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Abstract We investigate Hopf bifurcations in a delayed Nicholson’s blowflies equation of
neutral type, derived from the Gurtin—-MacCamy model. A key parameter that determines
the direction of the Hopf bifurcation and the stability of the bifurcating periodic solutions is
derived. Global extension of local Hopf branches is established by combining a global Hopf
bifurcation theorem with a Bendixson criterion for higher dimensional ordinary differential
equations. We show that a branch of slowly varying periodic solutions and a branch of fast
oscillating periodic solutions coexist for all large delays.

Keywords NFDEs - Nicholson’s blowflies equation - Hopf bifurcations

1 Introduction
Gurney [6] proposed the following delayed Nicholson blowflies equation to model the pop-
ulation N (¢) of Australian Sheep blowflies

N'(1)) = —yN(t) + pN(t — 1)e” N0, (1.1)

Parameter p is the maximum per capita daily egg production rate, 1/a the size at which
the blowfly population reproduces at its maximum rate, y the per capita daily adult death
rate and t the generation time. Nicholson blowflies model (1.1) and its formulations using

M. Y. Li (X))

Department of Mathematical and Statistical Sciences, University of Alberta,
Edmonton, AB T6G 2G1, Canada

e-mail: mli@math.ualberta.ca

C. Wang - J. Wei

Department of Mathematics, Harbin Institute of Technology,
Harbin 150001, Heilongjiang, China

e-mail: wangchuncheng @hit.edu.cn

J. Wei
e-mail: weijj@hit.edu.cn

@ Springer



166 J Dyn Diff Equat (2014) 26:165-179

discrete, periodic, and diffusive equations have been extensively studied in the literature, see
[12,14,16,15,20] and references therein.

In [1], Eq. (1.1) is reformulated from a generalized Gurtin—-MacCamy model [7] for an
age-structured population

Uy +ug + p(a, w)yu =0,
o
u(t,0) = /b(a, w)u(t,a)da,

0
00

w(t) :/p(a)u(t,a)da, (1.2)
0

with initial condition u(0, a) = ug(a). Here u(t, a) is the age distribution at time ¢ and with
the following properties: u(t,t) = u(0, 7 —t) = uo(r —t), and u(t,a) — 0 asa — oo,
and function w is a weighted average of the total population with weight function p(a) > 0.
Parameters b and u, depending on the age and the average w, denote the birth and death
rates, respectively. Let T be the critical age that separates adults and juveniles. Then the total
population of the mature individuals is

+00

N(z)=/u(z,a)da.

T

Let p(a) = 1 and

b(a, w) = pe”"“H(a) + cb;(a),
u(a, w) = yHe(a),

where p, a, ¢, y are positive numbers, H; (a) is the Heaviside function with jump ata = t
and §; (a) is the delta function with peak at a = t. Then, it can be verified that N (¢) satisfies

N'(t) + yN({t) = up(t — 1) (1.3)
forO <t < 1, and
N'(t) —c¢N'(t — 1) = =y N(@) + cy Nt — 1) + pN(t — 1)e NI (1.4)

for t > t. In particular, (1.1) can be derived from (1.4) by further assuming ¢ = 0. For
more details on the derivation of (1.3) and (1.4), we refer the readers to [1,4] and references
therein.

Equation (1.4) is a neutral functional differential equations (NFDEs). Under the assump-
tion 0 < ¢ < 1, the theory on the decomposition of the phase space for NFDEs applies
[8], and (1.4) can be written as an abstract ODE in a suitable phase space [9]. The standard
approach for investigating Hopf bifurcations for abstract ODEs can also be applied to (1.4)
by studying the reduced bifurcation equations on the center manifold [2]. Using t as a bifur-
cation parameter, we prove the occurrence of Hopf bifurcations at the positive equilibrium
N* when 1 passes through a sequence of bifurcation values 7, k = 1, 2, .... Following
the development in [18], we also derive parameters that determine the direction of the Hopf
bifurcations and the stability of bifurcating periodic solutions. Furthermore, we investigate
global extensions of local Hopf branches when 7 moves away from the bifurcation value ti.
This is accomplished by combining global Hopf bifurcation theorems for NFDEs [10,24,23]
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with higher dimensional Bendixson-Dulac criteria for ordinary differential equations [13].
We show that a branch of slowly varying periodic solutions and a branch of fast oscillat-
ing periodic solutions coexist for all large delays. For arbitrary large delays, our numerical
simulations show the existence of both stable slowly-varying periodic solutions and unstable
fast-oscillating periodic solutions. Our results generalize the global Hopf bifurcation results
in [20] for the delayed Nicholson blowflies equation (1.1).

Our study is mainly motivated by [19,20], and our analysis follows a general framework
developedin[17,18]. An earlier study on local and global Hopf bifurcations for a transmission
line equation was done in [21]. For NFDEs with symmetry, equivariant Hopf bifurcations
are studied in [5] without using the center manifold reduction, and the global continuation
problem is treated in [11] within this framework.

Our paper is organized as follows. In Sect. 2, we establish a positively invariant region in
the positive cone of the phase space, in which model (1.4) is well defined in the sense that
positive initial conditions give rise to positive solutions. In Sect. 3, we prove the occurrence
of a sequence of local Hopf bifurcations using t as the bifurcation parameter. In Sect. 4,
the direction of the Hopf bifurcation and the stability of the bifurcating periodic solutions
are investigated. In Sect. 5, we investigate global extension of local Hopf bifurcations and
establish the existence of slowly-varying periodic solutions for all large delays.

2 Well-Posedness

For (1.4) to describe the dynamics of blowflies population, it is desirable that positive initial
conditions lead to positive solutions. For neutral delay equations, this is not a trivial matter.
Without loss of generality, we assume the initial time for (1.4) is zero. It is shown in [4]
that, for (1.3) and (1.4), N(¢) remains non-negative provided initial values uq(a) for (1.2)
are non-negative. This suggests that initial conditions for (1.4) need to be further restricted
to ensure positivity of solutions.

One such restriction was given in [25]. Consider a subset

I'p={peC(-7,0,R) | $(0) —cop(—7) =0, and ¢(6) = 0, 6 € [—7,01}.
The following result is a special case of Lemma 3.1 in [25].
Proposition 2.1 The subset U p is positively invariant with respect to (1.4).

In particular, if the initial condition ¢ € I'p, then the solution N (¢, ¢) is nonnegative for
t > 0.

Motivated by results in [4] and relation (1.3) in particular, we give another set of restrictions
on the initial condition to ensure positivity of solutions. Consider the set

', ={¢ € C([—r, 0], R) | the left derivative D~ ¢ (0) exists,
D ¢p®)+ yp(@) >0, and ¢p(0) > 0,6 € (-7, 0]}.

We prove the following result.
Proposition 2.2 For (1.4), Ty, is a positively invariant set.

Proof For any initial condition ¢ € 'y, 6 € [—7,0], and r € (0, 7], the solution N(¢) of
(1.4) satisfies that D™ N (t) exists,

D N(@{) 4+ yN (1) = c(D~¢(0) + yd(©)) + pp(©)e ¢,
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and
D™N(t) +yN() = 0.

Solving this inequality we obtain N(t) > N(0)e "' > 0, t € (0, t]. Therefore, N(z, ¢) €
I, forall t € (0, r]. Similarly, for ¢ € (7, 27],

D N()+yN(@) =c(D"N({t — 1)+ yN(t — 1)) + pN(t — 1) N0,

We can show that N (¢, ¢) € T, fort € (r, 27]. This argument can be continued to all positive
time, which completes the proof. O

In the remaining of the paper, we investigate the dynamics of (1.4) in a positively invariant
region I' with either ' = I'p or I' = Iy, and formulate our results accordingly.

3 Local Hopf Bifurcations
Assume that 0 < ¢ < 1. Rewrite Eq. (1.4) as

d —aN(t—71)
SINO = eNG = D] = —yN@®) +cyN@ =) + pN(t = 1)e N GR))

Note that 1 — ¢ > 0. A unique positive equilibrium N* = % log ﬁ exists if and only if
p > (1 — ¢)y. The linearization of (3.1) at N = N* is given by
%[N(t) —cN({t =] =-yN@t) —y((1 —c)aN* = h)N(t — 1),

with its characteristic equation

A1 —ce™) +y 4+ y((1 —c)aN* — e ™ =0. (3.2)
Suppose that iwg, wp > 0, is a root of (3.2), that is

iwg(1 — ce Ty 4y + y((1 — c)aN* — 1)e " = 0.

Then, separating the real and imaginary parts, we have

y —cawpsinwyt + y((1 — c)aN* — 1) coswyt = 0,
wp — cwycoswgT — y((1 —c)aN* — 1) sinwyt = 0. (3.3)

Solving (3.3) we obtain a unique positive solution

2 _ *_1)2 —
:\/y (1 — )N — 1> — 1] o

1—¢?
In particular, wp > O exists if and only if (I — c)aN* —2 > 0, or equivalently, p >

2
(1 — ¢)yeT=<. Furthermore, iwy is a (simple) imaginary root of (3.2) if and only if T = 7,
where

! I —c)aN* — 1
o = - |arcsin [ Y206+ U 0 ) Vidkn |, k=01.... (3
o c2wj +y2((1 —c)aN* —1)2

LetA = a(t)+iw () denote theroot of (3.2) near T = 1y satisfying (k) = 0, w (k) = wp.
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d
Proposition 3.1 di’(rk) > 0.
T

Proof Differentiating (3.2) with respect to A we obtain
drt 1 —ce ™ 4+ 1che™ —yr((1 — c)aN* — e 7

dhliciny cA2e " — Ay ((1 — c)aN* — 1)
coswoTk + i sinwoty — ¢ +icwoty — ¥y ((1 — c)aN* — l)rk

- ca)O +iwpy((1 —c)aN* — 1)

rA=iwo, T=Tx

Therefore, using (3.3), we obtain

da( ) c w0+woy 2((1 — ¢)aN* — 1)?
() =
dt k (coswoty —c — y(aN* — l)rk)ca)o + (sin wo Tk + cwptr)woy ((1—c)aN* — 1)
1 —c)aN* — 1)?
:cw0+w0y 2(1 —o)a ) -0,
wo(1 —c2)
which completes the proof. O

When t = 0, the only root of (3.2)is . = —aN*y < 0. Since the characteristic roots have
continuous dependence on 7, and purely imaginary roots only occursatt = ¢, k =0, 1, ..,
a continuation argument leads to the following result.

Proposition 3.2 Assume that 0 < ¢ < 1.

M IfAd—-cy <p=<(1 —c)ye% andt > Qorifp > (1 —c)ye& and Tt € [0, 19),
then all roots of the characteristic equation (3.2) have negative real parts.

2 Ifp>(1- c)yeé and t = 1, there is a pair of simple imaginary roots tiwq of (3.2),
and all the other roots have negative real parts.

3) If t € (tk, Tk+1), then (3.2) has exactly 2(k + 1) roots with positive real parts, k =
0,1,...

Based on the distribution of characteristic roots described in Proposition 3.2, and the
transversality condition in Proposition 3.1, we can derive following results on the stability
of N* and Hopf bifurcation, using the standard linear NFDEs theory [8].

Theorem 3.3 Assume that0 < ¢ < 1.

D Ifd—-cy<p=<1- c)yeﬁ, then N* is asymptotically stable for all T > 0.
2

2) If p > (1 —c)yeT-—<, then N* is asymptotically stable for t € [0, 19) and unstable for

T > 1.
2

(3) For p > (1 —c)yeT-—<, Eq. (3.1) undergoes a Hopf bifurcation at N* when t = 1y, k =
0,1,...

4 Properties of Hopf Bifurcations

A standard approach to study the direction and stability of Hopf bifurcations is to use normal
form techniques. In [3], a method of obtaining normal forms is derived for FDEs without
computing the center manifold. The method in [3] is extended to NFDEs in [17]. Explicit
formula for calculating the normal forms for one dimensional NFDEs are derived in [18]. In
this section, we apply the methods in [17,18] to analyze (3.1).
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First, we formulate (3.1) as an abstract ODE in the Banach space
BC :={¢ :[-1,0] - R | ¢ is uniformly continuous on [—1, 0)}.
Rescaling the time by t — /1 so that the delay will be 1, we can rewrite (3.1) as
d
E[N(r) —¢N(@t— D] =—1yN@) +1eyN@E — 1) + tpN( — De™*N0=D 4.1)
Let N(t) = N* + y(t). Then (4.1) becomes

%[y(r)—cy(r—1)]=—w(N*+y(r)>+w(N*+y(r—1))(c+<1—c)e—“y(’—‘>). 4.2)

Set
—-YT, 6=0
—c, 0=-1
uw):[oc be1o. "TO=10 6 e (~1.0)
’ T yt((1 —c)aN*—1), 6 =—1.

We can define linear functionals D and L on BC

0
Do = ¢(0) —/¢(9)dﬂ(9) =¢(0) —co(=1),
“1

0
L(t)p = /¢(9)d77(9) =—y1¢(0) —yr((1 —c)aN* — D)p(-1).
-1

Introducing a new parameter » = v — 1, we rewrite (4.2) as

d
2Py = L(zo)ye + F(r. y0), (4.3)
where
F(r,¢) = —yr¢(0) —yr((1 —c)aN* — D)¢(=1)
—y (10 + DIN* = (N* + ¢ (=1)(c + (1 — c)e D)
—((1 = ¢)aN* — Do (—1)]. 4.4)
Consider the linearization of (4.3)

d
—Dy, =1L
a1 D (T0) yr

in the phase space C, and let A = {—iwg19, —iwpTp}. Using the formal adjoint theory for
NFDE:s [8], we decompose C as C = P & Q. A basis of the center space P is given by
& = (¢1, ¢2) with ¢y = /™7 ¢y = e~1®08 Choose a basis W for the adjoint space P*,
such that (¥, ®) = I, where (-, -) is the bilinear form on C* x C defined by

0

0 0 0
. é) =1ﬂ(0)¢(0)—/d /W(Q—Ot)du(a) ¢(9)—//1ﬂ(9—f)dn(f)¢(9)d9.
0

-1 -10

Thus W(s) = col(, ¥2) = col(pe IS 5ei®0705) wwhere

1
P = T ceionn — yro((1 — )aN* — De—ioon”

Using the same process as in Sect. 2 of [17], we obtain the following result.
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Proposition 4.1 (1) Equation (4.3) can be written in the abstract form

d
2= Ay + XoF (7, 1), 4.5)

where the operator A : BC — BC is defined by
Ag(0) = ¢'(0) + Xo[L(0)$(0) — D¢’ ()],

and the function Xo : [—1,0] — R is given by Xo(@) = 0 for 6 € [—1,0) and
Xo(0) = 1.
(2) Lety, = ®x(t) 4+ z, x(t) € C2, z € Q. Then (4.5) is decomposed as

X =Bx+W¥YO)F(r, Px + 2),
=Az+ U —m)XoF(r, ®x + 2), (4.6)

B— (ia)()t() 0 ’ )
0 —lwoT)

and w : BC — P is defined as

(¢ + Xog) = ®[(V, ¢) + W(0)s].

where

Next, we compute the normal forms of Eq. (4.6) up to the third order using formula
provided in [18]. Let F = %Fz + %Fg + %F4 + - - - be the Taylor expansion of F. Using
(4.4) and (4.4), for each n, we can derive

Fud.r)= D aimd©Fp=D"r",
|(k,l,m)|=n

where the coefficients are given by

aro,1 =—y, a;,1,0 =0, ap1,1 = —y((1 = c)aN* = 1),

a2,00 =0, ap2,0 =aytw((l —c)aN* —2),

a20,1 =0, apa1 =ay((1 —c)aN* —2), a3 00 =0,

ao30 = a’yto(—(1 —)aN* +3), az10 =0, ai 20 =0. (4.7)
The characteristic equation associated with the linearization of (4.2) at 0 is

A, 1) =A(1 —ce ™) —b(t) — c(r)e ™ =0,

where b(t) = —yt and c(r) = —yt((1 —c)aN* — 1). In order to simplify the notation, we
define the operator £ by

q1 .92 _.m
cxl Xz r

’

Clex{'x3Pr™) = [_ o } ceC, (q1.q.m) €N, |(q1,q2,m)| = j.
cxxy r™

According to [18], the second order term gé (x, 0, r) and the third order term g31 (x,0,0) in
the normal form of (4.6) are given by

g2 (x,0,7) = 2L(p(b (0) + ¢ () ™) xyr), (4.8)
and

23(x,0,0) = €(K2.1.0)x7x2, 4.9)
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respectively, where

K> 1,0 =11 (0)[A2,1,0
3A20,0
AQiwoTo, T0)
3410
b(zo) + c(t0)

(2a2,0,0 + a1,1,0(e 72N 4 £I900) 1 2gq 5 e ™)

(az,0,0 +a1,1,001+¢70™) + 24020670 | (4.10)

and
An1,0 = 3a3,0,0 + 3d0.3,0¢ 0™ + a1 ("0 + 2eTIN0) 4 ay 5 (2 + e~ W)
=3a%y1o(—(1 — c)aN* + 3)e @070,
A2,0,0 = a2,0,0 +ar,1,0¢" "™ + ag 2. 0e” N = ayTo((1 — c)aN* — 2)e”HN0™,
A110 = 2a2,00 + a1,1,0(€" ™™ 4+ ¢70T) +2a92 0 = 2ay (1 — c)aN* —2). (4.11)
Using (4.7), (4.10) and (4.11), we obtain

K10 = 3ay1:0,0[(—(1 —¢)aN* +3)e "% 4 2ay19((1 — c)aN* — 2)e~ 0™

((1—c)aN*—2e=2i®070) _ 2((1—c)a1v*—2))
2iwpto(1—ce=2®070) +y 19+ 19 (1—c)aN*—1)e 21070 (I—c)aN*y Ty

(4.12)
In summary, we have the following result.

Proposition 4.2 A normal form of (3.1) on the center manifold of the origin is given by
1 1
X = Bx+§g%(x,0,r)+§g3l(x,0, ), (4.13)

where gé and gé are given in (4.8), (4.9) and (4.12).

Through the change of variables x| = w; —iwa, x2 = w1 +iwy, w; = { cosé&, wy =
¢ siné, Eq. (4.13) becomes

¢ = rood (10)¢ + K& + 0(r%0),
£ =—wo+ 0((, 1)), (4.14)

where
K =Re(K2 1,0). 4.15)

By the standard Hopf bifurcation theory for ODEs [22], and using o’(t9) > 0, we arrive at
the following theorem.

Theorem 4.3 In the case (2) of Theorem 3.3, the dynamics of equation (4.1) near the origin
is governed by Eq. (4.14). Moreover, if K < 0 (resp. K > 0), then the Hopf bifurcation
at T = T¢ is supercritical (resp. subcritical), and the bifurcating periodic solutions are
asymptotically stable (resp. unstable).

We carry out numerical simulations to support our theoretical analysis. Consider (1.4) with
c=0.1,a=1, y =0.5, p=>5.Using (3.5), (4.12) and (4.15), we have 79 = 7.29, K =
—3.46 and N* = 2.4. By Theorem 3.3, we know that (1.4) undergoes a Hopf bifurcation at
N* when t = 1. Furthermore, by Theorem 4.3, the Hopf bifurcation is supercritical and the
bifurcating periodic solutions are orbitally asymptotically stable. Two Matlab simulations
of asymptotically stable periodic solutions are shown in Fig. 1, using this set of parameter
values and for different 7.
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(a) (b)

Fig. 1 a An asymptotically stable periodic solution bifurcating from the equilibrium N* = 2.4 when 7 =
7.5 > 1. b A stable periodic solution when t = 20

5 Global Hopf Bifurcation

Simulation results in previous section suggest that bifurcating periodic solutions may continue
to exist for very large values of . In this section, we will establish that local Hopf branches
can be globally extended to large values of bifurcation parameter 7.

Let x = « be the unique solution of xe®* = e~! and assume there exists real number
B > 1 such that

3 ¢ —
11_0 - ,Be%v > log 520[ (5.1
and 21+ ¢)
c) 2
< (5.2)
P V2+¢

for 0 < ¢ < 1. Denote the set of B satisfying (5.1) and (5.2) by I.. Then I, is nonempty.
In fact, it can be verified that there exists 8 > 1 that satisfies (5.1) and (5.2) when ¢ = 0.
Therefore, the two inequalities continue to hold for such a g for sufficient small ¢ > 0.

Theorem 5.1 Assume 0 <c <1, B e l.andy(l — c)e& <p<Byld-— c)eé. Then
the following statements hold.

(1) All Hopf branches bifurcating from 1y can be globally extended to all T > 1, for
k=0,1,...

(2) The global Hopf branch based at ty consists of slowly varying periodic solutions.

(3) Global Hopf branches based at T, k > 1 consist of fast oscillating periodic solutions.

The proof of Theorem 5.1 requires a series of lemmas.
Lemma 5.2 All periodic solutions of (4.1) are uniformly bounded.

Proof By Proposition 2.2, all periodic solutions of (4.1) in I' are bounded below by 0. Let
y(t) be a nonconstant periodic solution to (4.1), and assume that y(¢) — cy(t — 1) reaches its
maximum at time ¢, that is,

() —cy() = Igleaﬂg(y(S) —cy(s — D).
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Then
—yy(t) +eyy(ts — 1) + py(t — De @070 =, (5.3)

and for any fixed s, we have
y) =cyls =D+ y() —cy@r = D).
Replacing s with s — 1 in the above equation, we get
ys =1 =ey(s =2) + y(n) — eyt — 1.
Similarly, for any integer m,

1—c"

y(s) < c"y(s —m) + (1) —cy(n = 1).

1—c

Letting m — oo we obtain
yt) —cy@ — 1

y) = T (5.4)
Therefore, by (5.3)
By = Dem@@=b -t
¥y <L < =M (5.5)
1—c¢ ay(l —rc)
m}

Lemma 5.3 Under the assumptions of Theorem 5.1, (4.1) has no periodic solutions of period
4.

Proof Suppose y(t) is a nonconstant periodic solution of period 4 to (4.1). Set u;(t) =
yit—j+1, j=1,2,3,4 Then u(t) = (u1(t), ua(t), uz(t), us(t)) is a periodic solution
to the following system of ODEs

d ) .
Sl () = i (O] = —yTui () + eTyuin (1) + Tpuipi (e it j =123 4,

(5.6)
where us(t) = y(t —4) = u(t). System (5.6) can be rewritten as
T . aw
ui () = ;g l=yui@) + tyui () +  pui e + pupg (e ©
tepuiso (e Wi 4 2 pyy s (r)e” i3 0, (5.7)

whose orbits belong to G := {u € RrR* |0 <u; <M, i=1,2,3,4}. Next, we will employ a
general Bendixson’s criterion in higher dimensions developed in [13] to exclude nonconstant
periodic solutions of (5.7) in region G, which will guarantee that there are no 4-periodic
solutions to (4.1). The Jacobian matrix J (u) of (5.7), for u € R*, is
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SApfi pf opfs  Epha

vt | pfi Epfr pfs cpfa

Jw =y +Hlpat T

epfi Eph SEpfs o ph
pfi  cpfr pfs pfa

where f; := f(u;) = (1 —au;)e” i, i = 1,2, 3, 4. The second additive compound matrix
JPVw) of J(u) is [13]

T2 w) =

l_c4><P,

where P is a 6 x 6 matrix, whose rows P; are given in the following row vectors
P = (=2y + S p(fi + f) +2¢*y, pfs. cpfa. —cpfs. —c*pfa. 0),
Py = (®pfa. =2y + S p(fi + f3) +2¢*y. pfa. pf2. 0. —c* pfa),
Py = (cpfa. *pfs. =2y + 2 p(fi + f2) +2¢*y. 0. pfa. cpf3).
Py = (—cpfi. ¢ pfi. 0, =2y + S p(fa+ f3) + 2%y, pfa. —cpfa).
Ps = (=pf1.0.pfi. *pfs. =2y +  p(fo + fa) + 2¢*y. pf3).
Ps = (0, —pfi.cpfi. —cpfr. ¢ pfa. =2y + S p(f3 + f2) + 2¢*y).

Choose /« norm in R, namely, |x| = max;<;<¢ |x;|. Let A be the diagonal matrix given by

A = diag{v/2, 1,2, V2, 1,+/2}. (5.8)

Then the Lozinskil measure of AJ2(u)A~! [13] s

wAJHwAa™h =

Ty
— o max{uy, U2, ..., Khe},

where

= [-2 +c3§<f1 + f2) +2c* + <ﬁ+c>§|f3| + (V2 +c>§|f4|],

V2
2
py = 1224 U+ S0+ 26+ (V24O IR1+ (V28 + DAL

1ty = [—2+c3§<f1 F )+t + Y2 +c2>§<|fz| +1£D],

s = [—2 +c3§<fz + ) +2ct + <ﬁ+c>§|f4| + (V2c +c>§|f1|],

N
2
je = [—2 +c3§<f3 ¥ +2ct + <ﬁ+c>§|f1| + (V22 +c>§|fz|]. (5.9)

s = [—2+c3§<.f1 F 2+ Yo +c2>§(|f1| + 1A,

It is shown in [13] that u(AJ2 (u)A~") < 0 for u € G is a Bendixson condition that rules
out nonconstant periodic orbits of (5.7) in G. To prove u(J 21(1)) < 0, we first improve the
lower bound of the periodic solutions of (4.1).

Similar to the proof of Lemma 5.2, letting y(¢) be any nonconstant periodic solution to
(4.1) and assuming that y(¢) — cy(t — 1) reaches its minimum at #,, we can also derive

() = fy(tz — De @D 4 ey(r, — 1),
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and

Y(0) —cy(ta —1) Byl —Dem 7D

yo) = SR — = h(y(2 — 1)) (5.10)

for any s € R. In particular, y(t;) < y(t&o — 1), whichlead to y(r, — 1) > N* > é Since h
is decreasing when y(r, — 1) > % combining with (5.1), (5.5) and (5.10), we can get
Zppe=aM | _,
yis) =L

v

1 —c a
Hence,
—e < fi=(—awe ™ <ae® ' <e7? fori=1,2,3,4. (5.11)

This allows the following estimates of terms in (5.9)

= —2+c3§(f1 +f) +2ct <ﬁ+c>§|f3| + (V22 +c>§|f4|

IA

242 4 23+ V232 42+ V2 Pe?
y

2 424 4 B + V22 +2¢ +V2)(1 — ¢)eTe

IA

and

V)
2
242t 1 23 + V2 + V) P2

%

1 = —2+c3§(f1 + ) +2et+ X0 +c2>§(|fz| + 171

IA

24 2¢* 4 B2 + V2P + VD)1 — c)eTe

IA

By assumption (5.2), we see 1 < 0 and py < 0. Similarly, we can show that u; < 0 for
i > 3. Therefore, u(AJH(u)A~1) < 0. Applying Theorem 3.4 of [13] with Dy = G and A
as in (5.8), we can conclude that system (5.7) has no nonconstant periodic solutions in G. O

Lemma 5.4 Under the assumptions of Theorem 5.1, Eq. (4.1) has no periodic solutions of
period 1 or 2.

Proof Using phase-line analysis, it is obvious that
(1= (t) = =(1 = )yu(®) + pu(n)e™ ")

has no nonconstant periodic solutions. Therefore, equation (4.1) has no 1-periodic solutions.
As shown in Lemma 5.3, if (4.1) has a 2-periodic solution, then u(¢) = (u1(?), ua2(t)) :=
(y(#), y(t — 1)) is a periodic solution of the following system

d —auy(t)
E[m(t) —cur ()] = —tyuit) + ctyus(r) + pruz()e ",

) — cur )] = ~eyus() + ey () + prase ),
or equivalently,

T
1—¢2
T
1—¢2

uh (1) = [—(1 = A)yyur(t) + pua(t)e= 2D 4 cpuy (t)e= 1D .= P(uy, uz),
[—(1 — A yur(t) + pur (e ™D + cpur (e 2D := Q(uy, ua).

(5.12)

u/z(t) =
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By (5.11) and (5.2), we have

oP 90 T 2 p
i S Y6 L
3u1+8u2 a2y [—2( C)+C (f1 + f2)]
27
7( ¢! —}-c)—l—cﬁel—t) < 0.
y(d+o)
The classical Bendixson’s negative criterion implies that system (5.12) has no nonconstant
periodic solutions, and thus (4.1) has no nonconstant 2-periodic solutions. O

We will apply a global Hopf bifurcation result, Theorem 5.14, in [10] to prove our Theorem
5.1

Proof of Theorem 5.1 Let
F(y,, T, 1) :=—yty(@) +cyty(t — 1) + pty(t — 1)e @D,
Then F(y, t, 1) satisfies the assumptions of Theorem 5.14 in [10] with
N * 2
(Yo, @0, po) = (N™, t,, ——),
Tk WO

A(N*,Tk,r%o)(z) =zt(l—ce ) +1y +1((1 —Cc)aN* — 1)e™*.

Lemma 3.1 implies that there exist €, § > 0 and a smooth curve 7 : (tx — §, 7x + ) — C

such that A(z(t)) = 0, z(tx) = itrwp, and |z(t) — iTrwg| < &. Denote T}, = and let

Tk W0

Qe={w,T):0<v<e|T—T <e&}.

Then, on (tx — 8, © + 8) x 3R, det Avx . 1)(v + 27“) =0ifandonlyiftr =1, v =0
and T = Ty. Let

21 2mi
HEWN* o, —)(v,T) = AN 48,1V + —).
T o T
Then the crossing number
2 _ 2
VI(N*,Tkai) :degB(H (N*5rk77)7 QE)
173200 173200
2
—degg(HT(N*, it, ——), Q) = —1,
Tk
and
XG0 T)eC(N* . 2NN (F) V1 3.7, 7) <0,

where

X(F):=Cl{(y,t,T) : yisaT-periodic solution of 4.1 },
N(F):={0,1,T): F(y,1,T) =0}

Therefore, the connected component C(N*, t,
unbounded.

) through (N*, 1g, =%-) in X(F) is

Tk w0 Tk wo
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4 4
s
3
25
2
15
1
0% 50 100 150 200 250 300 350 400 g% e o Zo T 30 3 W
(@) (b)

Fig. 2 a A solution converges to a slowly-varying periodic solution. b A solution first approaches a fast-
oscillating unstable periodic solution before it converges to the slowly-varying periodic solution. The inset in
(b) zooms in on the solution for ¢ € [0, 50]

From (5.2), we have 8 < V2 < e%, which leads to (1 — ¢)aN* < 1 + é Therefore, by
(3.3) and (3.4), we get sin txwp > 0 and
—y2((1 = c)aN* = 1) + cw}
y2((1 = c)aN* — 1) + 2w}
—(1 =31 =c)aN* = D) +c((1 = c)aN* = 1)2 = 1)

- (1= ((1 =c)aN* — 12 +c2(((1 — c)aN* — 1)2 = 1) .

COS Ty =

which implies that
% <towy <, and 27w < rwg < 2k + D)m, k> 1.

Hence, 5 5
T 1

<4, and < il

Towo k+1 Tk WO

2 < <1, k>1 (5.13)

21
Th

By Lemmas 5.3 and 5.4, we know that the projection of each C(N * Tk,
isbounded, since2 < T < 4if (y,7,T) € C(N*, 19, Towo) and k+1 <T<1if(y,7,T) €
C(N*, 1, 2 ). Meanwhile, by Lemma 5.2, we know that the projection of C(N*, 7, 2 )

onto the y stpace is bounded. Moreover, using the phase-line analysis, it can be verlﬁeci that
(4.1) has no periodic solutions when 7 = 0. Consequently, the projection of C(N*, t, rkwo)
onto the 7 space must be unbounded. From (5.13), periodic solutions on the first Hopf branch
based at tp have periods bounded between 2 and 4, and thus are slowly varying (note that the
delay 7 is scaled to 1 in (4.1)), while periodic solutions on other Hopf branches have periods
smaller than 1, and thus are fast oscillating. Because of the separation of periods between
the first Hopf branch with the remaining ones, and the nonexistence of 2-periodic solutions,
the first Hopf branch will not intersect other branches when globally extended. This shows
that slowly varying periodic solutions and fast oscillating periodic solutions coexist for all
T > 11. This completes the proof of Theorem 5.1. O

) onto T space

We demonstrate the results of Theorem 5.1 using Matlab simulations. In Fig. 2, we show
the coexistence of a slowly-varying periodic solution and a fast-oscillating periodic solution
for t = 21. Other parameter values are the same as in Fig. 1.
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