 10, 13, 15, 18, 22]. In this case, the host population is partitioned
into homogeneous groups, and the model accounts for both within-group and inter-
group mixing and transmission. Multi-group models can also be used to describe
diseases with multiple hosts such as West-Nile virus and other vector borne diseases
[23]. The global dynamics of an n-group models of SEIR type with bilinear inci-
dence have been completely established by Guo et al. [6, 7]. We note that, in all
works on heterogeneous epidemic models in the literature, none has considered the
effects of immigration into the infective subpopulation.

In the present paper, we incorporate a migration/immigration term into all com-
partments, susceptible and infected, in these two classes of heterogeneous epidemic
models, to investigate the impact of immigration on complex disease transmission
dynamics. We prove that, when immigration is present in at least one infected
compartment (latent or infectious), the disease will persists in all sub-populations,
and a unique endemic equilibrium is globally asymptotically stable in the feasible
region. The global stability is established using a global Lyapunov function and
an adaptation of the graph-theoretic approach developed in [6, 7, 16]. Our results
are the first to show that the graph-theoretic approach developed in [6, 7, 16] is
applicable to heterogeneous epidemic models with immigration and migration into
infected compartments. Our results also generalize the earlier result in [3] on sim-
ple HIV models. Biologically, our results have significant implications for disease
control and prevention in countries and regions that receive significant number of
immigrants or migrants. It is not sufficient for these countries and regions to focus
their public health efforts to only within their boarders; eradication of an infectious
disease needs to be achieved at its source outside their boarders.
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The paper is organized as follows: in Section 2, a class of multi-stage models with
infected immigration is formulated and the global dynamics are established. In Sec-
tion 3, a class of multi-group models with infected immigration is formulated. The
uniqueness and global-stability of the endemic equilibrium is proved. Conclusions
and discussions are given in Section 4.

2. A multi-stage SEI,,R model with immigration. In this section, we consider
a multi-stage (MS) progression model with constant immigration distributed to
every compartment. In this section and hereafter, the term “immigration” is used to
include both immigrants between countries and migrants between regions. Typical
MS models such as staged-progression models and their variations have been studied
extensively, see [19, 5, 2, 12, 8] and reference therein. This class of models contain
classical SEIR models with a single latent and infectious stage as a special case
[1, 23].

The population is divided into a susceptible compartment S, a latent compart-
ment F, a removed compartment R and n successive infectious compartments
I;yi = 1,--- ,n. A fraction p of the total immigration = moves into the latent
compartment, a fraction g; into the ¢-th infectious compartment, a fraction g,41
into the recovered compartment, and the remaining fraction 1 — p — Z;jll q; into
the susceptible compartment. We assume that 0 < p,¢; < 1,i=1,--- ,n+1, and
0<p+ Z?:ll q¢; < 1. The total force of infection is described by a linear term
Z?:l Bil;, where 3; is the transmission coefficient between a susceptible individual
and an infective in the i-th infectious compartment. Parameter 1/6 denotes the
mean latent period, and 1/4; the mean period an individual stays in the compart-
ment ;, 2 =1,--- ,n. Parameter d4 > 0 denotes the removal rate of the respective
compartment, where ‘#’ represents S, F,1,--- ,n or R. All parameters are assumed
to be nonnegative, and we require that all death rates dg,dg,dr,, i =1,--- ,n, are
positive so that the total host population remains bounded. The transfer diagram
for the model is shown in Figure 1. Based on these assumptions, we derive the

l(l—p—iq,.)ﬁ lp” lqlﬂ'

i=1
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FIGURE 1. Flow diagram of a multi-stage progression model with immigration.

following system of ordinary differential equations:
n+1 n

S =(1—p=Y a)r— Y BiSL —dsS,
i=1 i=1

E'=pr+Y BiSI — (dg + 0)E,

.= N
I =qm+6E — (di + )11,

I'=qm+~i—1lioa — (di +v)L, i=2,---,n—1,
I;L =qnT + Yn-1dp—1 — (dn + 'Yn)lna
R = qn-17 + Ynln — drR.
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When p =0 and all ¢; = 0, model (1) reduces to SP models considered in [5, 12, 8],
where the global dynamics are established by a global Lyapunov function. Also our
model generalizes the low dimensional models in [3, 17, 20, 19].

1. Uniqueness of the endemic equilibrium. Let IT = (1 —p—Z:Hll g;)m > 0.
Since the variable R does not appear in other equations of (1), we may consider the
following reduced system:

=1- iﬂis-’i —dgS,

i=1
E' =pr+Y BiSL — (dg +)E,
-1 (2)
I =qm+06E — (di + 7)1,
I =qm+~yialiog — (di + )L, i=2,--- ,n—1,
I = gum + Yn_1ln—1 — (dy + ) L.
Let N =S+ E+ " | I, denote the total population at risk and let
d = min{dg,dg,dr, - ,dp} > 0.
Then N satisfies

N' =1 —gpi1)m —dsS —dgE — Z dil; — I, < (1 = guy1)m — dN.
i=1
It follows that lim; o sup N(t) < (1 — ¢p41)7/d. Similarly, from the first equation
in (2) we obtain S’ < II — dgS, and thus lim;_, ., sup S(¢) < II/dg. The feasible
region for (2) can be defined as the closed set
I={(S,E I, ,I,) e R :0< S <II/dg,
-~ 3
0<S+E+Y L < (1= gnyr)w/d}. )
i=1
It can be verified that T is positively invariant with respect to (2).

Next we show that model (2) only admits endemic equilibria in T' and has no
disease-free equilibrium, due to immigration into E and I; compartments. Let
P* = (S*,E* I}, - ,I}) € T denote an equilibrium of (2). Then S*, E* I}, -, I}
satisfy the following equilibrium equations

I = f: BiST; + dsS,

i=1

pr+ Y BiSL = (dg + 0)E, (4)
i=1
@ +0E = (dy + 7)1,
@+ Yie1lion = (di + i) li, =2, ,n.
It is straightforward to see that E = Iy = --- = I, = 0 do not satisfy (4) if
P+ Z7+11 ¢; > 0. Thus the model has no disease-free equilibrium. To find an
endemic equilibrium, we rewrite the first equation of (4) as
I

5= ds+ > Bl (5)
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Eliminating F from the second and third equations of (4), we have

dg +46
1)

dg +6 -
T+ E5 QT+ EBZSIZ = (dl —i—’yl)Il. (6)

Let a; = (dg + §)/d. Substituting (5) into (6) gives

(pm + arqs ) ds+2/ﬁm +HZBZI = a1(di + ) ( ds+ZﬂH (7)

i=1 i=1 i=1
From the remaining n equations in (4), a recursion formula can be obtained
q;m Yi—1

- + L, i=2,--,n.
di+v  dity

i

It follows that
- T — Bigim Yi-1
;BZL—;diﬂ ;ﬁl Iy

:i Biqim ZB Yi—1 < qi—1T 4 Yi—odi—o )
dit+y 2 diy \dicv e dicn i

B2 I
1
do + 72 ()
:zn: Biqim ZB Yi—1 qi—1T
i dz+’)/z i—3 Zd +’Yz T— 1+’71 1
Yi—1 Yi— Bam1
+> B Lz + I
ZBd_"’Yt di— 1+'Y'L 1 2 d2+'72 !
= K, +KI,

where K is the sum of all constant terms and K is the coefficient of I. Substituting
(8) into (7) and defining Ko = K + 31, we get
(pr+ a1qim)(ds + K1 + KoIy) + II(K7 + K21q) )
= al(dl —+ 'Yl)Il(dS —+ K1 + KQIl).
Then we obtain a quadratic equation about variable I as following
alf + bl +c =0,
where
a = al(d1 + ’}/1)K2 > 0,
b=ai(di +71)(ds + K1) — K2ll — (pm + a1q17) Ko, (10)
—(pm + arqam)(ds + K1) — K411 < 0.

The signs of a,c imply that the quadratic equation has exactly one positive so-
lution. Therefore, system (2) always has a unique endemic equilibrium P* =
(S*,E*Iy,--- ,I}), with S* > 0,E* > 0,I > 0,i = 1,--- ,n. The direction of
the vector fields of (2) on the boundary of T" is transversal to the boundary. As a
result, the boundary of I" is a repellor and system (2) is uniformly persistent. We
thus have obtained the following result.
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Proposition 1. Assume that 0 < p* + >, ¢? < 1. Then system (2) has no
disease-free equilibrium, and a unique endemic equilibrium P* always exists in the
interior of the feasible region I.

2.2. Global stability of the endemic equilibrium P*. We prove the following
global-stability result.

Theorem 2.1. Suppose that 0 < p? + Sy q? < 1. Then the unique endemic
equilibrium P* s globally asymptotically stable in T.

Proof. Let P* = (S*,E*,I;,--- ,I*) denote the endemic equilibrium and set 3; =
Bil7S*,i=1,--- n. Consider a Lyapunov function

V(x)—(S—S -5 lnS*)+<E—E - E mE*>+;a1 <IZ I =TI 111[;>,

where
d ) B
a; = £ + and a; = Zk;z*/gk
0 ’Yi—llifl

Function V(z) is positive definite with respect to z* = P* since x — 2" log -% has
the global minimum value 0 at * = z*. The derivative of V along a solutlon
(S(t)7 E(t)a I (t)a T aIn(t)) of system (2) is

V' = (1—‘2)5’ ( )E’—i—Zal( ;)1’. (11)

By the first equations in (2) and (4), it follows that

S*
1- 2 ’
( S)S

==Y BiSLi—dsS — g+ Bi5°L; + dgS”
i=1

1=1
= 3G+ 2sS" = 3BT~ dsS — (Bt ds5) % + > s

i=1 i=1
:dSS*<2—S*—> ZBZS*I*JrZ& *+Zﬁz< )

Similarly, by (2) and endemic equilibrium equations in (4), we have

i=2,--,n.

*

E* - E

— Z@Sl +(dp + 0)E*
(13)

E E*
_Zng*I* (dg +0)E E*+p7r<2— E)

_ SI,E*
+;ﬂi (1 B S*J;E) ’
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Iy
S N 4
< fl) !
If E

=q7m+0E — (di + )1 — o= — 6E

I7 14
=B+ () (14)

=L E

I I EI
2 L 9 1) 4spr(1- =L
E <1+%)1lf+‘m< Il>+ ( BT )

and, for i =2,--- ,n,

Ir
1—-22)r
( fz‘) '

Ir Ir
=qm +vi-1li-1 — (di +vi)1i — QiWTl_ - %‘—1]1'—171' + (di + i) I}
' ' 15)
I 7 : (
=Yi-1li_ 17— — (di + ) o +qm (2 — +
o 17,1]2;1 ( +’7)11:+q77< Iz)
. Ly IF
+vim1li <1 T Ii) .
Substituting (12) — (15) into (11) and rearranging terms, we obtain
s 8
V/i=dss* (2- 2 — 2
’ < s S*>
= S*  SLE* EIj E* E I
(33— - — L 3 _ — 1
+;B ( S ST'E E* 11> “”( E  E* 11)
(16)

- I; - N I I7
+ ZailZﬂT <2 - I> + Zai’}/ifl]i_l <1 "I I)
i=1 ¢ i=2 =17

+ (Z BiS*I; —ar(dy + )L+ Y ai[yvioalicn — (di + %‘)L‘]) :

i=1 =2

Here we have used relation a10E* = pr + Z?:l Bi.
Using the definition of a; and exchanging the order of summation, we can show

Zai%—lfi*_l = Z Zﬁ_z =) (i—1)8,

1=2 1=2 k=1 1=2 (17)
o Ll AL LT N L I
22@1%—111—1 ];ii T = ;;kal* 171 = ;51 2 1271 i
1= 1= =1 1= =2
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Substituting (17) into (16) gives

S* S E* EI* - I
V’:{dSS*<2—S S*>+p7r<3—E—E*Il)—i—Zaiqm(Z—;)
1 - 7

o S* SLE* EI; Il (18)
+Zﬂz<(”2) S SIE E L k2121[k>}

=2
n n n
+ (Z BiS L —ar(dy + )+ Y aivicalin — Y ai(di + %‘)L‘)
=1 =2 =2
=Vi + Va.

Using endemic equations in (4) and rearranging V5 leads to

BiS* I —ar(di + 1)+ Y avialin = ai(di + )

Va=>_
i=1 i=2 i=2
n B I n n
= ZB i T ar(di +v)h + Zaz‘%‘—lﬂ—l - Zai(di + )1
i—1 i i=2 i=2
Il - Iy
=T (81— ar(dy + ) I} + aom I7) + Ir (B2 — az(da + 72) I3 + asv213)
1 2
I, .

L
= (51 —a1qim — ( P7T+Zﬂz +a2'71]1>

i=1
I
I* (B2 — azqem — aom I} + agyaly)

I, -

et (Bn — angnm™ — anyn—11;_,) .

From relation a;y;—1I;_1 = > p_; Bk, i = 2,--+ ,n, it follows that
—aiYimalioy + appil] Zﬂw Z Br=—Fi =2 ,n—1
k=i+1

Therefore

(19)
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Now substituting V5 back into (18) we obtain

s* 8 E* EI} 1
V' =dsS* (2 - = — — 3 _~—a_
s ( S S*)H”T( E B I 1;)
= Iy I ~ S* SE*I, EIf
T2 -2 - = 3 - — - 1
+;aqﬂ< I I;‘>+61( S S*EI} E*h) (20)

n i
e S* SEL  EIL Ll
S (42 - 2o 2L S )
TN S TS T B L 2T,
i=2 i k=2 k-1

By the inequality of arithmetic and geometric means:
Z1+tz+ -tz 2> nmy for z; 207 Z:]-a ) T,

we obtain that V' < 0 for all (Sy, Eq, I, -+ ,I,) € T. Furthermore, V’ = 0 if and
only if
S=S* E=FEY L=I,i=1-,n. (21)

i

Therefore, V' is negative definite with respect to P*, and this implies that P* is
globally asymptotically stable in I', by the classical Lyapunov stability theorem,
completing proof of Theorem 2.1. O

We remark that the same method can be applied to establish Proposition 1 and
Theorem 2.1 for the following MS model with amelioration (§;) and immigration:

n+1 n
S'=(1-p-> a)m—» BiSL—dsS,
i=1 i=1

E' =pr+Y BiSL — (dg +)E,
=1

Ii =qn+0F — (d1 + ’)/1)11 + 115,
Ii=qim+vyieilion — (di + % +0i-1) i + 6ilip, =2, ,n—1,

I;L =qpT + 'anl[nfl - (dn + ’Yn)In + 6n71]na
R = qn+17T + Yndn — drR.

n+l

l(l—P—IZ:l‘,q,)” pr qr 07
S 71 B y
(e e e
d d, d, d

2

FIGURE 2. Flow diagram of MS model with amelioration (d;) and immigration.
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3. A multi-group SEIR model with immigration. Multi-group models have
been studied in the literature since 1970s, motivated by modeling heterogeneous
mixing among different social, sexual and risk groups in the transmission of
HIV/AIDS and other STDs [1, 9, 10, 13, 15, 18, 22]. These models can be used to
describe transmission dynamics of many infectious diseases in heterogeneous host
populations. For a recent survey on multi-group models, we refer the reader to [23].
In a seminal work by Lajmanovich and Yorke on a multi-group SIS model of Gon-
orrhea [15], global dynamics were completely established using a global Lyapunov
function. The method of global Lyapunov functions has since been the main tool
for establishing global stability of equilibria in these heterogeneous epidemic mod-
els. Recently, Guo et al. [6, 7] established the global dynamics of a n-group SIR
and SEIR model with bilinear incidence and varying total population size. Their
proof of global stability of the endemic equilibrium contains a new graph-theoretical
approach to the construction of global Lyapunov functions [6, 7, 16]. We note that
these earlier works on multi-group models all restrict immigration into the suscepti-
ble population only. The global dynamics of multi-group models with immigration
into infected sub-populations have remained open.

In this section, we incorporate immigration into a general multi-group SEIR
model, with immigrants moving into all compartments, susceptible and infected,
and completely establish its global dynamics. The host population is divided into n
groups. For each group ¢, 1 < i < n, the subpopulation is further divided into four
compartments, susceptible S;, latent F;, infectious I; and recovered R;. Parameter
Bij, 4§ = 1,---,n, represents the transmission coefficient between a susceptible
individual in S; and an infective in I}, and 1/0;,1/c; are the mean latent and in-
fectious periods in group 14, respectively. Removal rates dis ,dP . dl d in respective
compartments may include both natural and disease-caused death. All parame-
ters are assumed to be nonnegative. We further require that all removal rates
d?,df dl,dl i=1,---  n, are positive.

Let 7 be the total immigrants for all groups and x;(x; > 0) be the fraction to
the group 4. Thus Y. | x; = 1 and m; = x;7 be the total immigration into the i-th
group. One further assumes that a fraction p; goes into the latent compartment
F;, a fraction ¢; into the infectious compartment I;, a fraction ~y; into the recovered
compartment R;, and the remaining fraction 1 — p; — ¢; — 7; into the susceptible
compartment S;. Then our multi-group SEIR model with immigration is described
by the following system of ordinary differential equations:

n

Sz/‘ =1 —=pi—qi—vi)mi — Zﬁijsilj — dei,
j=1
E} = pim; + Zﬁijsﬂj — (dF + &) E;, i=1,2,--,n. (23)

=1
I = qimi + 0B — (df + i) I,

R} = yimi + a;l; — df Ry,

(3

Here we assume that 0 < p;, q;,vi, pi + ¢ +7: < 1, and Z?zl(pi +qi+v) >0 If
pi = ¢; = = 0 for all ¢, model (23) reduces to the standard multi-group model
studied in [7].
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Denote II; = (1 —p; —q; — ;)™ > 0, i = 1,--- ,n. Since the variable R; does not
appear in other equations of (23), we may consider the following reduced system:

Sp=TL = Bi;Sil; — d5'S;,
j=1

i 24
B =pmi+ Y BSily — (df +6)E,  i=1,2--,n. 2

=1
I} = qimi + 0, i — (df + o) I;

3.1. Feasible region and equilibria. For each i, adding the three equations in
(24) gives (Si+E;+ 1) < (1—~;)m —d (S;+ E;+ 1), where df = min{d?,d?, d! +
a;} > 0. Hence limsup,_, . (S; + E; + I;) < (1 —~;)m;/d;. Similarly, from the S;
equation in (24) we obtain limsup,_,. S; < II;/d?. Therefore, omega limit sets of
system (24) are contained in the following bounded region in the non-negative cone

of R3":
U ={(S1,E1, 11, ,Sn, En, In) €RY' | 8; <T0;/d7,
0<S;i+E,+I <(1—)m/d,1 <i<n}
It can be verified that I is positively invariant with respect to (24).
As expected, the immigration model no longer has the disease-free equilibrium

if a positive level of immigration moves into a latent or infective compartment.
Let P* = (S}, Ef,If,---, S, B, I") denote an equilibrium of (24), and set §;; =

n n
BijSil;, 1 <i,j <n.Then coordinates of P* satisfy the following system of equa-
tions:

0=TL =Y B —ds;,
=1

OZPZWZ+ZBZ]—(dZE+5z)E:, i=1,2,~--,n.
Jj=1

0=qim; + 6B — (d] + ay)I7,

It is clear that Ef = IF =0,4i=1,--- ,n, do not satisfy system (25) if there exists
1 <4 < n such that p;m; > 0 or ¢;m; > 0, and thus model (24) admits no disease-
free equilibrium. We assume that transmission matrix B = (;;) is irreducible, thus
B = (Byj) is irreducible too. It can be further verified that, model (24) admits
no equilibria on the boundary of T'. Since the convex compact set I' C R3” is
positively invariant for the flow of system (24), Browder’s Fixed Point Theorem
implies that system (24) has an equilibrium in T'. Since no equilibria exist on the
boundary, system (24) must have an endemic equilibrium P*, in the interior of
I. It can be verified that the vector field of system (24) at the boundary of T is
transversal to the boundary, and the boundary of I" is a repellor. This implies the
uniform persistence of system (24). In the next subsection, we will establish that
any endemic equilibrium of system (24) must be globally asymptotically stable, and
as a consequence, system (24) has a unique endemic equilibrium.
Adding the last two equations of (25) and canceling E term give

O;pim; + 5iZBz‘j + (df + 6:)qimi = (df +6:)(d] + )L}, i=1,2,--- ,n.

j=1
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Setting b; = (d¥ + §;)/d; and dividing by J; in the above equation, we obtain the
following relation, which will be used in later proof,

pimi + bigimi + ZB” —bi(d + ai)I; =0, i=1,2,---,n. (26)
j=1

3.2. Uniqueness and global stability of endemic equilibrium. In this sec-
tion, we prove that if infected immigrants are allowed into at least one population
group, and the contact network among groups is strongly connected, then the dis-
ease will persists in all population groups: a unique endemic equilibrium P* exists
for all feasible parameter values and is globally asymptotically stable. We state our
main result in the following theorem.

Theorem 3.1. Assume that the transmission matric B = (8;;) is irreducible. Sup-
pose > i (pi + qi) # 0. Then system (24) has a unique endemic equilibrium P*
and it is globally asymptotically stable in T.

Proof. Let P* = (SY,Ef,If,--- Sk, E}, IY) denote an equilibrium of (24). We
consider a Lyapunov function

T) = iq‘/&,
i=1

where ¢; are positive constants to be specified later, and

Si E;
<S’ S =5l S*) ( ' E)

I;
+b; (11 g _J;mF)

with b; = (df + 6;)/;,i = 1,2,--- ,n, as given earlier. Lyapunov functions in
the form of V; were successfully applied to prove global stability for single-group
epidemic models in Korobeinikov and Maini [14], and was further explored in works
of Korobeinikov (see e.g. [21]) and others. We refer the reader to a review paper
[4] for recent development. We are seeking a suitable linear combination of the
Lyapunov functions V; for single group models, so that V' = """, ¢;V; is a global
Lyapunov function for the multi-group models. Our proof is an adaptation of the
graph-theoretical approach to the selection of suitable coefficients ¢; developed in
[6, 7, 16].

We note that, if ¢; > 0 for all 1 < ¢ < n, function V() is positive definite with
respect to * = P*. The derivative of V along the solution of system (24) is

chv ch{< )S’ < 2>E’+b(111>1/} (28)

(27)
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Using the first equation in (25) and S equation in (24), we obtain

S*
177 !
(1-3)s
=1L =) Bi;Sil; — df S — 1I; ‘i+25”5*1 +dJS;

J=1 j=1

i _ s (
= By +2d7S; = BySily—d7 S — (> Bij + dfsi*)j +> BiySI;
=1 j=1 =1 b=t
S
=dSsr (2_ o ) Zﬁ”Sl +Z@js*1 +Z@j (1 - ) .
Similarly, from (24) and (25) it follows
E? E*
<1 B, > El =p;T; + ;ﬂms I (dzE + 57,)E'L _piﬂ'iﬁ
ZlﬂUSI B, +p77rz+218235
N . (30)
=" BiSil; — (df + &)E; + pimi (2 E)
=1 ’
- S;I; Ef
+Zﬂij <1 - S*I*E) ,
j=1 v
I I I
(1 — I) Il = qimi + 6B — (d + ) I; — qim 7 0BT 2 + (df + o) I;
Z I E I (31)
=8 E — (d! N P ) P Brl1— =2 )
0B (dl+az)z+qm( L_)Jréz Z( E;*Ii)
Then, substituting (29) — (31) into V and rearranging terms, we get
SF S S;1; EYf
=d5s* 2_7_7 1 _7_#71
dls’( g +Zﬁ”5 +Zﬁ” S, S E,
- E{ . Iy (32)

* E; I}
_ bi(d{ + o)l + b0, E; <1 _ B ]Z>
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j=1
Ef E; I x
+ PiT (3 - E; - E:L) +bigim; <2 L)
L Sy S, I BEf E;If 5 SE S
» St At R et S i d5 §* B =
(- F SRR s (- -5
n . I
= Zﬁijsilj b(d +al)l +(pl7rz+b%77z)]*
j=1
Ef E I I Ir I
xixs 3_71 77777 b (xi¥? 2_71_71
+p”< B, Er U>+ q”( I, IJ
L. Sy S, I BEf E; I s Sy S
PP e Bt Rt A R [ S 1 (7 e M [
+;%¢3& S; I B @L) S( S, g)

Here we have used the relation b;0,Ef = p;m; + Z?:l Bij from (25). Now we
substitute (32) into (28) and obtain

I;
d + az)[ + (pzﬂ'z + b1Qz7TZ)I

2% ZmSI

i=1 1
i Ef E;I I;
i 3_77_7171_7 1V {7 2_7_72
—i—Zcpw ( BBl I*)+Zc q;T; ( 1. I;)
i=1 (33)
~ =z S; S LB E I
Sedn (- E-GRE - BT)
=1 j=1 (2] 2
- Sr S
dPSr (2L - 2L
+Dedtsi (2- 3 - )

Constants ¢; > 0 will be chosen in such a way that the first sum in (33) totally
vanishes. Recall that 3;; = 3;;S7I; and that the transmission matrix B = (Bij) is
irreducible. A lemma in Appendix Jubtlﬁeb the choice of ¢; and the following holds.

- I
Zci(ZﬁijSﬂj —bi(d! + ) ) + ch pimi+bigims) 7 =0, (34)
=1 =1 im1 i

for all Iy, -, I, > 0.
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Substituting (34) into (33) and using the inequality of arithmetic and geometric
means, we have

- S* S,
V=) ed] Sy (2 - ;)
P S, S

i

- Ef E If I - Iy I
pimi |3 — = — =+ — = ibigimi (2 — = — =
+ Qi ( E, E 1;>+;c o ( I; I;)

=1
B3 2L _Pii = TG
+;;QB¢] (3 S; St I; E; E? Ii)

For the remaining term H,,, following the graph-theoretic arguments in the proof of
Theorem 1.1 of [7], we can show that H,, <0 for all (Sy, E1,I1, - ,Sn, En,In) € T.
Furthermore, a similar argument as in [7] shows that V' = 0 implies

S; = 87, g:;}:a, 1=1,---,n, (36)
for some positive number a. The assumption Y . (p; + ¢;) > 0 of Theorem 3.1
implies that there exists k (1 < k < n) such that either p; > 0 or g > 0. For
this index k, from the second or the third term of V' we know that V' = 0 implies
I, = I}, and thus @ = 1 in (36). As a result, V' = 0 holds only at P*, and
V'’ is negative definite with respect to P*. Standard Lyapunov stability theorem
implies that P* is locally asymptotically stable and globally attracting in I'. The
global stability of P* also implies that P* is unique in I'. This establishes Theorem
3.1. O

4. Conclusions. In this paper, we have studied two classes of epidemic models for
the transmission of infectious diseases in heterogeneous populations. A new feature
of our models is that we allow constant immigration or migration into both suscep-
tible and infected compartments or subpopulations. Our results have completely
determined the global dynamics of these two classes of models for the first time in
the literature.

The first class of model consists of SEI, R type multi-stage models with possi-
ble immigration into all compartments, and the second class includes multi-group
models of SETR type with possible immigration to all compartments in each group.
We have established that, as long as infected (exposed or infectious) immigrants or
migrants are allowed into at least one compartment or subpopulation, the disease
will persist in all subpopulations: there will be no disease-free equilibrium, and a
unique endemic equilibrium P* always exists and is globally asymptotically stable
in the entire feasible region. Our results generalize earlier results in the literature
on simpler models with infective immigration in [3] and [20], though the later using
standard incidence. In comparison to results in [3, 20], our proof is technically much
more difficult due to the heterogeneity and the associated high dimensionality as
well as complexity in these models. In our proof, we have adapted the new graph-
theoretical approach to the construction of global Lyapunov functions for complex
models developed in [6, 7, 16]. Our work is the first to expand the applicability of



2428 HONGBIN GUO AND MICHAEL Y. LI

the graph-theoretic approach in [6, 7, 16] to heterogeneous epidemic models with
infective immigration.

While our results have completely determined the global dynamics in two general
classes of heterogeneous epidemic models with immigration, interesting questions
remain regarding how the dynamics of model with immigration are related to those
models without immigration to infected subpopulations. In particular, as it was
pointed out in Brauer and van den Driessche [3], when immigration into infected
subpopulations exists, the model no longer has the disease-free equilibrium, and the
basic reproduction number Ry has lost its threshold property. Note that Ry is still
well-defined in this case, whether it still plays a mathematical role in determining
different asymptotic behaviours of solutions, or a biological role of determining
different disease properties remain to be further investigated.
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Appendix. Consider a linear algebraic system

Bv =0, (37)
where B B B
Zl;ﬁl Bu — 21 e —Bn1
- _512 21732 621 T _Bn2
B= . . , . (38)
_Bln _BQn o El;én Bnl
with Bij >0, and v = (vy,---,v,)T is a column vector. Note that each column’s

sum of matrix B equals to zero. The following result in graph theory and its proof
can be found in [7, Section 3].

Kirchhoff’s Matrix-Tree Theorem. Assume that the matrix (Bij)nm is irre-
ducible and n > 2. Then the following statements hold.

(1) The solution space of system (37) has dimension 1, with a basis

(v1,v2,...,0n) = (C11,C%, ..., Chn), (39)

where Cy denotes the cofactor of the k-th diagonal entry of B, 1 < k < n.
(2) Foreach 1 <k <n,

Ckk = Z H Brm > Oa (40)
TeTy (r,m)eE(T)

where Ty, is the set of all directed n-trees rooted at the k-th vertex, and E(T)
denotes the set of arcs in a directed tree T

Lemma 4.1. Let ¢; be the co-factor of the i-th diagonal element of B as (38). Then
(1) ¢;>0,i=1,--,n. B
(2) e=(c1, -+ ,cn)T satisfies Be = 0.
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(3) The following identity holds.

n n n I
Z@(Zﬁijsﬂj — bi(d] + ai)li) + Zci (pimi + bigim;) Iij‘ =0,
i=1 j=1 i=1 ?

forall Iy,--- .1, > 0.

Proof. The first two statements follows from the the fact that B is the algebraic
Laplacian matrix of an irreducible positive matrix B = (;;), and from the Kirchhoff
Matrix Tree Theorem in the Appendix.

To verify statement (3), we regroup terms in the left hand side of (4.1) according
to Il—i and obtain

. n L L. . Ii n Il,
L, = Zcz( _ Bijfj —bi(d! + o)1} F) + Zci(pz'ﬂ'i 4 bzqz'm)j—_*
=1 j=1 7 i Pl ;
3 y 3 I * Iz
= Z (Z Cjﬂji + Ci(pﬂri + biqmi) — Cibi(di + ai)Il' ) F
i=1  j=1 ;
We see that L, = 0 for all Iy, -+, I, > 0 if and only if coefficients of II— are 0,

namely,

ZCiji +cilpimi + bigimy) — eibi(d] + i) IF =0, i=1,--,n. (41)
=1

Using relation (26), system (41) can be rewritten as
n B n ~
> eiBii =Y Bijei=0, i=1--,n,
j=1 j=1

which, in a matrix form, is equivalent to Bc = 0. This completes the proof. O
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